%l-.?) - Pro?er'\-ze.s of the T_/H'egra.z

Theorem: Let famclj be in-h’_jro.b(e on [a,b].

(i) For any ceR | J ¢ f)dx = J‘ fx)dx

b b b
() J f(x')+j(x) dx = J f(x) dx 4.f g(x) dx
a a a

Gy If me fx)e M, for xela,b], then
b
m(b-a) ﬁf Fx)dx ¢ M(b-a)
a
b

Gv) Tf f(x)2 0O, then Jf(x\dx 20

(7§

(v) If f(X) 53(X) for all XG[a,b]7 t hen

b b
j fOdx < J 9(xydx
(18 Q

(vi) |f| 18 iV\{'e.gro.lo(e_ on [a,b] and

b b
J fxddx | = J |3C(x)| dx
a o




Proofs'- (f), (ii): fouow from the (imi{ ]aw.s f;r Sequences.

i) : Consider +he Pe_ju.lau‘ (‘rjh-l- emdpo;nf' Riemann sums

Z f(t) at
iz
Since m £ ][(1‘_.') < M ]Cor ol 1, we have

iMA{: = if(ﬁ:)zﬂ: 2 ) Mat
i=( i

= MiA‘c £ 0 funat £ M5 st
i=( iz A
= lenj-l-h of [a,b] = lenj-H\ of [a,b]
= m(b-a) = 5 fitrat < M (b-a)
1=

Takinj [imils as n— 00, we je{

b
m(b-a) £ J f(%.)dl: < M(b-a)

a

@aszcaﬂy, (1) sajs +that f M

encloses moce than the red

- ;////////////////, .

oarea but less than the blue L
x b




() ]Collows from (iit) with m=o0.

(V)1 Tf f(x) ¢ g(x), then 0% 9(x)—f(x). Hence,

o)

b b b
< g 3(7(3";()() dx = J‘ 3(;() dx — J _F(X) dx
/ a f a a  (Moe to the LWs!)
Bj Giv) BJ ®, GV

b b
Thus, f fxydx £ J j(x) dx
a

aQ

(vi) : Follows )Crom the +r;o.mjlc —iwe.%xali%a.

Additionak Properties :  Suppose £ s {n{ejrable on

an  intervel CO(\“'&W\]nj a, b, and ¢. We have

a
(i) J ]C(X)dx @ (This is rcallj o de_{m:hon!)

(08

b S
(id) J )C(x)dx = - f(x)dx
o /b
b ¢ b
(i) J F(x)dx = f(x) dx "J JCCX)CJX
o Ja. c




%u. con  think o—F Gis)  in terms of areas:

A A A
o b ? o C ? c b ’
b d b
J f(x) Ax = J ]C(x) dx + J f(x) dx
a Qa c

ond it even works when ¢ isnt between a and b!

Hr instavce if Q < ‘o < C, then

A A A
o b ? [N cs (-\I:/l"
b ¢ c
J fx)dx = J Fe)dx — J Fx) dx Flip the
o a b bounds
b c b 2 us.'-nj Gi)
= J f0ddx = J foydx  + J £(x) dx
a o ¢

Geometric Tnterpretation of +the Twteqral

SurFose f 1S in’re.\cjranble on [a,b].



b
IF f(x)?O or all Xé[q,B], then Jf()ddx represents

o

the area. wunder Yhe jqu\r\ of f and above the Xx-axis.

/\_jy

gy A

? X

b
More 3enero.“j, Jf(x)dx represeats the s;jne,cl area
a

between the graph of § and the X-axis with area

be,\ow the %X-axis cCounted ncjangNeIJ

b
J fxydx = Ay~ A,

A

fo0 A




Solubion: This s ‘)r‘oba.'ol:j Y00 mmpliw.{-ecl Yo do with

T
Riemann sums. However, since J Sinx dx is +the S'jned
-7

oreo. between 3=S:nx and the X- axis...

9 4

\ A
N\ A. W\ A

T

we will j&‘l’. J Sinx dx = A, - A7_ =0, since

-T

>

"\j: Sin X

sinx 1S 0odd and hence ,Sjmme{'ric about the origin.



