











































































































3 Cyclic Groups

We say a group G is cyclic if

G La Ako Ke I

for some aeG called a generator of G

Ex L In 2 we saw that for all NEI

NTL 2n n o n 2n Ln

Thus NZ is a cyclic group generated

by n It is also generated by n

In particular with n L we have that

I 12 517 is cyclic














































































































Ex 2 In 2 we also saw that

Ito 1,3 7,9 is cyclic We have

74,4 437 L 77 These are the only

generators

Ex 3 For any new the group In is

cyclic Indeed In 417 This is not

the only generator however

e g in 2g 427 we have

5 5 2 7,4 I G 3 03 748

Thus 5 is also a generator Are there

any others














































































































Ex 4 Fix me IN and define

G 2 c E z L E It

From Math 135 we know that

G
h Kek

Thus we have that G Le and hence

G is a cyclic subgroup of IC't This is

the group of nth roots of unity

we've worked with these groups already

n 2 G IL I L 27

n 4 G 12 i 1 if Li

Notice that all of these groups are Abelian














































































































This is no coincidence

Proposition Every cyclic group is Abelian

Proof An easy exercise orange

Cyclic groups are in some sense the nicest

groups that exist Not only are they Abelian

but they are generated by just one element

This has major implications for the structure

of such a group Indeed suppose that

G ha If lat co then

G I a a a a a














































































































and the group operation am a am is

sort of like addition in 74

If lat neo then G ao al a

and the group operation is like addition in In

These observations will be extremely important

later when we determine every cyclic group

up to isomorphism

For now our goals are to describe the

subgroup structure of a cyclic group and

determine which of its elements are generators














































































































Theorem L Every subgroup of a cyclic

group is cyclic

Proof Let G La be a cyclic group and

H E G If H e3 then clearly It is

cyclic So suppose that It contains an

element at te in particular t o

Note that since H also contains at at

it follows that H contains a positive power

of a

Let m be the smallest positive integer

such that am c H We claim that H Lam














































































































Proof of claim Since H is a group and

Ame H it follows that Lam EH

We must now prove 2 If beH then

b a for some Kek By the division

algorithm write

K mqtr for some re 0,2 M L

Using this equation we have that

ar ak mot an am h E H
CH E H

Recall that M is the smallest positive

integer such that amett Since areH














































































































and ram it must be that r O

Consequently b ar amah Cam t c fam

We conclude that H Lam as claimed
Maan

The above theorem demonstrates that every

subgroup of a cyclic group G hat is given

by H Lak for some Kek

In particular we have seen that 74 417

is cyclic Thus every subgroup of 7L is

of the form I Ln NZ for

some nerd














































































































Next we determine when two subgroups

Lai and Lai of a cyclic group acegua

Theorem 2 Let a be a group element of order

hers and let KEIN

i ak agedChik g

ii lak I I a cdcn.nl

Proof i Let D god nie and write

K dr for some re We have that

ak ad C Lad and hence Lak c Lad

To see that Lak Z Lad write d hst Kt

for some site 7L We have

ad anstkt Can ak t estate
t ak

t














































































































Consequently ad c Late so Lak 2 had

This proves i

For Cii we show that if d is any

divisor of n then ad Md Indeed it

is clear that ad
d

a e so ladleMd

But if g 2Nd then dj d Md n so

ai t e by definition of a Thus

adI Md

Finally if D god nie as in i then

lakh Kak I Kased by is

yagcdln.tn Mgcdlnih 9dB














































































































Corollary 2 Let a be a group element

of order no Then for any i j c I
Lai Lai iff gcd n i gcdCn j

Proof If Lai Lai 7 then

Kai I Kai I and hence lait lait

By Theorem 2 we have

gchdcn.is gohan
j

so gcdlnitgcdcn.ge

If gcdcn.it god nij then

ai aged hi L agedchip L ai y
r n n

Theorem 2 Hypothesis Theorem 2 man














































































































Corollary 2 Let a be a group element of

order n Then for KEI

a Lak iff god nie 1

Proof Immediate from Corollary 1 gaa

Ex For each n In 417 By

corollary 2 every generator of 2n is

given by 1k K where god nie L

e g The generators of Bs are all KELS

such that god 8 K L i.e 1,3 5,7

Ex We saw above that K 437 is cyclic

b














































































































Since 131 4 all generators are given by

3k where god 4 K L ie 31 3 33 7

Exercise The group KIT is cyclic with

generator 5 Find all other generators

Exercise For any new the subgroup Le

of C't consisting of nth roots of unity is

cyclic Find all generators of this subgroup

Let's take a closer look at 7dg By Theorem 1

we know that every subgroup of Ig is

cyclic and hence is of the form Ln

for some he Is If n l 3,5 7 then














































































































Ln Is What are the other subgroups

1 L 37 257 477 74g

z LG 0,2 4 6

47 o 4

o O

Notice anything interesting

The order of every subgroup is a divisor

of 8 Moreover every positive divisor

of 8 occurs as the order of exactly
one subgroup of 768

h














































































































Theorem 3 Let G La be a cyclic

group of order na CD

i The order of any subgroup of G

is a divisor of n

ii If K is a positive divisor of n

then there is a unique subgroup

of G of order k namely ha

Proof By Theorem 1 every subgroup of

G is of the form Lak for some KEN

By Theorem 2 Kate I lakt Mgcdcn.rs which

is a divisor of n This proves i

For Lii let KEN be a divisor of n
















































By Theorem 2

Hank I la I n
gcd n t Wha K

Thus La is indeed a subgroup of G

of order k To see that this is the

unique such subgroups let It be a

subgroup of G of order k By
Theorem 1 H is cyclic hence

H am for some MEN By Theorem 2

lgcdln.ms Lam I K

hence god mm Mk Thus

H Lam Lased Lanky
Theorem 2

This completes the proof ax



Ex Consider the cyclic group 6 220 47

of order 20 The group G has exactly

one subgroup of order K for each divisor

K of 20 K 2,4 5 10,20 This

subgroup is given by 412 7

K 1 L1 o

k 2 412 7 410 10 to

K y C 1 L 5 0,5 10,151

k 5 12 7 24 10,4 8,12 16

K 10 42 427 0,24,6 16 18

zo L 12 07 L 0 1 2,3 19 Rozo



Ex Let G La be a cyclic group of order 100

The subgroups HE G are in 1 1

correspondence with the positive divisors

K of 100

K 100 I 2 4 5 10 20 25 50 100

IHI K gag
Last La La La as say ta La

Exercise Write down all subgroups of the cyclic

group 244 457

Exercise Let G be a cyclic group of order

90 How many elements of G have order 15



Subgroup Lattices

We can represent the subgroups of a

group G visually using a subgroup lattice

This is a diagram that includes all subgroups

of a group G A subgroup K at some leve

of the lattice is connected to a subgroup H

at a higher level if and only if K is

properly contained in H

Ex If G La is a cyclic group of order

10 then G has subgroup lattice



a

ai as

La

Ex If G Ca is a cyclic group of order

20 then G has subgroup lattice

a

ai as

a a

a

Exercise Draw the subgroup lattice for a

cyclic group G La of order 100


