%&.?)— Por+ial Fractions

PO gy

This -\-e.c,lz\mcLu.e is usa-Fw( for e,vam+:nj 'S&OO

Impor’rcwi'

o Ssu mP-Hoﬂ .’

/
degree of P(x) < dejree_ of Q)

Where P, A are Fo{jnomm,(s and

Moh\/ahnq EXamFICI j 3x+1 dx .

X +2x -3
Looks '\'0“3""“ but +thece’s a drick! e can write
(cl«e.ck -Hr.s!)
Sx+ | _ 3x+1 ;/ 1 , 2
X*+2x -3 (x-1)(x+3) X~ X+3

This is called o partial fraction decomposition (PFD)

and i} makes im+ejro.+zon much easier! Tndeed

Since 5 x'.,_a dx = 1"|x"0~|+6 . We have

\ (Exercise! Leb ws x» a.)



3x+ 1 dx = 1 4+ 2 dxc
X+ 2% -3 X-| X3

=ﬂn

X—l“* Q,I.r\ Xx+3| + C

Cool! But Vow can wWe ][;nd Pou“-lial

)tra.chon duomPOSihons owrselves 2?

M: Fu’”j fac-ior +he denominator into )@'ncw‘

terms (ax+b) and irreducible Qquadratic {erms.
F

axtrbx+e is irreducible i it has no real rools

(eguivalently, if  b'-Tac <0)

e.q. I I _ |
3 = =z —
X2+ Ax3+ X X (xt2x41) X(x+1)°
I:nrew- Lineor (repeated)
X+ 2 _ X+ 2
X Ux " x> (x*+4)

Lneor (repeated) irreducible quadratic



S+€E 2% Wride down the form C)'F the PFD.

Distinet  Linear fadors each 3c+ a constant nNuwmerator

in the PFD, and repeated Linear fac’rors 3&{- one

constant per pPower.

Constants (+o be determ:ned)

N
%-_ l A . B The {orm of 4+he PFD

(X*Z)(X*‘l) X+ 2 X*L'I d‘f"“ds °“!j on +the fa.c-l'ors

in the denominator.

X+ 1 C D The vnwmerator will onla
= - * offect tne Volues of

(X"Z)(x*"’) X+ 2 X+Yy ‘he constants.

One per power One per power

7 N\ 7 O\
_* _ A ,B,c D, _E

- 2

X (x+1) X x* x> oxa o (xen)

Distined irreducible quadratics  each get @ Linear
=

numecrator (AxtB) in the PFD. Repeated icreducible

wadratics et a Ldineor numecotor er cvoerl.
L J i

e.q. l A N Bx+C
<J E—

(xe2)y) X+ Xy

n




X+3 = A, BxxC  _Dx+E
% (DO +x +H) X Yad X+ x+Y

xZ+x+ 1 _ A , B , &x+D N Ex+ F +Gx+H

R R R T I D e oy

Step 3 Solve for the consjants A, B,C ete..

Lelt's see an eXamplc O)c Fhis !

. _ 3x+ 1
& FW\(J -H:\e; PFD ]cor XZ-I'Z)(-S
. 3x¥l  _ _3x+1  _ A B
Solution: e TG T * T

Mu.l'\-'\?l\a both sides ]93 the denominatror of +4he LHS:

Bxrl = (x-1)(x+3) <L+ R )

X-1 X+3

= 33X+ = A(x+t3) + B(x-1)

Og'\".On 1: Solve for A oand B bj P“*ﬂj“”j n Some

nice values for x.




X
b~
!
-

1

A-(1413)+ B(1-1) = 4A = pA-=1

X
[}
o
\
|
o
t)

A(-2+3)s B(3-1) = 4B = pB=2

Sx+l A B I 2
X% 2X-3 X1 X+3 X- 1 X-3

+
\
+

..........................

3= A+B
= Sowe the
1=3A-R > System \

= A=1, B=2

X3+ 4%

Ex:  (Colculate J X't x+ 3 dx usij o PFD.

