éa.& - Tnteqration by Parts (IBP)
) J

Recaﬂi 1{3 W and V ore ](u.nc.-l-:on.s o{: X, Hen %j Hhe

Fl'odu ¢t rule )

o_

d - V du
= (uwv) = u + v &4
dx (u ) d x v dx

Iv\\—ejralrinj both sides., we have

__________
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gca.rramje
J u dv

wv - Jvdu.

'L Iﬂ+e.3ro-)—;on L’j j’°~"+5 (zaP) ‘f°“""“’°~-

Remarks -

j_. IRP al(ows us 1‘0 +rade one 'm+¢5r41> ]U.CJV for

onother (hopefu_[[j s;mPler) m'i'ejrai‘ ]Vdu.




A. LBP can help when Ml:e_jraimj a Produc{- of

/[u.nci:ions. One ][omc{ion, W, will be di)(fcren+ia+ed

while the ofher, dv, will be integrated.

@ J X Ccos X dx

M_: Piek w o be a func_l.iow that 36‘(’.5

simpler wWhen A"He,re,nhx\-ed. EVCFJ’HMVlj else is dv.

Solution: [ e4% c!efme, W and dv as fol\ow.S'-

K= X V = Sinx
J“““‘"h“"‘} ‘.Mejm*e T
du= 1-dx dv = Cosx dx

Then
J .L.COSXG'X. VeV, -}vdu

w dv




u

XsinX — IS:nx dx
| I

= —cCosxX+_C

= | XSinX + cosX + C

A better S+ra+ejj for P;ckmj use s +he LIATE method.

Lﬂs Le’: w be 'H\C_ J[H‘S"- func.“'lov\ on
T nverse +r.°j

this lis+ thet appears in your
Aljcbra:o (x", Poljnomio.ls)

in4ejrai- Let e_verj-\\\mj else
Triﬂ
Exponen+:ai be dv.

Ex:  Evaluate szfwx dx

Solution: L(g.nj TBP and the LIATE wethod,

3

w s Snx vV = X/S

CJDL= ';—<'dx Cl\/: dex

. Jx"lnx dx = MV‘JVCI(L

= (I_AX)XIS —j%ngdX
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3 3
= X_,ZV\X - X~ + C
3 9

EX i Eveluate szexdx

Solution: Let VA Xz v = e
du = &x dx dv = e*dx

J X¥eX dx = x‘eX -'J e’ 2w dx

= X2e* - asze_"dx
J

WK=x \/:ex

du = dx dv = e*dx \_/ LIef “5"':"‘"
= x*e*- 2 [xc"-— Je_"dx\&

T [XfeX - Axe* s e v C

SOMG'\iMeS TIBP can helf eveéen w\r\en 'H‘\c. in+e,jramd

doesnt |ook like « Proc]uel-!



Ex:  Evaluate J[nxdx

Solution: Let w= Anx V= X

Then anx dx = (lnx>~x —JX-—'X— dx

= x/nX—JiJX

X nx - x + C

n

Ex: Evoluate J Q.cctanm X dx

.Solu.‘l"lor\ : L&"- u = GU"C'\'MX D%
c\u = l 2 Ax AV = 1 Ax
I+ %
Then
v

w- Substitution!

I Orcton X dx = X-arctanx ‘J X dx Let w=l+x2, so
[+x*

= X-arctan X —J"ﬁ (d_“>
W \2x

du=2xdx =2 dx= =



X arctanX -~ 4 J]— duw
2 W

= X arctanx - l_'Z_ £n|u|+c

X-archan X = 2 Laltext] + C

Here's one more interestia ‘Ejpe of IBP problem...

Ex:  Evaluate J eXsinx dx

Solubion: Wse TBP wikh ©®= Sinax v=e”

dw = cosxdx dv = e dx

/\

x .
J e¥siax dx = € Snx - J e*cosx dx I8P again’
W = cosx \/=ex
du:z -siaxdx dv=e*dx

= e¥sinx - [estx - J e’ (-sinx) Ax]

K
= @ siax - €Xcosx — J QKSMX dx

Ahal This is exadtl the
?n’ff—gral we Storted with!




If T =J e* sinx dx ,  then we've J’u_s-f shown +hat

T = e"Sax - €¥cosx - L

)

\nenoe KXTLT = Q* (S"nx—-c_osx) , and ‘Hr\erc{ore.

X
T =Sej‘smx dx = e (stax - cosx) v C
2

us:nj :.nlrejra{zom b:s Fou-{-,s with c,e)(in.'fe. }m‘ejrais

o cl'-)(foe-V\'l' - jus-’- don't ]Lorju- Hie bowunds!
b b b
J w c]\/ = [qu - J vdu
o : o

e

Ex: Evaluote J X dnx dx.

2

Solution: Let w= Inx B XT
du= % dx dv: x dx

\

e ) e ex,_ 'A
X Inx dx ° [’?Tznx] ‘J 2 x
\ [}
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Additional Exercises:

1. EvaJuod-e J SinX cosX es;nx dx

&. Evaluate J Lo (14x*) Ix

3. Let nn be o Fos:hvc in+cjer with Nnz3. us:nj I8P

with w=sec” x and dv=sec’xdx, prove the reduction

forMula :




Solutions:

(o) Lets ][irsl- *I-iclj up +he M’cc:,r«l us.'mj o U-Sub.

sSinX SihX
Sinx cosx € dx = Sinx-€ - cosx dx
/l = uet = du
let w=sinx, s
" ° = ue“du = wv_jvdw where
duw = cosx dx ~
IBP
W= K v=e*
dw=d dv:e“du
- ueq _J eu Au u e
- uet - e%s ¢

= |Sinx es:nx_ eSinx + c

(L) L(s;nj IRP with

U= Lo (14 x7) V=%
dw = _X_ dx dv = 1dx
I+ X2

we have

|+ x?

Let X= tan®
2 = t 2’
Jﬂn(nx Ydx = Xedallex?) —J Poi dx = sec@ d¢



| + tan*0 | - sec?

X Ao (14 %x?) - RJ tan* O d6

X Lo (1+x?) ‘J 2tanf sect6d@

\f

X-ln(nx‘) - ‘RJ (SCC’Q") de

x-La(1+x*) = 2 (kan=-0) + C

- an(‘*X‘) - aX + Racctan(x) + C

[A‘Hrnoﬂ-iv&\j ) J l,}.,;li dx can be evaluated Lj wr\‘hrj

AXE 2 : . —
peval 2 — T using Foljnom.al [o:vj division.

Then J( = Ax- AacctanX + C. J
|+ x" '*X
(©) We have
W = sec" " x Vs tanx
du = (n-2) sec™>x - Secx tanx dx dv = sec*x dx
= (n-2) sec” % tanx dx




Hence |

(n-2) SCC“-zX tanx dx

11}

Sec"x d x Sec" *x bonx -

A

————

Sec" % tamx — (n-2) [ Sec”* x (Sec‘x-i) ol

B = n-2 i
\\\ Sec x “:Oun)( - (n-2) | Sec"x dx + (n-2) Sec” zx I

)
This is a multiple of +he
orUinM ;nJ;chau(,' Move +o LHS!

~

~,

~a

~
~
~
~
~
~——

RN

= (n4) | sec"xdx = Sec"?x tanx + (n-2) | Sec" x dx

= (n-1)
. i w2 n-2 .
Sec” "x tanx JSec_"' % dx

= JSe.cxdx = 7 )
]




