§7>~"' - Trij\onomen‘ric, Substitution

Some 'in"'e:jraJ.s con be S:Mf/.-/:ed i,[ we think of x

asS a -]-r‘ijonamc-l-ric ][owtc,han!

Tntro Example_: Feow our “‘DPNJ of &v\hécrwa.-hves)

/ We Know +his is arcsin(x)+ < ...

)
J .- ax but lets see a diHersz» wouJ!

have

Le’*_ X = s:ng ) So d)( = 6059 de \IJQ

| |
dx * _
J -x* j\‘l-sm‘e

Cose_ ae

cos0d @

\160528

J ces6 Jo =Jioll9= Gic
cos@




J ) dx = @+ C = |arcsin(x) +C

The Frocess above is called

oo \'rijonom etric Subs-l-;-}whov\!

W~ Substitution: w = ' du = dx
—l_raj Substitution: X = , dx = 4@
1{3 ':jouL See ... '|‘l‘j Sub$+i+u.+:nj... Romje. Jcor 9
aclR
Ja‘- X* X = ocsin® LAY WA
o+ X* X = octon® AN A
Xz_ Q.z X = o.-SecO 05(9/.1-7{ or T(‘_é_@<3;""

The Cange )(ar G ‘ju-w‘amhe_s thot  +he 'h‘j fu.nchof) Con
be inverted o ex/opeu Q@ in terms of X. You Should

Know these l‘o.nje.sl bu,{- BOM o(on'l- nced 40 Write 'H\e.m_



Ex: Evaluate the ](o“()wilfj.

(OL) J 1 Ax
\l x*+9

Solution: Let X:=3tanb , So dx = 3 sec*6d8.  Thus,
J L ol x =J 1 . 3sec’0 d6
J Xz+q \/?II:M\ZG*?
- J 3 sec*d 46
J J(tartor1)
i} /3/Sec2(9 do
/X\/ Sec*@
= J Sec_ze AQ Ouwr ra.nje fof‘ 6 is —T/z_ <p 4 Tr/z, ,
|53—69| ond. $€c@ > 0 on +his fange.

“ lseco| = Sech.

A;so.ﬂmor in o -I-rfj sub!)

= sectQ
j Sec© de (_a-losalu.k. value will aLwaJs
J sec® d8 = Lnlseco+ £M9| + C



[Ta jo back 4o X's , drow o« +rio.nj|e 7(01‘ x=3£am9]

X=3tan = Lm0 = X - Opposide [ 3
3 adjacen’r *
X
Hence, Sec@ = _yw J X X9 6 L,
1a.cen-\- 3 3
_r\r\v..s, l dx ° lﬂlSecGJ- £a.n9| + C
x*+9
i ESTIN
llﬂ 3 C

Solution: Let x={secd, dx={2sechtan® d0. Thus,

J dx - j ES&CG tan® do
xx*-2 Asec*@ - J Asec’@-2

= tan @ 4o
{Xsec® [ (sec0-1)



= 1 an O do
V2 secd - {2 Lo

- ] 2 de
] Secd
-1 | cos0d9 = S0 ,
2L 2
Now, qoing bacl to X's 1
X xl_z
Xz ({25ec@® = Sec® = X = Lljpo-l-ev\use
Jz ad;acent
J e O >
V2

Henoe, Sin@ = _opposite - th'a-

J L dx = Sia@ , ¢ = Xz-zéfc
XZ

o) 2 X

() J_J’Lf" dx
XZ

Solution:  |Jey Jirst manipulate +he integrandl ...

= — le} x= -—‘?-_SMG‘
’~ LI_XZ J _ \}L}‘(q X )JX \
x = X?- dx = _Z.Cos¢9¢i6

X?.




n

L,_, Sin* 0

[
.

