gé.l— Representing Functions as Pouwer Series

Recall: A power series IS @& ju.nd-ion whose domain is

its intecval of convergence.  Sometimes we can rewgnize
i{' s o more )Ca.milia.r :func,-\—\on‘.

Ex: From Jeomm‘r;c Series, we Krow +hat

o0
‘+x - nZ:oxn - ]+ X+ XZ4... for |X\ <1 (.‘.E-, I- (—I,I), R=1 )

A/ Au:or‘diqj 1o +he fo”owma, 'H'\eorem,

power Series alwnﬁs turn out

\ S w
// iS00 — . to be continuovs, hence Z X7
n=o

(4

Can't Foss-’le represent ! across

its  vertical asdmlm‘oi-e_ at X=1.

00
Theorem (Abe.l)'- If f00 = Z Cn (x-0) with interval
nzo

0{: wnvec:jence I, t+hen JC 1S Continwouvs on L.




Tf we Know o power series frepreseatation for a
function, We have Some tricks ﬁ)r ob-l-aimnj power
Series  representations for reloted )CULI'\C'l'iOﬂS-
0o " 0o n
Tndeed, suppose {(x)= 57 an(x-a)" and 9(x)= >~ balx-a)
nso n=o
with cads of converje,nce. P\f ond R-j ond intervals ch

Convergence If and Ij N respe,c-h\/c\j.

1. Addikion / Subtraction

co

f(x)tj(x) = Z (a,\t |9n> (x-a)".

n=o0

L6 Ry % Kj , then the new series has radius of
Convergence R= m;n{Rf,R.j} ond interval of Convergence
T-T, NIy If Ry= Ry, then R>Ry .

00
(e.cj. , Fo)= 90 = nZ:c;Xn have raodii R)c = Rj =1, but

(s @]
f)-9() = 57 0-X"=0 has radius R=00.>



. Mulkiplication

Foc K=1,2,3, ...

J

co

(x—o.)K)c(x) = Z: Cn (X—o\)ﬂ”g

n=o

and the new series has the same radius of Convergence,

P\)r omd interval O)C wnversence I{_

3. Composition

o)
I{— =0 (50 )C(x): ZJOLV\X“>, then )(or CelR. onmd

0o
flex®)= 5 ancx"
n=o

We can olso replace X with X-— b to chow\je to obtain

o. Power Series -Foc f(x—l:) centred ot X=b:

Fleb) = 5 Qo (x-bY

Cvapos'.‘r\ons con c[qaunJe the radins and interval o)C



Convecgence, &s we will see in our examples.

Ex: Find o power Series cepresentation centred

at X=0 for jC(X)z 3‘TX

[0e)
Solution: We Know +hat IITX = Z x" for |X'<l)

ne<

[+

= l_z_l(' ):li(iy‘: 2 x"
o '"§\3_y” ae 37

W|x

Replace x with
| oo

D X7
= T

X
For Convergence , We Nneed ’E"l = x| <3

Rodius of converqence is R =3.

Tnterval oF Com/erjence [K) I=(-3,3>.

EX‘ F:nd O Power Series represew+a+iam cc,n-l-red

(A
=0 foc  f00 = 5

od



oo
M Aaa'\ﬂl ( = Z'Xn j:or IXI < 1— ) So

C,ovwe,rj es w'nen

BT (] T Ffek e

Ix|< 7.

i (_')n anz

5 7n+l

S
"

ond Hhis Series has radius of Convergence Ro:=7 and interval

of convecgence I=(077.

Ex:

Find o power Series representation Centred ok xX=2
Jcot‘ j:()() = '? .

Solution: We're |ooK'.nj for & power series of the Jcorm

o0

xl_ = D Ca(x-2Y

n=o

To ntrodwce powers of X-&, +he trick s to add and Subract 2.



. N
X = (x-2)+a R | |+ 2=2
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= - (x-3)
o~ — a9
. i (-N"(x-2)
Nn=o 2—"+I
This cor\ve.rse,.s when —M <L | hence x—a| < 2.
oL

Thus, —-2a<% X-2 4 &, or e,z:.«.'.v«lenﬂn , 04X <Y

Radius of Convergence : R=2

Tnlerval o]C Cmve.rsence_: T=(o,4)



