éS'.é_ — The Comparison Tests

We con compare series wn much the same way that

we COMPa.r-e_ ierProFe(‘ -';v\-l-csrw(s!

The Com\?wison Test

Su??ose that 0¢an¢ by, for o n Suf{icaen\-\J \wje,

(.i) 1{: Z_ lon C.onVC-l‘SCS, then Zan Convcrses.

&Y If Zan cl'\ve_rjes, +hen an dchchS.

Note: ¢ ZOM GOnV&f‘jeS oc an diver—je_sJ

'H'\C- COMFN‘iSOn +e.s{- jivc.s no informocl-ion!

&: Do {he Jcol(ow'.NJ Oom/e,rje_ or dzverje_?

> |
(&) ZI n5+l
n=i

Solution: Note that 0O < , £ — -For ol n,
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Sivice Z# 1S c,on\/erjen-l- P—ser}es (here,) P:5>1>7

Nn=|

(+. 4]

|
Converges b compasiSon .
; n>+ 2 3 J F

0 9:‘
b
(v Z‘OS"*V\

Solution:  We have (O «

n

< - (&)ﬂ ond

2o 27

oo n
Z (%> S o converjen" jcomei-r'.c_ series ('rl "< 1).

N=o

n

< converges by Comparison.
2 converges by

0
Con Hy |
o seiwm 3 nZ=; 3
oo 3
0 Intnet
© 2T

Solution: \We have

\‘Vlg"\n"l > JT’)T = K)yl =

|
n* N n*  In

00
and Z,

nsal

1S o diverjeml F'Sel‘iCS (0\5 ]3=‘/2 = 1—>-

-



00 ﬁ
_rL\kLS' nZ”' V“T:”l olso cl‘.ve_rges l'ij Comi)arison.

& cosin)+I
@ )7 =—=—
o Ty

Solution:  Sice O¢ cos*(n) € 1

De SosWel o 141 . 2
N n N

00 )
The series 2 Zz - ZLZ Ls C,onve,r-jcs, as i+ s
n=1 \f\% n=i 14

X times o Com/erje,n+ P- Series As a reswlt,

w 2

cos*(nmY+ L converges b Comparison.
> 3 = °J
n=| (A

00

(&) 2

n=1

Tdeoa: Tr rcmov:nj the "=1" in +he denominafor.

We have | Y — = ('Z—yz 0 for all n and



o

I \" .
2 (?) iS5 o C_on\/er“jen'/' Jeomefric series ...
Nn=,

... but this isn't helpfu[./

Recaﬂ-‘ Be'mJ (N‘Jer‘ ‘H\an G Com/erjen-l- Series or

smoaller +han a d;verjcni- series tells ws no+h.‘nJ!

(v 0] o0

\

‘/\-)e S'““ 3(&435 ‘H'\GJ’ 2 Z‘n_i C-Omlér'jcs, as 2 Zw
ns) nsy

Converaes and ~ " when N s lomge.
N 2 J

L'-1

To make this precise, we'll need a new Test!/

The Limit Comporison Test (ceT)

Let Z.C‘" omd ZJLM be seties of positive ferms,
ond ﬂe"'

L = Z.‘m Qn

ns00 b,

IE L exists and 0¢L<0o, +hen D Qo and 51,

either bokh COnVerJe or both Aiuerje.
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3
"

[
o
3
o
o
h)

1]

: v W n = =
Lets +(:3 he LCT with Q >
We have

i Qa_
L= v'\z—l’(:,o b,
|
_ Lwm (2_"-1 )
n- 0o 0
()
= f'YVI 2"
noso 2°-1
. ¢ 1
= Aim P -

e K(-3) 100
—0

Since L exists and 04 L <00, e LCT implies

00
Ou'\(:l Z lz., either boh, wnverja or
Nn=|

© |
Fhat Z o

00
both cl'\\lerge- Thus, Stace Z —Zl-—n- is a Conuer(je/H—
n=,

musd Converae Yoo!

o0
acome{-ric Series (|r|=‘/z), Z



%)
Ex: Does Z v conve\:Se or diverge?
N*+G J

n=|
\ ?revaousg we wsed +he m’re.arol tes+

Lo show s is clavchnJ-... but }Hat

| Yook & lot of weck!

2olution:  Lets +ry the LCT with Qs R "‘;’jé and

’

Tip: Use +he most dominant +erm

" .
V\ ‘\V)/ in the numerotsr and

Jcnom:no.{-or‘ b defme; lon'

n

L = Lim Qo Lm (n‘+e

"4}
= ﬂim V\Z
n - 00 V\?"'G
L‘H jl‘M Z—_V) = (4
= o 1 € (o,00) .

Ba the LCT, siace i’W A'.Vcrée_s (ads Mae
n=

090

4 .
hosmonic seraes!), %n’% must oldso d.ucrge,.




&1 Does - M Converqe oc diverge 7
%‘.’ n’+ 1 J ‘j

64-
Solubion :  Use the LCT with an = nq and

2n°+1
6
bn - JW _ n’ o . e have
n°’ n®  n’
(n‘+'-l)
L= 110’7 Qn_ = ziM Ans+1
n-00 bn n=-200 e
(w)
= ‘f;m n:iné+y
"R ATl
s fim 02 1+ Vi
n - 00
AnS+ 1
S P4 [YL/T RN A

h= 00 V/(Z+ '/f) ) 2+0
2
T\nu.s, \93 Yhe LCT, since E n iS o Converqewnt

> [T

- series  (p=2 7 1) ,
P F nsi Rn*i

Must C,om:erze +00.’



Ex: SuPPose thoat Qn >0 far‘ el n and ZQ,«

converges. Show that Zsm(an) must also converge.

Solution:  Since Zan Converges, .'J?_«',Mooa,. =0 bJ +he

dtverjencc test . Thus, for N SMff}'c,‘eﬂril] Io.rje,, we'll have

04 0n< "% | meaning sv(om) >0. Now lets cOmFa.rc!

EO
L - ;\eiymoo SM}/“O
. Lim Sin(x) 1 € (o,00)

x—ot X

’BJ He LCT} S\ nce Z’am COnue_erSl Z)SM(QW) also

comverjes. [

Extensions of the LCT

ASSume +Hhat Zan ond an are Series with positive

terms and (et

| - fm an

n<> oo blﬂ




) Tf L=0 and Z\b“ Convecqges, +hen Zay. C,onve::jes'.

(i) If L=00 and wa d;verjes, +hen ZQ,\ Aaverjes.

(o)
1
Ex: Does D, Tan  Converge or diuerje,?

n=2

Solution: TIf we -lrj the LCT with aw= m and

ond  bn= 3y, We gef

L = n—ooo ln n-> 00 l

n

j,.m Qn l;m Ann

I
>
N

Svce =00 and Z.]On = Z-}r diverjes) bj the

6o

LCT, Z ,b‘m div»:rge,s oo |

Nn=2




[H!+erna+ive|3, one could wuse o direct ComPa.FISon!

Since fnn € NN, we hae —I>'—>O; ond
Lan N

Since Z% d;verﬂes) Zh muwst d'\verjc \93

comPar’\son.]



