
 4.2 Separable Differential Equations

A first order DE is said to be separable if

it can be written as

glx htyl

That is we can factor the non derivative terms

as a product of an X part and a y part

e g Y f separable

Xt2y sinky Non separable

To solve Split up the differential separate
the s and y's and integrate

If gixthly hey dy guldx

hy dy guide



Ex Solve I
y

Solution ydy xdx

ydy xdx

Now isolate for
2

C
for ionvenience

Y if possible

y 2C

y
2 0 DER

Note When L we get y
2 1 which is the solution

we verified in our last example

Find the general solution to
Xfy

Solution f3y dy xlnx dx

IBD a ax



y enx f dx

y enx C

y ex C

Ex Find the general solution to dy YCOSX
1 212

Note Youwon't be able to isolate for y here

Solution f ty2Y dy cosx dx

2y dy Sinx C

In y y Sinx C

TIolveforyflxl.to we'll stop here
BUT WAIT there

may
be another solution



We divided by y in the first step but what

if y o
ya

The notation 9 0 means
y o

y is identically constantly 0

We'll need to check the y 0 case separately

If 9 0 then 0 and 91
0 cost 0
1 0

so yes 9,9 when y o

General Solution

9 0 or Any y Sinx C CER

If we are told the value of the unknown function

y at some given we can figure out the

arbitrary constant A DE together with point XoYo

is called an initial value problem IVP



Ex Solve the IVP y Xy y 01 2

Solution dy Xy dy dx if y 0

but in this case y lo 2
d

dx so YEO isn't possible

In y C

ly eÉ e'e

y e ee Ae
Forconvenience write A e

Using the initial condition y 01 2 we have

2 ACE A 1 A 2

Thus y 2

Let's see a more applied example



Ex A tank contains 10002 of salt water at a

concentration of 0.5kg L Salt water at contentiation

0.2 kg L flows into the tank at a rate of 10L min

is thoroughly mixed and then flows out at the

same rate

iii iiiiii iii
Determine the amount of salt in the tank at time t

Solution Let Alt denote the amount of salt in

the tank at time t We have

da
dt

rastatto.tn rate of
salt out



Here concentration flow

rate of
salt in

0.2 91 10 4min 2kg min

For the rate of salt out note that as the new

solution is mixed into the tank we have

concentration amount of salt at time t
at time t volume at time t

Altl
1000 volume is constant

Hence
concentration flow

V V

rate of
salt out 1 0 9 10 4min 9min

We therefore solve the separable DE

da
at

2 too A 200



We get

Atacoda filo at

In A 200 too C

A 2001 e
that

e e

A 200 e e't
B

A 200 Be

Initially the tank contains 05kg1 1000L 500kg

of salt henne Alo 500 This gives

500 200 BE 200 B B 300

i Alt 200 300 e
400



Additional Exercises

1 Find the general solution to y

2 Solve the IVP dy
dx

3
2 4 2

2g 2
1 9107 1

Solutions we'll separately check 9 0

1 y f dy 1 dx

I C

c
let c

y f DEIR

Check 9 0 0 92 0 lequal

YEO is a solution

Thus

9 0 or y f DER



2 3
2 4 2 12g 2 dy 13 2 4 2 dx
2y 2

y 2g
3 2 2 2 6

Sine 910 1 we have

Effette
and hence C 3 Thus

y 2y 2
2
2 3

Solve for y by completing the square

y 2y 1 1 3 2 2 2 3

ly 1
2

It 1 3 2X 2 3

y 1
3 2 2

2 4

9 1 3 2 2
2 4

However only



y 1 1 3 2
2
2 4

satisfies the initial condition y ol 1


