











































































































7 Homomorphisms Isomorphisms

Throughout the course we have been interested

in studying the structure of various groups G

In this section we will build a framework

for deciding when the structures of two groups

are identical

Consider the groups 14 10,1 2,3 and

Zg't 11,3 5,73 On the surface these groups

look different but even at a structural level

there are many ways to tell them apart

14 is cyclic Z8 is not

24 has two elements of order 2 2 has three














































































































14 has only one subgroup of order 2 2 has three

On the other hand consider 24 and Lo't 11,37,9

The elements may look different but the structures are

very similar

The groups are both cyclic of order 4

The groups have the same number of elements of

any given order

The groups have the same subgroup structure

Aside from how we label the elements are there

any differences between these groups structurally

NO The group structures are identical














































































































How could one prove this rigorously First we

would need a way to relabel the elements in 24

to elements in Rio This can be accomplished by

a bijection 4 24 s Iii

Of course a bijection is not enough We need

to relabel in a way that preserves the group

structure of 24 Specifically we want the

elements to multiply the same way both before

and after relabelling We need

4 atb 41 a 4lb Va.be 74

In our case we can take 4 By 74














































































































o L 411 3 4 27 9 413 7I l l

This 4 is bijective and preserves the group

structure of Ky For example

411 2 4131 7

9117914 3.9 7

7 L Definitions Properties 8 First Examples

Definition Let G H t be groups

A function 9 G S H satisfying

4 a b a 4 b Va bEG

is called a group homomorphism A

homomorphism that is also bijective is called














































































































an isomorphism If there is an isomorphism

4 G SH we say that G and H are

isomorphic and we write GE H

Ex 1 Consider the groups IR t and

IR o where IR o lxeR X o

We know from Calculus

that the function
A

4 IR IR o given

by Ma ea is

e

bijective prove this

Also
4 xty ex'T e e 41 14 y














































































































So 4 is a homomorphism Consequently

4 is an isomorphism so Rt IR o

For our next two examples it will be

helpful to recall the following result from 2

Lemma 2.1 Let a be a group element

i If a D then thje2 ai ai i j
Iii If a new then Vi je7 ai ai n Ci j

Ex 2 If G La is an infinite cyclic group

then 6 2 Indeed consider the function

92 7 G given by 4 K a's

Clearly 4 is surjective as














































































































y

G a lak KEE

Moreover Since

41k 4cm A ak am

K m Lemma 2.2 i

we have that 9 is injective

Finally 4 Ktm a
m aka'm 41k741m

for all k Mek so 4 is a homomorphism

Thus 4 is an isomorphism so GER

Ex 3 If G Ca le a a2 an is a

cyclic group of order nacs then G Zn

Indeed consider the map 9 In G given

by 4 K Ak As before 4 is surjective














































































































and we can use Lemma 2.1 ii to show

that 4 is injective

K 4cm ak am

n k m

k m mod n

k m in In

The same proof in Ex 2 shows that 4 is

a homomorphism We conclude that 4 is an

isomorphism so GE Zn

Consequences

Zig is a cyclic group of order 6 so 218 26

The group of nth roots of inanity in IC't is a














































































































cyclic group of order n and hence En

32 is an infinite cyclic group so 32 2

in fact NZ L for all ne E to

Let us now investigate some of the

properties of group isomorphisms

Proposition 7.2 Let G H K be groups

i If GE H then H G

In fact if 4 G H is an isomorphism

then 4 t H s G is also an isomorphism
r

ii If G H and H K then G K














































































































Proof i Let 4 G H be an isomorphism

As an exercise prove that 9 H S G is

bijective To see that 4 is a homomorphism let

hi hz E H and choose 9 Gz E G such that

g h and 9cg ha Thus 9 hi Gi

Note that since 4 ggz 91g 9Cgz hehe

we have 9 haha g92 4 Ch 4 ha

4 is a homomorphism and hence an isomorphism

ii Let 4 G H and Y H k be

