
 2.4 Improper Integrals

In this section we'll learn how to handle integrals over

infinite domains and integrals of funations with an

infinite discontinuity i.e a vertical asymptote

Integrals of these types are known as

improper integrals

Type I Infinite Domains

Definition Type I Improper Integral We define
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and similarly

Mdx I o
fixth

The integral converges if the limit exists It

diverges if the limit ONE i.e doesn't approath

anything or is co We also define

Dealwith each infinity separately
o t s

fix dx edit fix d find fix dx

o

If both limits exist we say fgflxldx converges

If even one limit DNE f x dx diverges

Examples
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Integral converges

So the area is finite and equal to 1
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1 Integral diverges

For which values of p does f Xp dx converge



Well From fat ftp.dx diverges when p 1

For p 1 we have

II dx fi.no tx Pdx fi.ms Y
l I

1
fi ftp I p 1

Note that
t

so if Pt 0 lie pct in

whith case the integral diverges But if Pti co

i.e p 1 then E so and the integral

converges In summary

Theorem Convergence of P Integrals

ftp.dx converges for ps1 and diverges for p 1



c J.it'xd fm.es ftx.dx fi ofarctanx
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Thus the integral converges

o o

Idl x.co xYdx finzfxcosk dx glikfxcos x2 dx
o

Let'strycomputing this first

find costs dx find cos cul du

1

ii ax fies sinful

fing sin 5 Oscillates doesn't

approach anything



di.mg
sXcos I dxDNE Recall If even one of the limits

ONE the integraldiverges

as In this case there is no

cos f dx diverges needtocheck theother limit
o

Note It is not correct to compute Fix dx as

o

fing flxfdx
This is called Cauchy PrincipalValue

t and is differentfrom our definition

In this example you would get figsixcosix dx o

YA
y iosx2

but this doesn't agree with our definition of

convergence which requires both limits to exist



Properties of Type I Improper Integrals

Suppose that fix dx and gal dx converge

1 fix pgixt dx converges for all α per and

fXdx pffght dx

2 If fixt 91 1 for all a then

fixidx gixidx

3 If accco then fifixidx converges and

fixidx fixidx f fixidx

Sometimes we can determine whether a type I integral

converges diverges without computing it exactly



The Comparison Theorem for Type I Integrals

Assume f and g are continuous on a.co and

fix glx for all a

1 If fightdx converges then fifixidx converges

2 If fifixidx diverges then fightdx diverges

Remarks

co

Ii It is often useful to compare with J Xp d
or perhaps dx whichconverges show this

Iii We cannot make any conclusions if fixt dx

converges or if 1 1 1dx diverges



Examples Do the following converge or diverge

a

y 1
Computing this exactly is a HARD PFD problem

Solution Note that on 1,0

O 54 45

Since f f dx is a convergent p integral f dx

converges by comparison
P 51 11

is
b Lux d

1

Solution Let's try to compare with something simpler

If
But f dx diverges

No conclusions

If
But f dx diverges

Noconclusions



Id in 2x 0 and

f dx diverges f px
dx diverges by comparison

41 e
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Solution 0 e and I dx

converges so I e dx converges by comparison

d e dx

Solution Note that x2 for 1

e e for 1

1 2 fx for I

e e for 1



Since f e dx converges so does é dx by

comparison Thus f dx converges
7

Note e dx isn't improper and won't affect convergence

The comparison theorem is very helpful but what can

we do if flx takes on a mix of positive and negative

values In this case we can try the following

Theorem

0

If fixt dx converges then fflxldx converges
a

Notes

1 It fix dx converges we say that fix dx



converges absolutely The theorem says that absolute

convergence implies convergence

2 The converse to this theorem is false though

proving this is tricky It turns out that sin dx

converges but not absolutely six dx diverges
I

Proof If fixt dx converges then so too does
a

fix dx Since 0 fixit fixt 2 fixt by
a

the comparison theorem ffixit fix dx converges
co co

consequently I fix dx fixit fix dx fix dx converges
a a a



Ex Does sinx dx converge
I

3
I can't use comparison directly

Sinie sometimes sin 1 1 0

Solution Checking for absolute convergence will be easier

s 3

By comparison since f dx converges so does dx

Thus dx converges absolutely hence it converges

Type I Integrands with an Infinite Discontinuity

Definition Type I Improper Integral

lit If f has an infinite discontinuity at a we define

fix dx first fixidx f

d't b



Iii If f has an infinite discontinuity at x b we define

ff fix dx f.mg atfixidx

a t b

Iii If has an infinite discontinuity at C with acccb

we define

b b

fafixldx fik fifixidxtfi.me fixldx

a tic's b

The integral converges if all its limitts exist

If even one limit ONE the integral diverges

Examples

a f
Problem at

dx Emoff dx
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Infinite Em f f
of11
Thus the integral diverges2

Exercise Show that 1 y dx converges for pal and

diverges for p 1

y

problem at 2 but we'll start with a substitution

b dx
Let U x 4 2 re 0

du 2x dx 1 U 3
problem at 0

Ego n
du

Limit ONE

Imo ent.in 3 5
Integral diverges



problem at 1

Jo y f d Iii x 1 dx fit 1 15 ax
s

Let u 2

fim re are fi.FI dudu dx

1

II I fit EE
3 1

Finite

i Integral converges


