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6.7.6.8 — Tab.'[or and Maclaurin Series
Premousla we learned a \/arieU of $ricks for mampdc&mj

He ‘:ower series rePr‘e.sen-‘-ovl-\on 7C)r a fu.nc-l—ion )C (U~P
i - X
to now, either 75 or e ) 10 obtain a power Secies

re.Presen-l-oArion for o reloted ][unc-l-ion.

Tn this section, well learn more about hich

functions ac+ua15 have representations as power
series and, -i{- such o reFreSen'l-o:l-iOn does e.x;s-l—,

we'll detesmine o formwlm or i+s Coefficients!
Suppose that JC has o pouwer series representation,
centred ot X=a, SwA

0o
S:(X) = Zan(x—o.)n = Aot &, (x-a)+ Qo (x-a) + -
n:o

for ol X wibn [x-a| ¢ R, R>0

Radiws of Con\/crje.nc.c‘.



Note thot ot X=ou:

fW=0s+ O+ 0O+ - = 0, fla)

D\fFerenho&mj f and its power Series we have
fl(x) Q4+ 26:(x-a) + 3a, (x-a)z+

and so o} X=a:

f@=a,+0+0+ = | =fla)

Dafferenha{;n\ej aja:n, we have
) = @t 32 (x=a) + 43-(x=ad + -

ond hence ot X:=a-

fll(&) = 2&7_“‘ O+ O oo = QZ: f,'(_&)

I& we were o repeat this, Wwe would f.‘nd Hiot

PACY)
3!

Q; -




In Se,ne,rod., Wwe obtain

(m
QAn * % ‘J:or 0.(( N.

\I\‘G, howe jMS"' Prove.n 'qu 'JCOHONW\J "'L\QO(‘CW\!

TheOre,M: T_‘f 5-‘ kas o Power Series repre_se.n-l-o.-hon

cendred ot @, say 5(x)= Zan(x-aY for

(n)
|x—a|<K where R>0, then Gn* §“Aay
!

That is,

Definition: The secies D, £7) (x=a)' is called the
n=o n!

Tayloc Series for :F centred ot X=a. TIwn +the Special

0o
(G}
cose thoat =0, we cell § S:n_(?)xn t+he
n=o n.

MoLc,\o.u.rm SeriesS -(:or -F




Remark:  This +theorem tells us +hat the coefficients in
o power Series Pepre..;e.n-l-ahon Jcor )C arent random —

-l-lnej encode iy\formo.hon about +he derivatives 07( f’

Ex: What is the Ta:]lor series far f(x)= e_xz Ccentred
at X=0 (ie., the Maclaurin Secies )cor JC) 4
Solution: Rathecr +han d:rec+fj cafwla{-:nj _f(m(o), leds

use Mmanipuloations!

S

e - i&: = e"‘z=i(-;\<j> =Z(n)x

Bj the previous theorem, this power Series representation

is +he Maclaurin series }or f‘.

Follow up: What is F%%6) fr fLO-€7 7

Solution:  Tn the Maclawrin series, the Coefficient of



(20
% s L)(l"). We Showed +hot +he Moaclaurin
20!

-x2 co n_2n
Series  for  f0O=e is S5 X | and we
NnN=0 ﬂ'
see that X is obtained when 2N =20 o~ n=lo. Hence,
Se'l"l'inj N=0, +he coefficient of X is

(_|3|O : | - _’— _ l (Za)Co}

|0! lo! lo! 20)

= | f®%e> = 20!
1o

Remark:  The previous theorem assumes +hat f can
be represented as a power Series, but is +his alwajs

possible? No! Here's an example'-

Ex: (Consider +he funchon YA
(
Ve if x<-1 * N
fO= y e*  if -lexe] .
| € if X7l 5 : 7 X

I this functon did have a power Series representation



ot O, W wowd have +o be its Maclaurin Series

(
But news X=0, we have fm(x)= e” for all n , heace
the Maclowrin series for 5: 8

"

Nzpo n=o Y\'
oo "
- X _ X
= 2 Yy = e or all x.
N=o ’

So, even 'H‘\Ok)jl‘\ the Moclaurin series for f Converges for

all XE(-Oo,oo), it onfj represents jC' for xel-1)].

This beqs the question:
i F

Which fumchons are eiua.l ‘o +heir TaJ/ar sSeries

for all x in +he interval of converje.nce,?

Since +he Po.rhau( Sums of the Tajlor series



Z f(h)(a) (x-a)" are e_xac_w‘lj +he Tajlor Fol\u]nomials
n'

Nn=o

—’—;I,a()() , We are reo.“j a.skmj'-

For which fwnc{-’ows )C is it Frue thot

Fo = Lim Toatxd ?

n-—=

Since  §&) = Tnalx) + Rualx) , We are really
\

O-Sk?nj : The crrar/r“eMm‘nder

For which fund.‘ows _-f s it Frue thot

Lim R, o) = O ?

The fol(ow;nj +heorem Prov.‘deS the answer!

Theorem [CAnVechncc of TaJlor -Se,rie,s]

Suppose _f has derivatives of all orders on an intecval T

con-l-a.:nmj Xz=a . Lf there exists a constant MeR  with




f(")(x)l ¢ M )Cor‘ ol nelN and ol XeT | then

(n) "
fexy > §F7() (x-a)  for all xeT .

Y

o0
N=

Praof: Let xeT. Sce [5P(|2 M for all n,

bs Tajlor's Inei_u.aLil-‘j,

M |X_a|m-|
O £ |Rn,a(x)| £ (V\+i)!

| nel
As n— oo, we hawe Lim M | x-2 = 0.
n - 00 (‘,\_'_1)!

