
 8.4 Trigonometric Substitution

Some integrals can be simplified if we think of X

as a trigonometric function

Intro Example From our library of antiderivatives
We know this is arising C

I ftp.yzdx but let's see a differentway

Let X Sino so dx cos do We have

I sing
cos dofind

y
Toso

go do Ido Otc

Note x since O arcsin x1 for 10 5



I

y

dx Ot C arisin txt t c

The process above is called

a trigonometric substitution

U substitution u du dx

Trig substitution X dx do

If you see try substituting Rangefor O

jaz x2 x a since 7210 72

a x2 x a tanO Iz Loc Iz

x2 a x a seed OfOCI or Toc

The range for O guarantees that the trig function can

be inverted to express O in terms of x You should

know these ranges but you don't need to write them



Ex Evaluate the following

lat I
x2 g

dx

Solution Let x 3 tano so dx 3sec do Thus

I x g
dx I

9tanzo q
3sec do

I 3sec'D do

9 tarots

I 3 seto do
3fseio

J se O do Our range for O is Iz O Iz

se o and Seco 0 on this range

Isecol Seco

J egg do absolute value will always

disappear in a trigsub

I send do In secottano C



To go
back to X's draw a triangle for X 3tano

x Stano tano j Rag it Wtf
y

Hence Seco hypotenuse 0

adjacent

X q
3 3

Thus I ftp.gdx lnsecottano C

In 139 I C

bl yd 2

Solution Let x Fseco dx Rse Otano do Thus

J dx
x'v22

Fsecotance do
2sec O 2seio 2

tano
to

52sec 2 seco 1



If
tano

E self Etano
do

I f glee do

I

f coso do Sino C
2 2

Now going back to X's

X 1 2 2x Rse O Seco x hypotenuse
p g

O

E
Hence Sind opposite

hypotenuse
V 2

ypf dx size c VEY c

ca f dx

Solution We'll first manipulate the integrand

I 114 dx
414 x'la

let x tsing
dx I cos do



V44
s

o Icosodo

f
4 4 cos O

tsin o
coso do

Y 12cos

4 Sino

2 cot Odo

2 csio 1 do 2coto 20 C

Now going back to X's

2x

L since sino Y hip e

r ax
O

Hence coto gppgget
V1 4 and O aisin 2x
2x

1,4 dx 2 0 0 20 C

th 2aresin 2x C



Note Trig subs can work even without
square

roots

x2d
guy

d

Solution Let x tano so dx seco do

When x tan0 0 we have 0 0

When x tan O y we have g y

Remember

ELO LE

Thus

J X tan'd
it x't

d J g tangy
see do

fit tan
Secto

Sec do

fi tanto do
Sec

fi
sin

os o do
1110520

J sin do



J I 11 cos207do

I o si20
go

2ft sin
o

s

Ig I

You may need to complete the square before

making a trig sub

eg X 8 2 1
2 8 161 2 16
2andshare

x 4 14

e g 2
2
12 7 21 2 6 9 7 18

2andsquare

21 1 25

Ex x dx

X 2 8



Solution Complete the square
to write

x 2 8 5 2 1 8 1 1 172 9

Hence J
x

dx
x

x 2 8 fix 21 g
d

Let Xt I 3sec 3se O L
x 3seco 1

then dx 3senotanado
9seczo g

3secotano do

J
3seco 1

9 seca y
3secotanodo

3510 1

tanzo
Seco tan do

3sec Seco do

3 tano In seco tano C

Now going back to X's

4 2 3seco see hypotenuse
adjacent Xy



I
1 1129

O

3

Hence

tano gg.gg
1 112 9 1 2 2 8
3 3

and therefore

I wax g d Stand In Seco tana t c

X 2x g L X x 2x g
3

C

IAdditional Exercise
p ax and

Solution Complete the square to write



3 2x x2 x 2 1 3 1 4 Xt 1

Hence J
X

13 2x xyz
dx

X

4 pays
dx

7

I 25in 1
Let Xt1 25inO

ly 4snzg 3z
2 0 do

x 25in0 1

then dx 2cosodo 2sino 1

4 i sing
3

2 cos do

25inO 1

8 cos a 32
2cosodo

If
25in 1 cos do
cos30

4 Iso'd dos
a
do

I 2sec tano seco do

secy tango C

Now going back to x's



XH 25in sing it
opposite
hypotenuse

2 Xt t

o s
V4 xti

Hence Seco hypotenuse 2

adjacent V4 xn 3 2x x2

and tano opposite
y y v3 xadjacent

Xt

x dx sef tayo CThus I V3 2x X
I

V3 2x x2
Xt

4 3 2x x2
t C

3 x

413 2x x2
C


