Se,qu.ences, Se,ries, and AFProXiMoué:om
=

We're wnow ev\-l-eﬁnj owr wnext Major unit og the

COUI‘S& on Se_z_uence.s, Scries, D~V\c| O.P?ro)(imahon. Our

300& ovec +the next Mounj weeks is 4o lecrn howr

+o a‘??roxama+e C,ompl;wiecl fu.ncéions usmj So.‘iu.ences

o]c Sim Fler fmnd ions
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Foljnomrals./
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3
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y=sinx

A?F"“"‘V"'O\*Mj chnc-l-aons in  this waa, has  dons af

a?flicajr'no.ns Jrkmujlqoujr math, ijs;cs, and en&i.weerang-

But  before we can study Sequ.ences of ;punchor\s,

we'll need understand Seguences ".L numbers .




é10.1,10.8 - Sequences and their Limits
~

Awn sg,glugnce_ is a List of wnumbers with o

Ae)(‘.'n{l-c ocder: Q,, Gz, O3, Ay, ..., Gn, ... (aieR)

Notation: The Seiuenca {al'az,as'"_} ™May also be

co
writken as {an}n=| or {o\n}.

A Se.al/u.e,nce Mo:j ‘/\ove eac\/\ "erM SPeca.F;eA E‘,Xf\ic,'\\-\\a

Gn tecms of n):

eg {whl v Tz g
eq {W}::E,ﬁ,ﬁ,.-_
eq. {(_.)“S:: D o-1,1,-1 1, ..

),

Or o selmence, MOS be defined recursively (in terms

o]c Frevwms ¥erms)f

gé_' a| - :3 QVIA avun = l‘-;'" (Vl ke 1) dGSCI". bes




+he Seiu&nce Q, - 'E

= l"' /7.. - i

A 2 q
0\-3 = |+ 3/q . 7
2 8

AQy= *t% 1S
2 16

f%-_ The Fibonacci .Secluemce. 1S deJ{:ined b\j

a| = 1, a.‘l. = 1 ) QV\A ay\;z = am¢| +an (Y\>/ 13

\/Lle ‘/\D\Ue. (¢ 11

Q.= 1
a3=a7_+a| = 1{-1:2_
Ay = A3+ Q, = 2+ 1 =3

<l,l,z,3,5, ®,13,21, )

We have encounted Sezuences a.ére_acij in MATH s /18!

Ex: Newton's method weses [recursive Sezue/nccs

'l'o OLPPPox5ma+c roo-ls.’



Xo = Some initial jwes_s

Xow = Xn ~_ Oyt

jl(xu)

E_X‘ Riemoann sums form o .Se,zu.ence of a|>|>ro><imai:ion$

to the oreo wunder a curve:

Q| = approximation u.s-‘rj Jp £

1 recton ju.\ou- area /

a, = o.FPPox.'ma-Hon us:rj

2 Peclco.mju\o.r osreas 5 x

Visuolizing Sequences
V =

We can visualize a Sequence on +he ceal number Line!

Ex: 219 £,2 4 1 &t
X 1Wwide.,” 174790625

Nz,

(a bit crowded ! )



Or we con visualiZe a Seguence in QD,’

Ex { i }oo i, L 1 L
a1 4 g9 16’25’
Qn p
O,z | frommmmmmeneees L
az:l ------------------------------- Py
4 ° . ,
' ; : ’ ’ > N
1 2 3 Y S

This 8 similor to 4he jraPh of f(X)= i’z , bud

the domain is restriced {o the set of Nodurad

numbecs N={i,a,-’>,‘/,---§.

a.n/

f07 %

~



@ Create a QD FIoJ- o,[ the ﬁ;”ow.'cj Sequences :

n Lo ("')" o
(o) {(-'3 }nn (&> % 1 },‘;,
Solution: G 4
-] 19 ® [} [ ]
N7 -1 1 -
(Q) {( ‘) }n:| il ) 1111 st " * " p= Py > Nn
-1 ® 4 4
G p
QR I SR -4 .
(b) { 1+ }h“ 1 1) L 2, 1 3, 1___________________._____g_____._____, _____
1- "q ) 1+ JS_' ) : z 3 4y s 6 7 n

Limits og Sezuenc.es
From +he plots in the last example, it Seems +hat

n

{"’zg Converje.s to O as wn teads to 5"‘[“"“‘3—

ii“ (-;3”3 Conve,rje.,s +o 1 as N tends o in{:nHJ.

