éG.S 0.4 - Di”ere!\'}io.‘l-mj and In{'&ﬂra-hnj Power Sesies

We con alse obtain new power Series L:J d:f{eren%:qhng

oc in+e3raéanj o power Series Jrerm—bz—hzrm. These

|

oFera.Jcions Won ckom‘je_ the radius of C,onvet:jence.

00
Theorem - If F(x)= Z Cn(x-2)"  oith  radiws
n==o0
o{l Con\/erjence R> O, 'H«em )( 1S d;f{eren{-sable
(hence continuows ond ‘m{—e;jrab(e_) for Xe (a~R,a+k).

Moreover,
Note 4hat d :F-Feren'ha.{:ion

00
(i\ )C,(X) - Z Ch- Y](X'a>n-l kills +he n=0 {erm
n=I

‘\_/ (i-e-, the constant +ecm!)
(4% nk|
(i4) Jf(x) dx = (Z Cn (;;'a) >+ C

<o

ond  both of these Series have radiws of convergence

R — J('he. Same Cadius as f




Note: While d:f(erenha%:nj or inlegraking o power Series

Won'+ ckanje its  coadius, -H«eg/ Mag ckande tHhe interval .

We need 1o re- check Convergence at the eno/’:o;n"‘.s /

Ex: Find a power sefies representation Centred at

X=0 awd in*e,r\/ml of COn\larje,nce, for each :funcholl f(x),

(&) foo = o

Solution:  Note {hat

| | / 00 ; ’_ oo Nt
- [""] ] [ZX] - an

ns0

)
Since 2 X” has rodius 07[ Converjencc_ R‘-i,

|
1=X n=0
So too does owr new Series . Thus, we at Least have

60nver3cncc )Cor Xe(-1,1) We chek +he endpoints.

D:\Ieracs 'oa, +he

o0 oo
n- /
X = 1 = ? {\(1) ' = ? N divchence. test!
n=<) n =)



oo Diverqaes by +he
e 5 wr o Dwerges by
X l ? " (-1) JiverJ ence test!

n=1I

The sntvervad o-F CO/\VCFjC.Y\Ce, is T=0C0),

Solution : Notice that

(\L_x>” ] <o~'x>‘>l =3

hence
/ ()
2 __ ./ Y\ N N S o
=/ \ . X - nx s n(n-1) X
Sy S (E0) () - 2
\Ro.Jiu.s R=1
Thus, ! )3:1 ”(;") x"*| with radius R=1.
(1-x n:=2

Exercise: (Check conueraenc_e at X=%1 YOV. should

find $hat |T = (-1,1).

() J:(X) = ocuctan(x)



Solukion:  \We'll Start Ea fenchng @ powef series for

(v ]
| . Swnce ' = x" or |X| <1 , We have
E PN

I+ %
o0
| - 2\ Z 2N
n<o \
For Convcrdwce we need
TkuS» I_x'2.|41 = 'X‘ <1
[ = Ixi<1l (R=t
oschon (x) = ' dx )
J I+ x*

[ o0
- Z (—I3nX2“ clx
nN=<o

5 X)L e
aAnt |

N=o

\/\Je. cown ](:nc! C, bb Fluﬁjina n X’O Cor in gewe.r‘ai,

X = centre > :

=0

oscton (o Z_\ (‘\) zn“ +C = C-= ou*c*ow)(o> =0

n=o anu

Tl’lé’.l‘e 'Fo ce,



00 2|

coclon(X) = Z 0" X
ANk |

= X—X_S-L.LS——A-’.;...
3 51 7!

n=0

The codius is skll R=1, so it converges )Cor X€(-1,1).

Lets check +Hhe e.ndpom+s‘.

)

oo Ant _ (“3.‘) nve L
N S P P I G
e neo the AST!)

nt oo e o
SN = I gD (converges by
n-o Ant| \ aAn+ the AST! )

h=0

-1 %o odd power is jusk -1

Thus, +he snterval of cmvc.rje_ncc 5s | L= ['1.]-].

3 s
Conse,qpue,noe.: Since atctan X = X- >:<3 4 é _ >7< b o for

all xef-1,1], lets see what haFPen.s when we subslitute X=1:

|
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O.\'C¥an 1 = l = % PR
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We can also use differentiation of power Series to obtain

o power series )Cor ex |

00
3
_LPN osiion: ek - Z x_'\ = |4 X+ xTz.'rLf-»- for Xe(-oo,OO)

|
Nn:so n:

M_‘ In on earlier lessm\, we u.secl 'Hne_ Pa—\-%o -I-cs-l- —\-o

show that \Jr i x_? Converges for ol xe(-00,00).

We will prove Prad y: e*.  Nokice thot

Re-index |
The Solutions 4o +the DE 3/:3 ore  Y: Ce*, CeR.
Since. Y7 14 x5 §§_3 codisfes Y0V 71, we have

Yelet 2 Lryd=Ce=C = y:eo.
H



Additional Exercises

i. Use in-l-e.sra(:lon 1o show Hhat

o0
Lo(iex) = 57 LI - X5, %0 x!
N+ 2 3
n=o

+ e
L.f

with ntecval o{: Con\/e,rée,nce_ L= C",l].

2. Find o Power Series centred ot X=0 f;r

2

{'(X)= (3>+<X>z ond its wrerval 0{- Converjence.

\Solu.bowsi

(a)  First, note +hat

| : (o0] (0]
= = (-x)" = (_I)"'X”
|+ X 1= (=) % nZZ

with radius Of c,onva(;jenc.e. R=1. Hencc,

1n|l+x| = J”'IX d x

0
. Z(q)"‘xn dx
N=0




% N ntl
(z cn X >+c
Nn:zo

Nn+i

also with R=1. We find C bJ Seti;:nj Xz 0:

-0
oo »

1n|l+0|" Z'_C?A +¢ = (C=4a1=0.
nco N+

We therefore have

co " n+| 3
foltex] = 5 CXM s X XY
n=0 N+ | 2 3 H

with R=1. We hove cov\\/erﬁence :S:of‘ Xe(-1,1) ond

mu st Sevou‘oc\e\J Check Con\/e.rjcmcc_ at X=%*1:

o0 n N4 ( oo "
X =1 = E - X - E (-1) (Comﬂ_j&
v+
=0 ﬂ"" nco | b AST)
J
= 00 T T Qe Al
x=-1 = 5 X" . 5% Y-y
NnN=g¢g Nt "o -“ﬁ:] _____
(>'e)
- _ E I
- N+|
L V-o |

hacmonic Series = diven:jcn-l-



T\'\\LS, T = ("'||J . aS equired. (F.'naﬂﬂ ; note +heot

Since |1+><\ 2 1+X foc xe(-1,1], we mad s;MF(\\) write

_ﬂ,n(l*-x) instead of L\ll‘*X‘.)

(%)
(&) Note that 1 - 57 47 with radius R=1.
=X N=0

- (l x)* Ix> ( n>,= énx"-' with R=1

[ Replace x with X

x" 3
Toe-G)

For c_ov\vct—Jcnce .,

%) -
. 25_2 Z ’ (7%_)'0-[ need |§| <1
7 nat = Ixl<=3
= Xe€(-3,3).
= X*? Z‘” n G0 Xx"
? "= n-i
= 3




M Check c_om/erjcnc_e_ at the e.nclpom{-s
OF (-3.3). You Should f\‘nd that the Series

d:verjes im each case. hence

L =(33).




