
 8.3 Trigonometric Integrals

We'll begin by looking at integrals of the form

fsinmxcos.mx dx

where m and n are non negative integers

Warm up f sinmx cost dx

Sub re sinx du cosx dx to get Um du

Easy

What about sinmx cost dx

Again sub re sinx du cosxdx to get

Umcos x cos dx um 1 sink du

1 am 1 m du Easy



This strategy will work whenever n is odd If

instead m is odd we'll set u cost

Strategy for Evaluating sink cos xdx

i If m is odd let u Cost If both are
odd let u be
the funitionwith

Iii If n is odd let u sin X the higher power

hiii If m f n are even use the identities

sink l cos 2 1 cost it cos 2 1

Ex a sin'x cossx dx

Solution m odd re cost du sinx dx giving

sin'x us sing f i cos'xl us du

i a us du



fu v8 du

Y C

cos x cos X C

b sin5x cost dx

Solution Both powers are odd but sinx has the

bigger power Let U sinx du cosxdx giving

U'cos x.code a's i i du
a

U's 1 242 u die

If instead we
used U cosx we

would need to µ 24 419 du
expand 1v4 Ew

28 4 C



sin X sin'gx sing C

lol sin x cos x dx

Solution Both powers are even so use the double

angle identities

sink cos x dx f I 11 cos2x it cos2x dx

I 11 cos 121 dx

I t t fitcos4x dx

I z co X dx

could do a u sub
f f y cos4 1 dx he4 7 or note that

L Scosinxidx Singh e

f x sing t c

Let's now look at integrals of the form



I tannx sec dx

where again m and n are non negative integers

Strategy for Evaluating tank seinx dx

i If n is even let u tanx
If n is even
and m is odd

and use secx tan x 1

In
the higherpower

Iiil If m is odd let u seax

and use tan x sec x 1

Ex tan x seex dx

Solution m is odd so let u seix We have

du secxtanxdx hence

tank see dx tank seix
sextyyde



seex 11 n du

u 1 46 du

v8 46 due

C see'x see'x to
9 7

Ex f tan sea x dx

Solution n is even so let u tant du seex dx

We have

tan x sec xdx tan x seix.se dx

U4 tan2x 1 du

1 24 42 11dm
126 a du



Y Y't c tan x tansy
7 5

t C

What about cases like

f tan x seix dx

where m is even and n is odd

Steph Use tan'x see x I to get only powers

of se x

J tan'x see x dx sect 1 secxdx sect secx dx

Step 2 Integrate powers of seix as follows

I seex dx In seexttanx t C f seix dx tanx C



and for integers n 3

I see x dx nt sech extant t hit I see x dx

This is called a reduction formula for powers

of secant See end of notes for a proof

Example using the Reduction Formula

n
n 4

f se x dx secxtanx 3 see x dx

seixtanx tanx t C

Okay back to our original problem

Ex tan'x secxdx

Solution Stan'x see dx J 1sec x se x dx



seixdx see dx

sextant 3 see x dx Stix dx

Reduction formula

I sextant I secxdx

I secxtanx In sext tanx t C

Appendix Proof of the Reduition Formula

To calculate Sec xdx use IBP with

u see 2x V tan x

du In 27sec x seixtanx dx

In 21 seshy tan d

d sect dx



I see xdx sech ax tan x f In 2 se it tan'xdx

Sein x faux in 21 sein 2x seix 1 dx

See ex tanx In 2ysechx dx In 21 see x dx

y
originalintegral MovetoLHS

In it f seixdx se in x tan x In 21 Sec x dx

fseenx dx n 1
Sec x tan x n 2

n g fseen x dx

i
EndofProof


