
 

1.3 Properties of the Integral

Theorem Let f and g be integrable on a b

i For any CER Ifcfixidx c fix dx

ii fjfixltglxldx ffxdxtf.bg x dx

iii If m fixt M for e a b then

mlb al fix dx M b a

iv If f 1 1 0 then fifixidx 0

v1 If fixt got for all e a b then

fix dx glxsdx

vi f is integrable on a b and

fixidx fix dx



roofs i ii follow from the limit laws for sequences

Iiii Consider the regular right endpoint Riemann sums

if Ati Ot
since m f ti M for all i we have

not failot EG Mot

m Eyot faint META
letgttotla.by Tengthofab

m b a fltilot Mlb a

Taking limits as n so we get

mlb a fit dt M b a

Basically it says that f M

encloses more than the red TX
area but less than the blue

m



iv follows from Iiii with M O

v If fixt 91 1 then 0 g x fix Hence

91 7 fix ax gendx fixidx
n

a Moveto the LHS

By lil By lil Iiil

Thus fixidx glx dx

vi Follows from the triangle inequality

Additional Properties Suppose f is integrable on

an interval containing a b and C We have

lil f Xl dx 0 This is really a definition

Iii fix dx Jjfix dx

liii f f x1 dx fixidx fix dx



You ran think of liiil in terms of areas

a

t

a b a i s i b

fixidx thldx fixidx
C

and it even works when c isn't between a and b

For instanie if a be c then

a a

a b s
a b c

fixidx thldx fixidx
a b

b

fixidx fifth dx fixldx
a C

Geometric Interpretation of the Integral

Suppose f is integrable on a b



If fix 0 for all e a b then fifixidx represents

the area under the graph of f and above the x axis

ya

a b

More generally fixidx represents the signed area

between the graph of f and the x axis with area

below the x axis counted negatively

ya
fixt A b

Az fixidx A Az

a b
a

Example What is sinx dx



Solution This is probably too complicated to do with

Riemann sums However since sinx dx is the signed
T

area between y sinx and the x axis

YA
y sinx

A
I

Az

We will get sinx dx At Az 0 since

I

sinx is odd and hence symmetric about the origin


