
 

6.3 6.4 Differentiating and Integrating Power Series

We can also obtain new power series by differentiating

or integrating a power series term by term These

operations won't change the radius of convergence

Theorem If fixt Cn a with radius

of convergence Rso then f is differentiable

hence continuous and integrable for Xe a R atr

Moreover
Note that differentiation

if f Xl 4 en n x apr
1 kills the n o term

r ti e the constant term I

hit fix Ix C

and both of these series have radius of convergence

R the same radius as f



Note While differentiating or integrating a power Serie

won't change its radius theymay change the interval

We need to re check convergence at the endpoints

Ex Find a power series representation centred at

X 0 and interval of convergence for each function fixt

1a f 1 1 1,1 12

Solution Note that

41 1 Ix E n

Since has radius of convergence R L

so too does our new series Thus we at least have

convergence for f 1.1 We check the endpoints

I may
1

n
Diverges by the
divergence test



Enter
The interval of convergente is I f 1,1

b f x 1,1 73

Solution Notice that

Ix Ix Exp
hence

Ex Ix E Eni E.name
Radius R 1

Thus 1,1
n x with radius R 1

Exercise Check convergence at 1 You should

find that I f 1,1

let fixt arctan x1



Solution We'll start by finding a power series for

it Since
s nx for 1 1 1 we have

ix my EI mix
Forconvergence we need

Thus 1 4 1 1 5 1

1 1 2 IR 1
arctan x d

c in dx

2 c

We can find C by plugging in 0 or in general

centre

O

aratanto 1172 C C arstanto 0

Therefore



arstan 1 1 If c 1 x
anti

he radius is still R 1 so it ionverges for XE 11,1

Let's check the endpoints

1 say 9 In Konvergesby
the AST I

1 417 1 17h eight Konverges by
anti the AST I
l to addpower is

Thus the interval of convergence is I 1 I

Consequence Since arctan for

all e 1,1 let's see what happens when we substitute L

arctan I 1 ft
I 1 f f t

I 4 34 4 whoa



We can also use differentiation of power series to obtain

a power series for ex

Proposition ex If It for xefcs.co

Proof In an earlier lesson we used the ratio test to

show that y converges for all xel cs.nl

We will prove that y e Notile that

Re index

y IE EYY EYn i E h y

The solutions to the DE y y are y CI CER

Since y txt satisfies y ol 1 we have

y Cex 1 910 Ceo L y e



Additional Exercises

1 Use integration to show that

In x E IT 5

with interval of convergence I C 1,1

2 Find a power series centred at x 0 for

fix 3 xp
and its interval of convergence

Solutions

lal First note that

ii 14 x E I N III Mxn
with radius of convergence R 1 Hence

In Itx dx

mix dx



Eg HY c

also with R 1 We find C by setting 0

In 1 0 E hi to c end 0

We therefore have

In Itx If 1 1
t

n
x t

with R 1 We have convergence for eC1,1 and

must separately check convergence at 1

L E It converges

by AST

1 LY E a in 15 1 0

Ntt

n't
harmonic series divergent



Thus I 1 1,1 as required Finally note that

since 117 1 Itx for XE 1,1 we may simply write

In itx instead of In 1 1

Ibl Note that I with radius R 1

1,1 1 Ix E n with R I

Replace with

13 12 32 512 1115112
For convergence

n In 1 need as

3.3

Isnt 13

n



Exercise check convergence at the endpoints

of 1 3,3 You should find that the series

diverges in each case hence

I 1 3,3


