
 5.6 The Integral Test

We'll introduce this test by studying the convergenie
of hi It fat fat

Idea Think of each term like the

area of a hex 1 rectangle
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Thus the shaded area is exactly 2 Is

this area finite Well if the area under fixt

from 1 to co is finite 711 42

then the shaded area

must also be finite I 2 3 4 53



Note that

Area under fixt 1 f dx
which is convergent i.e finite by the p test

Thus If must also be convergent i.e finite

The above argument is the main idea behind

The Integral Test

Suppose f x is continuous positive and decreasing

for e 1,01 and let an fint new

it If fixidx converges then an converges
I n

ii If f fix dx diverges then an diverges



Idea of the proof

Think of each an as the area of a rectangle with

width 1 and height fin an

When drawn using right endpoints for the height the

rectangles lie under the graph of f since f is

decreasing
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We see that an art fix dx Consequently if

f fix dx converges then an must also converge

This is statement it



If instead we draw the restangles with left

endpoints for height
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We see that the rectangles now lie above the graph

again since f is decreasing so fixidx an

consequently it Jffixidx diverges an must

diverge too This is statement ii

Remarks

1 Always verify the assumptions when using the

integral test



2 It is enough for the assumptions to hold on an

interval R W where k is a positive real number

In this case

an converges fixidx converges

3 The integral test may be helpful if the terms

of the series look like they can be easily integrated

Ex Does natenn converge or diverge

Solution Let f x Glen Clearly for e 1,0

f is continuous positive and decreasing since the

numerator is constant and the denominator is increasing

Henie the integral test applies We have
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since Ix diverges If natenn diverges
1 itlnx

too by the integral test

Ex Does 6 converge or diverge

Solution Let's try the divergence test

fits nite fits In 0 No conclusion

Hmm okay let's try the integral test

Let fix 6
Note that f is continuous since f is



a rational function and X 6 0 and positive for 0

Is f decreasing Not clear let's compute f lx

fix 6
F x 1 2 67.1 12 1
quotientrule x2 6 2

f x 20 when 6 220

f x co when 56

f is decreasing for 56 2.45

i The assumptions of the integral test are satisfied

on 56,0 We have

6
dx 0 exercise

and therefore diverges by the integral test

Q For which values of p does the series hp

converge We call this a p series



A If pro then hp 0 and if p O

then he do 1 for all n In either case

hp diverges by the divergence test

If instead pso then fixt Xp is continuous

positive and decreasing for e 1,0 By the

integral test since

f Ip ax converges p 1 by the p test

it follows that he converges p 1

We have just proven

The p Series Test

he converges when p 1 and diverges when p 1



Ex
h 1 33

This is a convergent p series since p 3 1

Ex In It t

This is a divergent p series since p 1

Application Estimating Sums

We've seen that finding the exact sum of a

convergent series S an is often VERY

hard However we can always approximate S

using a partial sum

S SN
n

an

The error for remainder in this approximation is

denoted by Rn and is given by



Error RN S SN

an a

How big small ant t Antat Ants
is this error 7

If an converges by the integral test we are able

to estimate the error Indeed suppose an fin

where f is continuous positive and delreasing on 1,0

A fixt

From the

Antian picture we

see that
EE E

sRNAntitantztAntst fixt dx



Let's now view the picture slightly differently using

left endpoints for the rectangles instead of right
A fixt

Anti

i it iiiii
We now see that

RN Antitantz Ant Lffixidx

Combining both of these estimates we have

The Integral Test Estimation Theorem

If an converges by the integral test so in

particular An find where fixt is continuous



positive and decreasing for e 1,01 then the

error in approximating the sum 5 by SN

satisfies

fixidx RN If fixidx

Ex The series he converges by the integral

test check as an exercise If we use Sio

to approximate the sum S we get

5 Sio It at jet if 1.5498

a Estimate the error in this approximation

Solution Let fixt 2 We have

dx Rio dx
lot 10



f Rio I

I O Rio I

Rio to
E a

b How large or small could S possibly be

Solution From a we have

0.09 Rio 0.1

0.09 S S 0.1

0.09 5 1.5498 0.1

1.5498 1.5498 1.5498

1.6398 S 1.6498

The actual sum is S he I 1.645

c How many terms N are needed in order to



guarantee an error Rn less than too

Solution We know that RN If dx I
N

and so we want a fog or No 1000

Thus N 1001 will suffice

Additional Exercises

1Ex Show that
hiring converges by the

integral test then find an upper bound on the erro

when using
Sioo to approximate the sum S



1
Solution Let f x1 ftp

We note that f

is continuous positive and decreasing on 1,0

hence the integral test applies We have
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Sine fix dx converges so too does
camp

For the error note that
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