= A % cos*@
J Zf ’ L cosO AG
J —,_'I—Sin"O z
= ( '/2 cos* @
J I/L‘ S_m':.e
- QJ cot?@ de

Q:J (CSC.’G -1) do = - 2cot @ -726 +C

A
Now, 4going back +o X5 ...
v J
|
AX
| sit
C: O - smge XX _ofpsite /
A o Lleoknuse [ 4
- =T
N _ X \\“:J
Hence, cotb MJ“Q’* L i and Q= orcSin (ZZX)
0ﬂ>os:+e A X

29 gy = —qcb0-26+ C

XZ

-J1-Yx?
X

1]

- Qorcsin (ax) +C




No\'&" T”j subs Con work even wTH,\oud— SZLDJ‘& roo{-.s!

i
(d) XX Jdx
o (\+X1)7'

Solu.\-mn‘- Lc-)— X = LonB ) So Ax = Se,c,"e 46

U\V\GV\ K= EMG =0 ) we have 9 =0 Remember:
When X = LonO = 1, we have Q=T/Lj Bl
Thus,
1 w/,
g Y
X dx = tan®® 9 de
2 2 2
. (1ex®) (1+ tan®e)
0
- -'T/LI 2
tan® 29 J0O
sec’9
0
&7
s 1 Lanzg AG
)o Sec*O
[ Ty ( Sin%@
/cosz@) d0
Jo  (Mese)

. Ty
- S$in*6 dO
o



. A
- J ‘1 ’li ()—60529> do
’ );9 _ Ss 029 J_W/A’

T L - S'\n —_)_ 1nO

= [
3

—_—

1
Y

Yau maj need +o Comlple*e. the Square lpefore,

Mak:wj o %rij sub.

£9 X" -8x+ 2 = (xz%16>*2"6

<2 and szuo.ra

= (x4

eg A+ Ax-T* a(x%@,{,»/q) _7-18

+2 and sluare_

= 2(x+)" -25

&: X d X
\IXZJ«&X-S



Solution:  Complete the Szu.q,re. to write

X"+ 2x-8 = (xX*+rax+1) -8§-1 = (xe1)-9

Hence, X X dx
X*+2x-§ (x+ 1) —7
Leb x+l = 3sec@ = 3secO-1
(x= 3seco-1) — . 3secOtanB de
7Scc’¢9-7

then dx = 35ec@tant dO

= S.SeCG -1 ./ZSec_Q £O-Vl [ dg

J 33ec6 -1 - SecO tin & 46
3

(35&,‘9 ~ Seco) 4o

"

Eo.hQ-.anSecQ + Lan@l + C

Now, goiaq back +o X's ...
A% J

hqpo-l-eﬂ%a . X1

X+l = 356 =  Sec@ =
a.clJa.cev\-\- 3




HE.V\OQ )

ton@ = Spposite . \l(x”)z“i
adjace/\“' 3

C).-v\cl -H\e.re S:o(‘e

JX_JX = 3tanf - La|secOd+tang |+ C

Jxﬂax-z

X+
J(x#)2-9

3

- J X%+ 2% -8 ,

=Jx+ax8 ﬂm szg +C
Additional Exercise : X dx
(3-52><-X")3/z

Solution: Complel-e +he Szuo.re 4o write




2-ax-x* = —(x¥+ax+1)+3+1 = Y—(x)".

X
Hence |, X D dx = ! >
2 /7- : :
(3—2)(—)( ) (L’—(X+'> >
______ 7
= A5in@ -1 . Qcos6 46

Lel X+1 = 2sin0 3
(x= asn@-1) (Li* L{s;n19> :

then dx:= 2c0s0d0

0‘25;09‘1 . QCO.SGAQ
/1

L/S/z (I- S.‘yf"e)3

Asn@ -1
8 (Cos’@)zlz

- 2 cas@ 4O

1 cos @

| A2 sa@ 4o
Y Cos@ Cos6®  cos’e

— J (2566 tand - sec’@) 46

. '_J Asme-1 9 de

u

LI

"

seco® _ tano
2 g+ C

Now, 9oing back s X's ...
J J



310 = X+1 _ _Opposite

2 - hsPo-}enu.se
A
B X+ |
e ] 5
\H-(xu)‘
HﬁV\c&) SecO = L\j?o-l-cnusc Y . 2
o.dj aceat \I‘/"(T')-' 3- 22—
and  tan® = —opposile o X+ X+ |
o.dj acent ' 4 - (s 3-2x—x*
Thus, X dx = SecO® _ tanl@ | C

JS-RX-X‘

2 4
( _ X+
\J3"Rx -x* 4(3-2x-x*
3-X
C

+
4 3-2x-x*

+ C