[\/\)hj? Well.. we have seen +that Z_‘XTv: Converges
0 n

:)[or all x, hence Z; (x(_)—?‘) Converges J(OF ol X.
N=o .

Thus, lo\j the D;\/erje,nce Test Lim (x=a)" _ 0. ]

? n-060 n'

83 the Squeeze theocem, z"mw Rnal(x)= 0, hence JC(XB

n->

3S ectuai to its Ta.jlor Series on L, as desired.
|



fm;_ SinXx and cosx are eluo.( to tHheir _raJlor

Series for ol xe (.'00,00).

PraoE: Snx and CosX are in ;n{{-e\lj dc:ffere.n-l-iable on

(-e0,00) with all derivatives (tsinx and iCosx) w(wajs

bounded bj M=1

Ex: Find +he Ta\jlor Series Jcc;r f(x)=Cosx centred at

X=0 (i-e., the Maclaurin Serte.s‘)

Solution: |_et's Comru-[-e some derivatives'
f(x) = cosx J(CO) = 1
£ = - sinx £y 0
Flx): —cosx = o)t
F 00 = sinx F“(e) =0
F900 + cos x §%) < 1

(now it PePeo&s f)



So 'Hﬂe Maclaurm Series 1S

< L 2 y 6
CosS X = Z‘ ‘}_(0) le = l— X 3 X _ X + oo

or, in s;jma f;rww

60

Cosx = ) (=" x*

n=o (2n)!

Ex: Find the Maclourin series for f[x)=smx.

Solu+ion'~ \,Je, c,ou_(d COMPU-"'C_ J(‘(vll(o) as we dad wi'H/I C,OSX,

but Mi—erna-}i\/e’j, we can M'l-ejra{'e_ cosx and its

Moclawrin series:

Cos X = =
n=o CZV‘)'
i n (Y]
= JCosx dx = J (D" X™ 1\ g
n=o (ZV‘)'
= (\\).,,xzm-{
> Shx = hZ=o (Zwu)l &



L\)L\QY\ X=O, ) henc&
C=5n0= 0. Thus,
n ZnH 3 < 2
5m><-2,"’ S ox - X, XD XD
n=0 (ZVH'l)' 3 5' 7l
: T =
T3o(X) = Tyl = X- é. A Too®=Toatx) = X S

T5000= X= 37 * &1

/N

s

F(x)= S x

The Tajlor Poljnom:a.ls for SinX are loe,Com:nj better
ond better approximations Jo SinX,; even ]Ca.r from Xx=0!
With  in ‘m:’re_b Many terms, Sinx is %u.ai to its _’EJ(Qr

Series everywhere !
(o4




'TaKe,awa(,j: The fol(ou:ima _-)Cmc-l-n'ons are CZ!:CG-L +o

their Maoclaurin Series on the given nterval(:

0o
L X = lexexte Xt XECLY)
n=o
X X x" x* . x3
e’ = nZJ W= 1+ x+ ZJ— 3—‘+ Xe(-w,oo)
zo
o0 )" x 2+ 3 s 7
5.nX= Z (\ X X - X_.l_ X_ _X_+ Xe(-oo,ooD
n=o (a"“)| 3! 5! 7
- jod n.,wn 2 4 6
cosx = 5 X oo X2 X X" xe(-00,00)
"o (2n)! ! H! !

We can Manipulote these series to obtain Taalar/

Moclousin

series fcr o vo.rie’c:S of olher ‘{-\nmc.{-ions.

Ex: Find +he Taglor‘ Series for F)= e cenfred at x=3.

Solution: Two options.

@ WUse +he c\efmﬂ-;on of the T&j\or Series.




60

e* = 3 00 sy |5, € (x5

NnN=o n‘- N=o ﬂ|

F00 = e for all n,
So ]C(m(3)= e’ {or ol N,

@ Use Man:Fu(oL-l—ions o)C KnouWn Series.

(x-2)+3 3 x-3
= e = e e Replace X with X-3

/ w the Maclawrin

3 X (x-3)" fo X

= e Z' Series re’.
nN=o n:

X

-

(V2]

= Z %?(X‘BY‘

n:o

T

Ex: Find the Ta(jlol" Series :S:or Sinx centred ot X=3 .

.Solw‘r'\ow g \,d e h&V&

Sinx = Sin <(x—%r)+ T—{)



Replace X with x— T n the

= Cos - —_."_
(x 2') / Maclaurin Series for Cosx
— n
(\%)
= Z ) (x-3)

Nn=o0 (1")!

Ex: Find the Moclaurin series for— j(x) = X7605()<3)-

Solution : C,alcu.\a’fmj derivatives of j(XD wWould be

awful, So we Wil not use +he definition of the

Maclourin series. Instead,

(479)
= cos(x*)* Z.G‘)M(Xzyw Z( X

N=o (Q—V\)! n=o (&V\)‘
oo on+7
= % cos(x3) = X7Z (-)"'x* Z(ﬂ X
nN=o (Zn)' Nn=o CZY\)'
Ex: Whet is the value of—
ic- I IR I
. ol | ! 2! )



Soludion :

Q0 00

C-I)“ _ Z‘ xn - e’( =
? — =
nro N rerRALE Xz -

N

Ex: ot is +he volue of L D" Tt

- nN=o C? (2”)'

Solu.-\‘.on :

5ot 2 ey ()

N=o CI (2. )l n=o (Zn)'

D" X
ZL S

X
]
w4

_ T,
: Cos /3>

1\
N




