




















































































6.5 6.6 Taylor and Maclaurin Series

Previously we learned a variety of tricks for manipulating

the power series representation for a function f up

to now either or ex to obtain a power series

representation for a related function

In this section we'll learn more about which

functions antually have representations as power

series and if such a representation does exist

we'll determine a formula for its coefficients

Suppose that f has a power series representation

centred at X a say

fix an x a Got a x at accx a

for all with a R R
Radiusof convergence























































































Note that at a

fla Got Ot Ot a fla

Differentiating f and its power series we have

f x a Zaz x a 3a x a

and so at a

flat a Ot Ot a flat

Differentiating again we have

f txt a 3 2 x at 4 3 x a

and hence at a

f fat Zart Ot Ot a f f

If we were to repeat this we would find that

93
f la
3























































































In general we obtain

an finical for all nn

We have just proven the following theorem

Theorem If f has a power series representation

centred at a say fix an Ix a for

a CR where R O then an finical
n

That is

51 1 E n
x a

Definition The series 5 Ix a is called the

Taylor series for f centred at X a In the special

case that a O we call t f the

Maclaurin series for f























































































Remark This theorem tells us that the coefficients in

a power series representation for f aren't random

they encode information about the derivatives of f

Ex What is the Taylor series for fix e centred

at 0 lie the Maclaurin series for f

Solution Rather than directly calculating f o let's

use manipulations

ex E e Y

By the previous theorem this power series representation

is the Maclaurin series for f

Follow up what is f 10 for fix e

Solution In the Mallaurin series the coefficient of























































































is 51 407 We showed that the Maclaurin

series for fix e is and we

see that is obtained when 2n 20 o n 10 Hence

setting n 10 the coefficient of is

4 to flako
20

fascol

Remark The previous theorem assumes that f can

be represented as a power series but is this always

possible No Here's an example

Ex Consider the function ya

e if a 1
e

f
yet

if t 1

e if I 1 I

If this function did have a power series representation























































































at 0 it would have to be its Maclaurin series

E 5n'Y

But near 0 we have f
n
1 1 e for all n hence

the Maclaurin series for f is

E the E x

e for all x

So even though the Maclaurin series for f converges for

all xefo.co it only represents f for e 1,1

This begs the question

which functions are equal to their Taylor series

for all x in the interval of convergence

Since the partial sums of the Taylor series























































































f Ix a are exactly the Taylor polynomials

Thia x we are really asking

For whish functions f is it true that

f 1 7 him T.am

Since f x Tn alxl Rnight we are really

asking
The error remainder

For whish functions f is it true that

his Rn.am 0

The following theorem provides the answer

Theorem Convergence of Taylor Series

Suppose f has derivatives of all orders on an interval I

containing X a If there exists a constant MER with























































































f x M for all new and all e I then

f x In t 9 x a for all e I

Proof Let X.CI Since f x M for all n

by Taylor's Inequality

Rnax
M an

ntt

M anAs n so we have fits gutsy
0

Why Well we have seen that E converges

for all x hence 1 91 converges for all x

Thus by the Divergence Test figs 0

By the squeeze theorem fig Rnalxl 0 hence fixt

is equal to its Taylor series on I as desired























































































Corollary sinx and cosx are equal to their Taylor

series for all eC co co

Proof Sinx and cost are infinitely differentiable on

f co co with all derivatives sinx and cosx always

bounded by 14 1

Ex Find the Taylor series for fixt cosx centred at

0 i.e the Maclaurin series

Solution Let's compute some derivatives

f 1 1 cosx f o 1

f x sinx f'to O

f x1 cost f 107 1

f x1 sinx f 101 o

f x cost f o 1

now it repeats























































































So the Maclaurin series is

cosx th X 1

or in sigma form

cosx E

Ex Find the Maclaurin series for flx sinx

Solution We could compute f o as we did with cost

but alternatively we can integrate cosx and its

Maclaurin series

cost 9 C 1 x

2n

frosxdx ff.EE dx

sinx E i c























































































when x o we get sinco E It Fc hence

C sino 0 Thus

sinx

5,01 7 Told X
a
to

on If If

fix sin

The Taylor polynomials for sinx are becoming better

and better approximations to sinx even far from X 0

With infinitely many terms sinx is equal to its Taylor

series everywhere























































































Takeaway The following functions are equal to

their Maclaurin series on the given interval

Hx X t XE 1,1

ex It xefo.es

sinx E I s xeto.co

cos I I xetos.co

We can manipulate these series to obtain Taylor

Maclaurin series for a variety of other functions

Ex Find the Taylor series for fix e centred at 3

Solution Two options

I Use the definition of the Taylor series























































































ex t x 3 1 37

f x e for all n
so f 31 e forall n

2 Use manipulations of known series

e e
3 3

e ex 3
Replace with X 3

e

in the Mallaurin
series for ex

9 1 31

Ex Find the Taylor series for sinx centred at

Solution We have

Sinx sin x E E

sin x E cos x E











































































Replace with I in the
Cos E Maclaurin series for Cosx

E 4 it x E
2n

Ex Find the Maclaurin series for glxt cos 3

Solution Calculating derivatives of glx would be

awful so we will not use the definition of the

Maclaurin series Instead

Cosx 1 1 x
2n

cosix E I E 1 then
12h1

cos x 1 15
6

12m

0
1 1

6 7

2n

Ex What is the value of

in of 1



Solution

E ni E n ie ie

Ex What is the value of C 1 T
9 2n

Solution

If C 1 T
9 2n

C it 12h
2n

E in
2n

5

cos