Solukion: X+ x+ 8 . XPrx+Q . A 4, BxrC

X+ Hx X (x*+ o) A S




= X%+ X*

B
<o [0 S5 ]

= x*rx+Q F Ax+4) + (Bx’fC:)x

= x*+x+8% = (A+B)X2 + Cx + 4A

1= A+B
Comporing cOeff;cae.nB'- 1= ¢C = A=2, B=-1, C=1
v
&= YA
2
Thus | X +x+3 A, Bxxc . |2, -x+1
X+ qx X X*+ Y X X+ Y
Let’s now evaluote X%+ & Ax./
x> 2 4 x
X*+x+ 8 dx = 2 dx ¢+ "X+ dx
)(34-’-{)\ X wr+ Yy
N A
aﬁnl)(l Horder... lets split up the iwl-ejrnkl
= Qfm|x| — X dx + z‘ J)<
X+ Y X5+ Yy
—— - — —
w-subl = XY +n:j sub! X=24aq0

du = 2xdx dx = 2sec*9d@



L%

Anlx| - L—Ji—du + J q?% 46
fan%)
Sec®

Llalx| = L La]ae] + lZJ £ do

= Ulnlxl - | X C"* . 250 dB
q'ﬁ&n@*’"f

X = 2tan®
%)

| 2 |
L Aalx| - ZIMX v | o+ ZQ + C <=> 6= arctan(%

= [ dnlx]| - —£m|x o |+ :l,_wdom<2~> <

3
Ex:  Evealuate X" - ax dx
Xi+ 2x +]

Dont use Fo.r-l-fal ][rachows Ue:}.’ I,S: the degree, of
Hie numerator s area.{er than or 2101@(, to the

Ae.ﬂre,e, of the denominator | start wikh io.,\\j division!




