§&~| - ijonomeﬁric, Substitution

Some 'ivl-"e:jral.s Can be S,~mf>/.-/:'e<:l ij[ we  think °J: X

as a -]-rijonama-lric fwmc,hon!

Feom our 1ibrwj of antiderivatives,

Tntco Examfle:

/ We Know +his is arcsin(x)+ < ...
)
J .- dax but lets see a 6(Here.n+ wouJ!

have

Le.\_ X = S:ne ) So d)( T Cos@ ds \IJQ

| |
dx -~ .
J |-x* j\’\-S?nle

Cose_ ae

cos0d @

\/ Cos*@

:J cos6 Jo =Ji°[9= G+
cos@

Sin® = 0= arcsin(x) (for 320 % ”’{)

ole: X =



= @+ C = |arcsin(x) +C

The Frocess above is called

o Yrigonometric Substitution.
J

I

W~ Substitution:

Triq Substitution:

w= 900, du- J'CX) ol x

X=j<93 , dx * j’(a) do

15: '30& See ... '|‘l'j Sub.s+i+u.+:nj... cloma.m Jcor 9
aclR
Ja‘- X* X = oasin® AN
o+ X* X = octon® AN A
xt-a* X = a-SecO 040¢3 o M2G<

The Cange )(ar G ‘ju-w‘amhe_s thot  +he 'h‘j fu.nchof) Con

be inverted o

ex/ores; (¢ in +eFMS of X. You Should

Know these l‘o.nje.sl bu,{- BOM o(on'l- nced 40 Write 'H\e.m_




Ex: Evaluate the ](o“()wilfj.

(OL) J 1 Ax
\l x*+9

Solution: Let X:=3tanb , So dx = 3 sec*6d8.  Thus,
J L ol x =J 1 . 3sec’0 d6
J Xz+q \/?II:M\ZG*?
- J 3 sec*d 46
J J(tartor1)
i} /3/Sec2(9 do
/X\/ Sec*@
= J Sec_ze AQ Ouwr ra.nje fof‘ 6 is —T/z_ <p 4 Tr/z, ,
|53—69| ond. $€c@ > 0 on +his fange.

“ lseco| = Sech.

A;so.ﬂmor in o -I-rfj sub!)

= sectQ
j Sec© de (_a-losalu.k. value will aLwaJs
J sec® d8 = Lnlseco+ £M9| + C



[Ta jo back 4o X's , drow o« +rio.nj|e 7(01‘ x=3£am9]

X=3tan = Lm0 = X - Opposide [ 3
3 adjacen’r *
X
Hence, Sec@ = _yw J X X9 6 L,
1a.cen-\- 3 3
_r\r\v..s, l dx ° lﬂlSecGJ- £a.n9| + C
x*+9
i ESTIN
llﬂ 3 C

Solution: Let x={secd, dx={2sechtan® d0. Thus,

J dx - j ES&CG tan® do
xx*-2 Asec*@ - J Asec’@-2

= tan @ 4o
{Xsec® [ (sec0-1)



= _’_ &V\G de
V2 | seco - {7 Lk

- | 1 Jde
2 Secd
= | cos0d9 = S8 ,
Py 2
Now, going back to x's i
- _ L\ X x*-2
Xz {2sec@® = Sec@ = X_ = jpo’renuse
X adjo.ceM 5 -
e >

Heace a0 = _oppaste . [xoa

hypotenuse X

J
J L dx = S?QQ + C = Xz-z » C
Xz x'l-_z :L Q.X

(e) J —\I’—%‘Z dx

XZ
Solution: ey Jirst manipulate the integrand ...

\
’~fo7_ ] ,L}(q_x )Jx<—le|- X= 5 sné
X % dx = %6054949



n

L,_, Sin* 0

[
.

= A % cos*@
J Zf ’ L cosO AG
J —,_'I—Siw"O z
= ( '/2 cos* @
J I/L' S_m':.e
- QJ cot?@ de

Q:J (CSC.’G -1) do = - 2cot @ -726 +C

A
Now, 4going back +o X5 ...
v J
|
AX
b _AX OFFOSI‘\'&
X RSMG = Sin@ —' . —Lleoknuu e [] .
o (axs
N _ X \\’:J
Heace, cot6 * 00‘:%‘::2;* = 'Rix cmd Q= orcSin (ZZX)
ite

29 gy = —qcb0-26+ C

XZ

-J1-Yx?
X

1]

- Aarcsin (ax) +C




No\'&" T”j subs Con work even wTH,\oud— SZLDJ‘& roo{-.s!

i
(d) XX Jdx
(\+X1)7'
0
Salu.\'mn‘- Lc-)- X = La.ne )
When X = tan® =0 = we
When Xz tan® =1, we
Thus,
1 N w/,
X _ dx =
. (ex®) ]
: J%

