§|.5 - The Fundamental Theorem of Calculus, Par+ T

The FTC 3s a decivative rule <hat establishes o vital ,lmk
between the worlds of differential and in-’-ejra.l Colculus.

Tts importonce connet be overstated.

To discuss the FTC, we must first explore the idea of an

-'m'l:e,sro.l. function . spec-.f-.an, £ is continuous on (a,b],

consider +the )(u.nchon

X
G(x) = J fe)dt

o

j/\

Given X, G outputs the

area. undec the graph of f

)Crom t:a 4o t=x.

(x Varies)

Examglei Cowsider f(x)=£2)< or XG[O,H].



Gi(x) =Jx&tdt . Area under f(¢)=24
0

from t=0 o t=Xx y 4 f() = at

= jz(BMe)(Heajlnt) F )
T~ :

= = ()(ax) > ax
= a E J

X — 74

L x

Notice: G'(x) = &X = f(x)'.

its Fhe

This connection turns out to be +rue Senera.((y

ficst part of the FTC!

The Fundamental Theorem of Calecwlus (FTC) Pact T

If f is continuous on an Open intecval T C.on-|-a.‘mi.nj X=a

then the function

X
G (x =J f) dt

o

is differentiable for all XeT and G'(x)= fx). That s,

X
AJ fydt = fx
dx

o




Proof: Given Xe I, we have

G (x) = Lim G&+h) — 6
h—o0 h
X+h

Lim f(t\d{ ~ Jf(t)dt

) h—0
h
- /(, A Aueraje of £
k—'mo :F(t)dt on [x, x+h]

Since JC is continuwous, by the Averaje Value Theorem , for

each h#0, <dhere exists C,he[x,x»fh] such that
X+h
fley) = '—J f()dt.
h Jy

Since  X£C £ X+h, we have

L
o Cn

193 the Squeeze theorem. Hence,

Since f is continuwous

X+h f;m )C h) /J((x)

h—=0 h h=0 [



X
Exa.mgle_'- What s c\iJ cos(+?) dt ?
X
|

Solution: Since f(t) = cos(t?) is continuous, bJ FTC T,

A X
_J Cos(4) dt = [cos(x®).
dx

Remorc ks
1. FTC T allows us 1o differentiate an in—\-esra.l func.-l-ion

withowt ‘t\a.v;nj ‘o f:r.s-l- evaluote +he in{-ejro.l'.

2. FTCT tells ws that differentiation "undoes " the

"m-\'eJra.\ — 'H«e:s are inverse oFero:\-;onsl. We'll explore

Hiis idea qu.r-\-\ner when we discuss FTC T .

Extensions of FTCT

____________
______
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-
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A function, h(x)!
X+
Ex:  What s AJ |+£* dt ?




T+ turns out that when jC is continwous, and h is

A%Hecen-\i able,

h(x)

d '
ix ) feoydt = f(heo): Weo

X

Why? Well... if Q(x>=J fit)dt, then G(x) = f(x) by
a

FTCT | hence

h(x)

d wdt = 2 < (n
dx f dx G ( (X)x

G (he) - h'(x)

)f (h(x)>~ h'(x)

?

s claiwmed. Now let's rewvisit ouc example_'.

Solution : Since Jf(t) : J |+ +* s continuous

&x+)
%J Je dt = \/l+(8x+|)3'(g><*')l = \/l+(8x+|)3 - 8
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j Sinx 2 Anocther Function, h(x)
Q

- A function j(x)

-
-
~ -
- -
----------



Lets see..

h ) , a h(x)
d Hdt = 2 (Hdt + (&) dt
dx f® dX ( f s
&) 9&) a
4 h(x) j(x)
= d_x< ferdt — f(eydt )
a a

)((h(x)) hix) — )((3 (%)) 9(x)

This s the wost Je,neral version Of Frcex !

Extended FTCI: T§ ; 3s Continuous and j ond h are

differenticble, then

h (x)

d fwde = f(he) W (x - ][(3(X)>'3'(x)

dx
3(%0

Selution: Since et s continuwous | lo:j the extended

\ession ojc FTc I

sinx
dif eil dt = e(s:nx) '(S:nx)/ - C(ZX)'(RX)I
X

ax

_ SinX Yx?
= l1e "CoSX - & R