isomorphisms Then 404 G K is

bijective proven on AI and a homomorphism

Indeed for if g gz E G then














































































































No 4 g g 414cg.gs

414cg 4cg

4141g 419cg

4 4 g Yo 9 ga

Theorem 7.2 Properties of Isomorphisms

Let G H be groups with identities e e

respectively and 4 G H a group isomorphism

Element Properties Let a b EG

1 4 e e

2 41A yea

3 For all he 2 4 an yea

4 a b commute Kla 9lb commute














































































































5 a ceca

Group Properties

6 G is Abelian H is Abelian

G is cyclic H is cyclic

8 If KEG then 91K H

9 4 2CGI 2 H

Proof

1 4Ce Glee We 4Ce

Me e by cancellation

2 Aa e Caa e e

ceca 41A e

4 a 41A














































































































3 If h o done by 1

If n o ah 9 a a a

41A Gla 41A

41A

If neo 4 a a n Cece e

clean 4 a n e

clean 4 a e as n o

Had f
yay Ha'T

4 If ab _ba then

4674 b 4 ab 4 ba 4lb la

The reverse direction can be argued the

same way using the isomorphism 4 H G














































































































5 Note that a e ceca Cece

ceca e

so an e Lyla e and hence

the smallest n 0 making hese equations

true if it exists is the same for both

i e a Ka

6 Follows immediately from 4

7 Exercise

8 Exercise

9 Follows immediately from 4
Baga

Remark Understanding what properties must be

satisfied by an isomorphism is helpful














































































































when showing that two groups are Not

isomorphic

Ex Zit E Q t 2 cyclic Q not

Ex Q t E Q't IE has order 2

but IQ doesn't have any elements of order 2

Homomorphisms

An isomorphism 4 G S H preserves the

group structure of G exactly On the

other hand homomorphisms reserve some

of the group structure but perhaps

not all of it














































































































Ex 1 Consider the map 4 Z Zz
hi n mod 2

This 4 is a homomorphism

Mtn mtn mod 2

Cm mod 2 t n mod 2

4cm t 4th

But 9 is not an isomorphism as it

is not injective TCO 414 0

Under this homomorphism all even

integers are collapsed to 0 while all

odd integers are collapsed to 1

Essentially 9 forgets everything about 2














































































































except even us odd

We measure the amount of group structure

lost through a homomorphism by the size

of its kernel

Definition If 4 G H s a group

homomorphism we define the kernel of

to be the set

Ker 4 Iae G 4cal e

In Ex 1 kerf he 2 n mod 2 o

22














































































































It is also interesting to ask how much

of H exhibits structure similar to G

Definition If 4 G H is a group

homomorphism we define the image of

4 to be the set

im e 4 G ceca AEG

In Ex 1 im 4 14cm he 2

n mod 2 nez Zz

Ex 2 If 9 G H is a group

isomorphism then 4 is a homomorphism














































































































with Ker 4 le and im 4 H

Ex 3 If 4 G H is given by

4 a e for all AEG then 4 is a

homomorphism with Kerce G ima e

We call 4 the trivial homomorphism

Ex 4 The absolute value function

R't s R't is a homomorphism

as ab a b The kernel is 1 1

and the image is Rso

Ex 5 Sgn Sn Za given by














































































































syn r 0 if or even
1 if r odd

is a group homomorphism

Sgn rt of it out even

if TT odd

0 if sgn 6 sgn T o or

sgner syn T I

Gg
Sgnct 0 sync D

syn r t sgn T

We have Ker 9 An im 9 Zz

Ex 6 Vector spaces V and W are groups

under addition and a homomorphism

4 V W must satisfy














































































































4 vtv 4 v t 4Cv V v.ve V

Thus linear maps from V to W are

homomorphisms They are isomorphisms

precisely when the corresponding matrix is

non singular

Ex 7 The map 9 IR SR under t

given by 41 7 5 is NOT a homomorphis

as 4 xty City t x't y 41 7 4 y

Theorem 7.3 Properties of homomorphisms

Let G and H be groups a b EG

and 9 G H a homomorphism














































































































1 Yle e

2 4 an ceca for all ne Z

In particular 41A ceca

3 If a car then 4cal divides a

4 Kerce G

5 4cal 4lb a kerf bkery

6 4 is injective kerf Ie

7 im 4 EH

8 4 is surjective imc 4 H

