§3.9~ — Volumes by Disks / Washers
0

Ini-cﬁral..s don't J'u.s{- tell ws about areas , We con

also use +hem for c,a.lcula#.‘:j volumes of 3D Solids!

The Solids we'll consider in MATH (38 acre called

Solids of cevolution, and are obtained %’j evolving

a 2D rejion about anm axis:

I

There ore  Fwo ways to f:nd +he volume of such

o. sSolid-

1. The DlSk/l’Ja.she,r Method

Stort b_‘S sl:cmj the solid wnto Fhin disks.



Area. A(Q

Eoch disk has width ax . TF A denotes the area
07( the disk at each Pom‘l' X, then +he volume

of- o -‘-inoa.f_ disk s A AX. Adclmj +these volumes:

b
Vo lume of the Solid = J A(x) dx
a

Ex: Consider the Feqion between +he x-axis and :f%
][rom X=0 4o X=3. Find +he Volume 07[ +he Ssolid

Ob'l-od/\ecl éj (‘o{-a,-l-l/j “H\i.s l‘e_jiOn aJ:owl- ‘H«e. X-axis.

Solutbion: Start with a  sKedch S)ww:fj the Pe_J:om and
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Exa.mple [Go.briel's Horn]:

Let R denote +he region between 5=|7 and the Xx-axis )(or

xe[1,0). Find +he volume af the solid obtained IDJ (‘o+ou\-inj

This Solid is Known as Gabriel’s Horn.

R about +he X-axis.



AGo = ﬂ(r‘o\dius)l = 'R;
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{!\lm‘e: The (lenjlrhuzse) cross - Sectional area. of the horn is
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Ex: Find +he volume of o  Sphere of radius Y.
M‘- A Spkere_ Cawn be obtained bJ r“o+a.4inj —H«e.
J4 N pra
/3- oo -\-o|> half of +he circle >("+5’=r"
/\ —raxsr
»x obouty the x-axis!
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& Sed up 'H\e, im+¢jra( ‘H\ov" Sives the Volume 07[
'Hne So’icl OL‘l'aiVle,d IDJ \"o'('.ocL’\nj each re,SEOV\ about

He given axis.

(Q) &QM bounded between ‘j=xz and \‘1-‘-\'—)(_

Axis: X = &xis.

Solution: Stort with a sketclh |

y={
This time owr cross — Section

H K=0 or X=|
/ isnt a disk.. #'s a washer!

In this case,

S

Areo = A(x) = TT- (outer f‘admﬁ)t' < (inner "”‘"‘“5>




Outer radiws = 4 X

2
Tuwner radius = X

BOundS'- 0<xel

| !
“ Volume j Ax) dx j [T () - T () ]9

= J' [’ﬂ'(&)z - T[’(x’)z}dx
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(b) Region: bounded between }1:2)( and \L]=XT

AXiSl X = axis.

So'wl;ion'- Ske-\-c.\n\.

Outer radiws @ Qx

2
Ivmc(‘ l‘a.diu.s: XT




BOUMJ.S ?

)
%=ax = x'=4Yx = x(x-¥)s0 = X0 or X:=Y

4 4 .
Volume = J Ay dx = j [-'T(foutY"Tr(r:n) ]JX

0

- Jq [W(ax)l— uyes )L ] dx

() Reqion: bounded between :1:90( and \L]=L2.

AXiS'- j =-41

Soluiion'-
Outer radius = 1 +2x

X2
Tonec radius = 1+ 3

Bounds: 0¢ x2Y

(Sa.me as be‘fore)




(4) &gﬂ bounded betuween 3_1:&)( and 3=XT?'

AXiS’- j = ‘7

So'u.'l;ion:
kA
Outer radiws: 9 - %
Tnner rodius: - QX

Bounds: 0¢Xx¢ Y.

4
“ Volume = J A(x) dx
)

JL’ [Tr (7'%>z - T"(‘?'Qxy.]

dx

() Region: bounded betueen j=&x and 3=XTZ

AXIS'- - axis

Solution: \Je have o washer
at each Yelo, 8], so we'll

be in+ejrm+in3 with respect o y.
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J4 Outer radiuws: '\@
5:&)( = X= 3
3 Cout
G Tnner rodiws: %
3.
"x Bounds: 06:798.
8 3 , .
Volume = A(j)d_‘ﬂ = J [11‘ (’Rj ) - T (E) }c]j
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Summaq -\:or disks / Washers

Reuolv:nﬂ around lworiZon‘l'al axis? Use )cu.nc_fions ofi

R2uo|vinj around vertical oxis ? Use _fu.nd'ions of y_