Aside: Polqnom;oj__ Long Division
J J

R
EX: Consider +he division X“3aAx - TTTT—

~~~
~
-~

Fiest, sek up the lo.:j division.,

Next, what do we need +o m“”"!’{j

X
He |0~J‘jes+ ferm in +he demomma{'of lz*;bﬁ' I)Lg'o?x
-------- v
A
‘9‘3 Yo match the largest feem in . 7
L
+he numerator? Write +he answer
o+ the +o’>.
+l‘ d yv\w(l:i?l_jl.
wltipl e denomiviator by 000 e
M uPJ otor bJ %
X VD\ + I) x* -2ax
‘H\i.s canswer and Subtract the X

3
-(x "+ 2x% 4 x)
reswlt from +he nNumerator. -2x%- 3x




P\tPea{' the process unt:|

3ou. obtain a Pol(tjwomial with

smaller degree than your -
JU O

S
s
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~~
~~
~~

~ .
~~~~~
~.s -
~~~~~
--------------

denominator .

’
»2

X -2
2 3
X+Rx+l>x - A%
3
2 -(x7+2x% 4 x)
-2x°%- 3x

=
......
______

~
~
~
~
~
~
~
-~

X - Z 0“04 tent

)(z*f?\x«‘l))(3 -ax
3
(% +2x% 4 x)

~
~.
-
~
LIS
.....
~——
_____
-

Remainder

l—o«..omm.
Answer : x:iz;;j‘: : x-2 4 _xf;i:_Remamder
e p
Easy o ;mlej rate Use partial frackions!
We lowve _X+2 . Xx+2 _ A , _B
X4 R+ | (x+1)? Xt (X+1)?
= X+2 = A(x41)+ B
= A1, BR=1



Thus,

x*- 2 _ Xr 2
= X-2 2
XZ"'2X"‘I >< *'Z_X*I
- ya '
- X (xu (x+1)
= X -2x dx = [(&-2)dx + | 1 — dx « | dx
X+ 2+ | Kt | (xe1)*
€u=x+1
du = dx
= x—2—2x + )@nlel| + |5 du
2 u*
|
=£_2_2x+/@m>(+|—ﬂ+cf
2
2 \
| X 2x + ln‘)@\ T xg ¢
2




/‘\dclil'.onal_ Exerc,;se,,s 2

1. Eveluate each m’fe_jrai below.

(@) X dx (b |5%8 4 (o) | 2¥*-5x-4 4
X*-4x-5 X3+4X2‘“‘/X 2AX+1

2. In\-e.sra.{-e, co.ol« fwnc.hon Savu\ its PFD below:

W X2 -, _L__S
(Faxe)()* x*raxeR X+2 (x+2)°
X-3x+9 _ l 3 x
b 3 - 2 7oz.aN3
& e IO
Solutions

1. (& The PFD of Hae ‘f'uvlc,{".on is

X . o_x . _A B

= +

X:-dx-5  (<=-5Yxr) X-5 ~ x+i

X-5 X+l

= x=(w€xm0<A 4 B>



= X T A(x+1) + B(x-5)

X=5 = 5

\

A'(Sﬁi)"B(}é) = 6A = A=

X
|
P~
\/
|
-
[{]

A1) s B(-1-5) = -6B = R=1

(193 The PFD of the -j:uwd".ow is

5x+ % _ 5x+8 _ A , B C
XErx s Y x X (x+2)* X X+ (x#2)*
= 5x+f -

X(x+2)z A, B ¢
X X+2z  (x#2)?

=2 5x+3 A (x+2)* & Bx(x+2) + Cx



When X=0: 5(0)+8 = A(o+2)' + 0+ 0

= 3% =4A

Whea x=-2: 5(-2)+3 = 0+ 0+ C(-2)

When X=1: 50)+% = A-23"+ B-1:23+C+1

} _— ~—

=18 =1
Pluq in M3¥k363 . N
else +o find B = 13 = 19+ 3B
> (=3B
= B=-2
_ S x+ 8 o) 2
Our PFD is = -
XirdxrYx X Xr2

Sx+8 dx = (2 -2z, ! >c]x
X3 dx?s Yy X w2 (x42)



(x+2)*

t let w=xe2

= Qx| = 2 Llalx+2] +J; dx

= A (xl - 24nlxe 2] + Ju-zdu

= 21n|)<|—2fn|x+2|— xl+2. + D

() Well start  wilh \ov:j division.

X~3
2x+L )axt-5x-4
- (ax* +x)
—6x-Y
—(-6x-3)
-1
Thus | Ax-5x-Y4 - x-3 — _|
Ax+ 1 AX+|
= J Ax'=5x-Y dx = J(x-g)gx_j l dy
Ax+ 1 2%+

t W= 2X%¢|
dw = 2dx



2
= A — -1 I_ O(U
No PN‘*\-':&L 7 3)( 2 J w

fcachons needed I

T 2;—2—3x ~ 5 Aa|2xet| v C

(=)

Xs_l Ax = l—Ax.;. , JX-; ! dx:
(% s ) (x+ )* X2+ aAx+R X+Z (x+2)*
——

W_’k_w

Complete +he siwe! = falxe2] U=Sub: ez X+2
du=dx
: ‘ dx + An|xs2| - § '—2du
(Xl-\)”a- | [V
\m/
'\'Nj sub: X¢l =tan®
dx = sef040

:J ﬂde +ﬂ,\|x+2|_5[“_"]

Lan'g+1 -
\_\(—/

= Sect®

1d6 + ﬂn|x+2| ¥ 9
W

9+1nlx+2|+ 5 + C

Xe 2



Orcton (X+I) + ﬂn|x+2| + X5+-7_ + C

() [ xP3x+® dx = | 1 dx - | 3x 4y
(e 7)° (<2 +9)" (1)’

— - —~—
+“3 sub: X =3tand w-sub: W=xX"+9
dx = 3sec*0do du = 2xdx
(so dx = d\%_b

T 350 o — | Bx . du
(ears+9) U e

; J 3350 4o "éJu-'gclu
?2(£Qn10 * 1—)1 z

Sect*®
- P -L
- | Sec*@ 4o — 3w y C
21 | sect 2 -2
\ 2 3
= —— | cos’0 do + +
2 | g ©

1]
N |,_
~
L___ﬁ
N
—_
8
&
n-
©

= | 5-‘/\29:) 3
G "‘ + 4
L’(Xz" 7)?. C




Lets convert back o X's!

X=3tan0 = tan0= X = opposite = G = arctan <%>
3 qdjm::n-\-
4
Sin2b =}/sm9cose
{x9 2 -4
X
X 3 )
) o N - ( )(
3 7 Vx4 Ux2:9
. _3x
X*+9

- X -3x+ T dx - | $in 26 3
J (x*+9)? ﬁ[9+ 2:) T

2]

| 3x 3
— | artoan ([ X)) + +
Sq[ M(3) xz*?J T




