
 2.1 Trigonometric Substitution

Some integrals can be simplified if we think of

as a trigonometric function

Intro Example From our library of antiderivatives
we know this is arising C

ftp.xzdx but let's see a differentway

Let sino so dx coso do We have

Ix dx I

V1 sing
Cosodo

do Ido Otc

Note sino 0 arcsin x1 for



I fly dx O C arisin I c

The process above is called

a trigonometric substitution

U substitution U g x du g x dx

Trig substitution glot dx g'lol do

If you see try substituting domain for 0

x asino o

a tx atano co

x2 a a send 0 02 or TEO

The range for 0 guarantees that the trig function can

be inverted to express 0 in terms of You should

know these ranges but you don't need to write them



Ex Evaluate the following

lat I
x2 g

dx

Solution Let x 3 tano so dx 3sec do Thus

I x g
dx I

9tanzo q
3sec do

I 3sec'D do

9 tarots

I 3 seto do
3fseio

J se O do Our range for O is Iz O Iz

se o and Seco 0 on this range

Isecol Seco

J egg do absolute value will always

disappear in a trigsub

I send do In secottano C



To go
back to X's draw a triangle for X 3tano

x Stano tano j Rag it Wtf
y

Hence Seco hypotenuse 0

adjacent

X q
3 3

Thus I ftp.gdx lnsecottano C

In 139 I C

bl yd 2

Solution Let x Fseco dx Rse Otano do Thus

J dx
x'v22

Fsecotance do
2sec O 2seio 2

tano
to

52sec 2 seco 1



tano
seno Etano

see do

I coso do sino C
2 2

Now going back to s

1 2 2Rseco Seco hypotenuse

adjalent o s
E

Hence Sind opposite
hypotenuse

2

xp 2
dx size c c

a y dx

Solution We'll first manipulate the integrand

1
4 dx

414 let x sino

2 dx cos do



V44
s

o Icosodo

f
4 4 cos O

tsin o
coso do

Y 12cos

4 Sino

2 cot Odo

2 csio 1 do 2coto 20 C

Now going back to X's

2x

L since sino Y hip e

r ax
O

Hence coto gppgget
V1 4 and O aisin 2x
2x

1,4 dx 2 0 0 20 C

th 2aresin 2x C



Note Trig subs can work even without
square

roots

x2d
xp

Solution Let x tano so dx see do

Thus

1 x

1 212
d tanzo

It tanzo
see do

1 tano seco do
sec

1 t do

Helpful Identities

f
si

s20 do
sino 1 cos20 11050
cos'O 12 1 0520

1 sino do
a



Note 111 2520 do
cos no do Signo C

12 0 si220Provethis

sin
10 s

Ig

You may need to complete the square before

making a trig sub

eg x2 8 2 1
2 8 161 2 16 x 4

2
14

2andsquare

e g 2 2
12 7 21 2 6 9 7 18 21 1 25

2andsquare

1Ex
1 2 2 573

Solution Completing the square we have



1 2
21

5
d

x 4,3
dx Let 1 2tano

dx Zserado

1 14tanto 4 2sec'ddo

4 p

4 coso do sin C

4

Now going back to X's

1 atano tano jii.int It

We have sino
y

1 112 4 2 5

I

0
2

1 2
21

5
d s C

4 2 5
c



dxEx
1 2

2 8

Solution Completing the square
we have

1 2 8
d

1 42 g
d

Let 0 1
3secotano do

9sec0 9
then dx 3serotanodo

3sec0 1

9 seca y
3sec0 tanodo

35010 1 secotano do
tanzo

3sec0 Seco do

3 tano In seco tano C

Now going back to X's

2 3sec0 sec hypotenuse 31
adjacent



I
1 112 9

3
Hence

tano 1 11,2 9 1 2 2 8

3

and therefore

dx Stand In seco tano C

1 2 2 8

2
2 8 In

2

3
8

c

Additional Exercise
15 4 15

Solution Complete the square to write

5 4 1 1 4 4 5 4 9 1 21



Hence

I 15 4 x2
d

9 1 272
d

let 3
3s.no 2

9 9s no
3 050do

then dx 30050do

93 1 2
3cosodo

scoodo

g
3
1

2 coso do

g co o 28 co o
do

g
3sec tano 2sec20 do

Seco tano C
3

Now going back to s



2 35in Sino 32 opposite
hypotenuse

3 2

1 9 1 272

Hence sec hypotenuse

19 13212 5 x x2adjacent

and tano If 21 us

Thus
15 4 y

d 5 0
tano c

V5 x x2 9
C