Js

deful Tdentities [ T4

sint® =+ (1-cos29) J

cosQ = —; (H- COSQQ) ) J /y
o

Yy

So AX = Sec,le 46
\ao.,\lf, 9 =0 Remember:
\aa,ve, Q=T/L’ “'-?I_ce<"_71'__
tan"0 g de
(H tan?0 )z
Lan'® 20 JO
sec @
Lanzg de
Sec*O

( s;n‘Q/COS‘O) d0
(Yos0)

5in*6 4o

]




- 1‘-/
Note: ) J ‘1 % (1-ces26) do

JCos (n0)do= $4"9, ¢

n <
< ] r A’
. — _ 33029
(Proue. this!) ) 6 3 J ) 0
) 7
< I_‘_ T Sm -W/Z _ _)_ a0
;{b 4 X 2 Ny 2
= | _ 4
3 Y
YOu. ma:j need +o Complefe_ the Souare laefnre,
muk.‘v:j o +r:'j sub.
Q-_ X5 -@x+ X = (ﬁ%lé%«z-% = (x-q)"‘lﬁ‘

<2 and square

g ACHx-T = a(xz%{j)-%ls = 2(x+1) =25

<2 and szuo.re
Ex: | —dx
(x*+ax+5) "

Solution: Complehnﬂ the squace., wWe have




l [ | d Let x+1= 2tano
7 dx = —dx o
(@+ax+5) ) () +u )™ dx = 2 sec’6 d@

[

= . & sec’® do
J (’-[ borto + 4 )3/2.

[
- & SCCZQ Je

J Yy (sec® )3/;

.| Xsec’d 4o
8 sec’0

1| cos&d® = sin@+ C.
! 4

Now, 4going back +o X's ...
v J

X+l = 2fan9 = +anf = oppesite  _ X+1
adjacev\-\- 2
A
We have £in0* Xt [(x+1) 4y = VXX +5
JX’*RX*S X+ |
9 N
P

l sin®@ X+
= dx = ne , ¢ = + C
J(x2+ax+5)3" 4 4 x*+ax+s




Ex: X dx
\Ixz*&x-g

Solution: ComP\e\-mj ‘+he szoca.re_, we have

X = X
d x = dx
X*+x- § (xs1) -7
et x+| = 3sec@ - 3secO-1
- —————— . 3secOtanb 36
X = 3secO-1
¢ ) J \/ Fseczo - 7

then dx = 3Sec@tanb dO

3sec6-1 /3/Sec9 tan9dO

J 35eco -1 - Sec@ Lan @ 46
3

"

(3sec?o - Sece) 46

1

{'»a»“e_.ln|5ec9 + Lan@l + C

Now, 9oinq back +o X's .

qupo-l-ewus¢ _ X+l

X+ 1 3 5&09 = SCCG i adJa.cen-\- 3




X+
J(x)2-9

G ] N
3
Hence
fang = Peste et g | [xtax-8
adjace/r\' 3 2

O-V\cl 'HAe.re -S:oce

)

JX—CIX = 3'1:0«\9 ‘£n|8309+l:a.n6|*C

\‘xﬂax—z
[xtva-s = 4 o Dbt
X m

n

FC

/‘\Ad'\l:ioﬂaL Exercise: X y dx
(5-4x-x)™

Solu.""-ont Co»mplel-e. -|-L\c .Szuare_ 40 wriie

S-dx-x* = ~(x+dxsy)+5+4 = 7= (x+2)




Hence,

X 3 CIX = X 3, dx
(5-4-x2)™ (1= ()

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Le-\- X*o’l= 3sinb 3.
(x=3sm0-2) (? - ?S""19> :

+Len dX = 3cs0do

- 35?”9"9; '3605949

27 (cos?0) *

cos®@

CosG CosG COSO

L? J (..3 secl tand — o’lsec."9> de

=|_J 35in@ - & COSQJG

= 5636—9 - ?tmﬂG*-C

Now, qoing back s X's ...
J J



X+2 = 35in0 = Sind = X2 _ M
3 hypetenuse

X+2

e ]

\/7 = (x+2)

v

L\qPo-I-en use _ 3

3 .S
adjacent [7-(xe2)?  [s-4x-x*

Hence, secO -

_ opposde _ _Xt2 _ _X+z
MA +O«V\O a..djacen+ - J?-(XfZ)z 'S_qx_xz
Th X dx - Se® _ 2 .
us, J(S'—L[x-x")s/z 2 2 tand + C

_ | B Ax+2) v C

J5-dx-x* Q[s-dx-x*