Proof The arguments for 1 and 2

are the same as in Theorem 7.2














































































































3 If a new then

ceca Man Yle e

so 4 a divides n a

4 Exercise

5 Note that

4cal 4lb Tca 4lb e

4 a b e

a be kerf

a kerf b kerf

6 Follows immediately from 7

7 Exercise

8 Obvious
woman














































































































Just like in the case of isomorphisms

understanding the properties of homomorphisms

helps us to determine what homomorphisms can

exist between groups G and H

Ex How many homomorphisms are there from

Is to 2

Note that since Ig is cyclic any

homomorphism 4 Zg 26 will be

completely determined by 4cL

Given Ke 2g 4 K 9 1 412 t 4cL
K times

KULL














































































































What do we know about 911 Well

its order must divide 1 8 by

property 3 Also 411 C 26 so by

Lagrange 4cL divides 26 6

4cL divides god 8,61 2

7 411 L or 2

If 4cL L then 411 o and

hence 9 is the trivial homomorphism

If 411 2 then 4111 3 and hence

k 3k mod 6 for KEK














































































































These conditions on 4 Ig 26 are

necessary but are they sufficient In

particular is 41k 3k mod 6 really

a homomorphism

Clearly 4 Ktm 3 Ktm mod 6

3k mod 6 3M mod 6

Uk t 9cm

but is this function even well defined

If K m mod 8 then 8 K m so

K mt8t for some TEE thus

41k 4 mt8t

3 mt8t mod 6














































































































3Mt 24T mod 6
0 prod 6

3m mod 6 9 m Yes

Something like 4 28 Is given by

Y K 2K mod 6 however is not

e.g 1 9 mod 8 but

4111 2 mod 6

Y 9 18 0 mod g
differen

Thus 4 is not a well defined map so

it isn't a homomorphism

This begs the question

what are the homomorphisms 4 24 Em














































































































1 All homomorphisms 4 Rn Dm must

be of the form 4 1 ax where

a 411

2 Every such 4 satisfies the homomorphism

property Mxty Mx 4cg

3 Which of these 4 s are well defined

Necessary 0 410 4th ah so

an 0 mod M

Exercise Prove that this condition is

sufficient That is 4 In Em is

given by 41 1 ax is well defined if














































































































and only if an 0 mod M

Remark If 9 G H is a group

homomorphism then Ker G Theorem 7 3

It turns out that every normal subgroups

arises in this way

Theorem 74 Let G be a group and N G

Then there is a group H and homomorphism

4 G H such that N Ker 9

Proof Define H G N and Y G GIN by

4 a aN Then 4 is a homomorphism and

Kerry _N Bae














































































































7.2 Isomorphism Theorems

In this section we will use our basic

understanding of homomorphisms and isomorphisms

to prove some strong structural results

1 The First Isomorphism Theorem Thebig one

Suppose that 4 G H is a group

homomorphism but perhaps not an isomorphism

The map 4 may fail to be an isomorphism

because it is a not surjective or

b not injective

Are there some simple changes that can be

made to G and H to turn 4 into an














































































































isomorphism

To make 4 surjective lets replace It with

im Y ie remove the extra parts of H

To make 9 injective let's replace G with

G Kerry i.e collapse the kernel o a point

The resulting map is an isomorphism from

G Kery to im 4

Theorem 7.5 First Isomorphism Theorem

If 4 G H is a group homomorphism

then G Kery E im 4














































































































Proof Define 4 G Kery im 6 by

4 aKerce Ma

Claim 4 is an isomorphism

Note that

4 a Kerf 4lb Kery 4 a 4lb

akery b Ker

Thus X is well defined and injective

We have that im 4 Lyla Kerce AEG

4Ca ae G im Ce

so 4 is surjective Finally

4 Cake 4 b Kerce 4 ab Kerce

4 ab














































































































4 a 4lb

4 aKerce 4lb Kerce

Thus 4 is a homomorphism We conclude that

4 is an isomorphism so G kerf im 9 Baa

Ex 1 The absolute value function i IR

is a homomorphism with kernel III and

image IR o XER X o By the First

Isomorphism Theorem IR't f IL IR o

Ex 2 Sgh Sn Zz

I
is a homomorphism with Ker Sgh An

and im syn Zz By the First














































































































