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Welcome 4o MATH 138! —
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%]-R - The Definite In-l-ejrol

Gool: Colcwlote the orea

wnder the graph of AR

ond obove the X-axis froW\ i A

X= Qa lo X=b.

Tdea: Divide the rejio.n into FCC'\'owxj\eS ond add

‘\‘\ne'\r oreos +o a.F\DroKina{'e, A

Definition: A Ea,rhjrion P for the interval [&,b] is &

f\mlre, Sequence of increasing numbers of the form

a.:‘l'-o<£| < 'l'-z<"'<+_n-|< Ln__\o

The parkikion divides [‘l,b] wmto n subintervals
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which Maz not all have the same |enj+k.

\l\}e def‘me_
A-Li = le,ng'Hq of [,'I'—i".'('—i—_l = 'l'—i_ +—1-|

and  refer 4o the |e,n3-|-lq of +the widest subinterval as

the norm of the pastition:

IPIl = wax {At,, at, o, A-E,,}.

Definition:  Given a bounded function f on [a,b], a

pactition P of [&.b}, ond o set of points {C.,C,_' . Cn}

with C;CL-LH,{:;] , then a Riemann sum )(or )C with

respect o P s

S = f(c.)A£.+ )[(C;)All:,_ £+ flea)at, = i _)C(C:\A‘t;

\ /"

Rec-l-ama le areas
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t.=o~ C. 4E| c'l .‘kt CI t; C‘l {A' Cs 'E_‘=b

Idea: To make +he approximafion exact, consider a

Sez_u.e,nc,e. of Par-l-;-l-ions {Pn} with " Pn “_’ 0 and

Compm‘e L’M Sn , where {Sn} S o SeZu.emoe of
n—o00

Riemann sums C,orre,spowdinj $o +the P, s

YA g yA
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The Tssue: For some nasty functions, the value of

)

Yhis  Limit may depend on how wWe select our ¢;'s !

x



Example :  For Xe[o,i], Jefmc

7z

Y/

) wj:)c(x)
0 if X is Calional |
f(x) =
1 if x is icrational
7 X

TI{ we consider a Se«Lue,nc.e of Riemann sums where all

n->o00

Ci are l‘a{ionoJ. ) 'H"e'v‘ Z\ ‘F(Ci\ A{:; = 0, ‘nenc,e. I.‘m Sn= 0.

=0

But f instead all Ci's were irrational we would hove

121

Zn:\ f(c;\ At = “Z‘ At; =1L (the le_v\an of Lo,l]),
= T

hence Lim Sa=1  (different!).

n— oo

Such functions dovt have o well - defined area. .

Let's instead foCu._s on the wnicer fumc‘nons +hot do!

De}mihon: We say that f s iv\-\-e,graue. if there exists

o Um'.tl\ue, Nuw ber TeR  such -Haavl-, i)[ Whenever ‘{Pnl




s 0 Sequence of portitions with Liv IRIll=0 and

n->00

{Sn} s any Se,?_ue.mc.e, of Riemann sums associoted +o

the P.'s. we have

li .Sn:I‘

N-» ©

Th this case we call T Hhe dc)tini-l-e, ntegral of f over

[a,lo] ond denote
Variable of in+ejra3rion
Bounds of .7 g

in+e_jra+ion """"""""""" > v

Note: The wame of the variable doesn't affect the

) b b
volue o-f the %m*e‘jrali J‘ )(({:) dt =J )C(K)dx :J f(E)dZ

o a o

So... what +3|>e_s of fou\(_'['ioné are in+ejra.ble.?

Theocem (In{'e-jl'abll’\‘\'j OjC Continuous FundionS)'- I jf

is continuwous on [a,b], then f s in-l-ejra.ble. on [a,b].




Note: The +theorem also holds for qu.nc-hons Wit

Ov‘(\j fim%cld Ma.nj discontinuities.

b
Thus, +o comPu.Jce.J )C(Jf_)dt whewn )C is continwous, we

o

Can use any Sequence of ,>a.r+;+;ov\s with [Pl — 0 and

avna associoted sethLewc.e of Riewmoann suwms (s.‘nce all will

Produ.c,e, the sawe rcSu.H,). Lets pick Some S‘\m?\e. ones -

(

The ceqular N pasctition of [a,b]:

-

Al subintervals have e,i\u_a,(_ width At =
Th Yhis case, t;= a+iat
The right endpoint Riemann sum:
j N
n 4]
Sn = ) ftyat = D flariat) st
iz =
Cx,=-l:;‘ the I‘;Sh-\-
dpoint o . s _
endpoin ‘['[‘l'—.l,'l-'-] "ttt & l:;'x




Thus, i][ f 1S continuous and we wse +he re.ju.la.r n

Pw-l-i-l-sons and (‘in endpoint Riemann Sums, we je,-l-

n_’w '-—l

b
Jaf(t)d£= (m Zf(a.uat) At at-= b_Ta

VI(VH'I)

2 n
Ex: Caleulate J (Yx®-x) dx. Note +hot Zi
iz 2

4] (!/\+l3z

and Z‘ -

Solution With f(x)=L'fx3—X , we hove

Jz(blx‘—x)dx Aim Z f(obfzsx) DX

n—>00
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c ' —GL{ ; '3_ 1 i
Lo i 2 H—ZJ ]
= Lim 64 (o)) 4 pned)
R i o ¢ w2
= {; 16 (n2t2ne) (M) = |14
00 e n
k__\(___/ —_—
A\\'e,rna-l;'\ve.\j) we cowld have wsed...
Left endpoint Riemann sums:
3
Sn = Z )C({'—'-") At = Zl f(a+(i-l)At) At
iz T 121
Ciztin) |, the left
endpoiat of [ty 1] %
te &t b by &5

in which Case we could C.OMPu.'le. +he M{-ejrai as

b n
J f(t)cll-. = Lim Z )C(o.+(i-|)At)At, At
o h—oo

b-a

40




[
Exercise: Estimate J X*dx with n=3 left endpoint
0

redo.nales Jcrom a l‘eju.lo.r porti+tion of (o,1].

hence +he Riemann sum is

Solution : - -
Qolution . AX " 3

é;(o+(i-l)Ax)Ax - i(%y;_

- L, (L) L2V L
= 01.34 (3) 3+<_§) 3
(=
Q7
\
Exercise: Colcuwlate J %* dx exo.c-l(:j, jwen ‘H'\a.+
(<]
"
Z.iz= n(n+1)(2n+)
=1 6
Solution: e wave Ax= b=® = 10 = 1 | usma'
n n (AN
we haVe

right endpoint Riemann sums,

\ n
J x?dx ,((i»moo Z. f (o+iax) ox
(=

< F T AR



Ly s (&)

p— \
=1

- V\—)OO n Z"‘l

= Im 1 p(ned(2001)

n— 60 6

_ I.'M 2n 130+ | s
n-—>eo 6n* 6 3

The cesult will be the same if we use left endpoints

|
2
[ Rty 7 forinon) o

S

Lim Z (5) % (syet)

but Using right endpoints is often a bit Simpler.