Isomorphism Theorem Sh A n E Zz

Suppose that G is a finite group Together

with Lagrange's Theorem the First Isomorphism

Theorem reveals the following exciting fact

corollary 7.6 Let G be a finite group

and suppose that 9 G s H is a group

homomorphism Then G Kery im 4

Proof By the First Isomorphism Theorem

G Koy im4 Thus

my G Kery G kerf Bafta














































































































Ex By Example 1 above Sn An Zz

This means that h An 2 and hence we

get a new proof that An h
z

2 Correspondence Theorem

Let G be a group and N G Here

we investigate the connection between the

subgroups of G N and the subgroups of G

First note that if HE G and NEH then

N H verify Thus H N E G N Indeed

e N E H N so H N 0

If h N hav e H N then














































































































h N haN haha N E H N
cH

If h NEH N then

HN h N c H N
EH

Thus H N E G N by the subgroup test

So if HEG then we get a subgroup

H N of G N for free But in fact

every subgroup of G N arises in this way

If KEG N then K H N for

some HEG with NEH

You will prove this fact on Assignment 5






















































Theorem 7.7 correspondence Theorem

Let G be a group and N G Then

KE G N H N i HEG and NEH

Moreover H N E H N 1 E H

Ex The subgroups of 5h An are given by
H An where HE Sn and Ane H The

only such H are H An or H Sn for if

An EH then H n
z and hence H n

as It divides Sn

Thus the subgroups of S An are

Anan An trivial and
S
An whole group



This makes sense as Sn An Zz

and the only subgroups of 22 are

to and 10,1 Zz

When coupled with the First Isomorphism

theorem the correspondence theorem says

the following

If 4 G H is a group

homomorphism then G Kery E im 4

and hence the subgroups of im 4

are in bijection with the subgroups of

G containing Kerce



7.3 Automorphisms

An isomorphism 4 G G is called an

automorphism of G The set of all automorphisms

of G is denoted by Aut G

Ext The identity automorphism id G G is

given by 4 a a for all AEG

Ex 2 consider the map 4 C C given by

z Z i.e Kati b at b a ib

Then 9 Antle

Ex3 Let G be a group and fix some aeG

Consider Ya G s G given by 4a b aba



Ya is called an inner automorphism of G and

the set of all inner automorphisms is denoted

by Inn G

Remark Inn G lid G is Abelian

To see that Ya is an automorphism note that

4a be alba a ab a a ca

ab a Xaca 4a b Yacc

and Ya is bijective as it is left multiplication

by a and right multiplication by a

For a concrete example fix SEGLNIR and

consider 4S Gln IR s Gluck Then



A SAS similarity i.e change of basis

Remark As the above example suggests an

automorphism of G should be viewed as a way

to view G from a different perspective

Theorem 7.8 Let G be a group Then

Aut G is a group under function composition

and Inn G Aut G

Proof As an exercise prove that Aut G is

a group with identity id G G

Note that id Ye c Inn G so Inn G 0



If Ya Yb c Inn G then for all XEG

Ya4 x Ya bxb I a bxb a Yas x

so 4a4b fab c Inn G Finally one can check

that Ya Yate Inn G so Inn Gl E Aut G

by the subgroup test

To see that Inn Gl Aut G let Yae Inn G

and YE Aut G For xeG we have

Ho Yao Y 1
x 41914 Cx
4 ay G a

4 a Va Chica Cx

Thus Yo Ya Y l 4yca t Inn G so

4 Inn G 4 e Inn G for all 4 By the



normal subgroup test Inn G Aut G
Haha

Let's see if we can compute Aut G for a

familiar family of groups In

Ex What is Aut Zo

Note that if 9 c Aut Ke then

41171 111 6 so 911 L or 5

Since 4 K 9 It it I
K times

4 t4 K 411
K times

it follows that for all ke 766

K K Mod 6 or 4 k _5K mod 6



Both of these homomorphisms are well

defined as 6.1 0 mod 6 and

G 5 0 mod 6

Consequently Auttko 1 EamD.dk

Observe that the automorphisms of 26

correspond to the elements 1 5 E 26

i.e the elements of 26
t This

correspondence occurs for other n as well

Theorem 7.9 For any integer n 2

Aut Zn In't



Proof Define 4 Aut Zn s Zn't

by X 9 4cL Note that since

4cL I n for any YE Aut Zn

it follows that 9cL is a generator for

2n and hence 411 c In't Thus the

codomain of 4 is correct

We will show that 4 is an isomorphism

First note that for 9,42 E Aut Zn

414,42 9 4 I

4 411 1

4 H1 t t 1

441 times



4 Dt4
6211 times

4 i 424 414 4142

Consequently Y is a homomorphism

To see that 4 is injective suppose that

Y 6 4142 so 9 l 9211

Then for any KE Zn

Q K KY l K4z l Check

and hence 4 92 Thus 4 is injective

To see that 4 is surjective fix aeZn

and define 4 Zn In by



41k Ak mod n We leave it as an

exercise to verify that 4 is a well

defined automorphism of 2n and 4 4 a

consequently 4 is surjective

V is an isomorphism so Aut Zn In't
Bida