But leds not 3e+ ahead of ourselves — we lhavea't

even defined AYet what it wmeans Jor a sequence 4o
) J ' [=



converae 4o oo Number L !
U

Q: what does it mean for a  Seguence {an}

to Conve,rje_ +o o value L as n teads o oo !

AH’&MP" 10 Gn 3&5 close~ ond closec Yo L as N

"

becomes IOL('JQ

|
Good start .. i;ﬁ} Se-ls closer aud clser o O,

2
however ¥+ olso Jc+s closer and closer Ao -1 - 7, ehe.

What's  special about L=07

AH‘CMF" 2: G je{-s M{m;]le\lj close Yo L as n

w

becomes IOL('JQ
Better, but sHll imprecise. What does "infin?l-e.bl close” mean’

\ “Closes +hon an&

8av¢w value”

And how do we measwucre “closeness”?

\ Use |an-L]| 1o measure
distance between G« & L.



AHQMF.} 3. “F;)r‘ e'uer(j >0 e\/e,m*uaﬂ_é the distance

)

lap — LI is less Hoan €.

Ve-b close , but whal do we wmean ba' "eve_nJ-ua(ltj,” 7

d
L F;.— a” \ Ckﬂ'c.t‘
Some  cutof(, N

AU—CMF*' 4: " For eue,rJ £>0, there exisis a
number N Such that |a4"L—|< £

"

for all n> N

This is the definition we wWant!

Def'-n'ﬁio'\‘- A real number L is +he Limit of {oun! A

For all E£20 +here exists a number N Such Hhat
|a-m'l--|“S f;r all n>N.

Th +his case we .Scj {an} Converges +o L and write
o

.[-’m On < L_

n—=00

If instead no such L exists, we SaJ {Q.\} ql-.uerges.




For every £70, we
need 'l'o Jt\ind oan N _________________ L

ofter which oll a,% e}

ore no more +hawn

£ Gway from L.

Foc instonce , suppose. wWe Wished t use the above

dcfinihon to Show Fhot

Zim%=0,

Nn- 0

% 5‘7:30_ 1S 31\/&/), we must tind a Fo.'/n‘ /\/

(

| —
a.+“’6r NL\.\C'/\ | An- L | = | V_ll;' -0 | = ;\_z ) leSS ‘H’Ia.w = 100
ND"e H\o:"
4 A = 2z = > 0.
% oo > 00 « n N>

So lan-L14 7o will be 4rwe for all n abber N=10.

We hove successfully found an N for +hs E1



Note: The above is NOT a Froof Neat  Lim H,'i = 0,

n—=-ao

I
So {:of we have considered jusi- £ wo. Can we

) ]
](,\‘ncj /\/ +that works when €& = 000 7 £ = Iooooooe We.

must 3ene,ral;z-,e, owr acjumenJ- 1‘0 work )(o(‘ evera El

Ex: Use the definition of +the Limit of a Sezuenc.e,

o Pl‘ov& He )(o“ow{nj :

Lm L -
(&3 h_,moo n'l. - O
Solution:

Rw;l.. Work: Given €20, wWe Wwant

anetl - Lol < €
5 - <¢
= -'—E’-CV\I
ITIp

Aol  The ineo)galila wil work for N affer [\{’-\"‘I-Z‘-'

Now wWe wrile our Proof,l




o
Proof that ,;l'_.mw =0

let £20 be 3'\\/&/\. Let I\J=é - In this case,

(n>!\l=> ;'{‘\m)

W n>nN, we
( - | | /
S0 T W St
N n N
L
(&)
R
I/6 : |

(b) Lim n2d -4

h—o N+9g

Rovgh wock: Given €>0, We want

Qn - L| = "::; —1‘ = n“{n:q(nm)
_|zs | - s
(\f? (\4.? < 8
= % < n+9
= %—7 < N

Okoﬁ, lets pick /\l:% —7.




]im N+ =4 -

PI‘OO{ “'L\&+ nN—w n+9 -

Let &3>0 be azve_\/\. Let N= %’7

if n?N , +en

Tn +his case,

(n>N = ned > Nig

/ 7 e )
n+9 N+9

n+4d - ¢ 3
n+q N+9
>
&)+
R
5/
€ ]
Liron n L
(ed n=00 ant]l 2
Bouak work : G-,;ve,n £ >0 , We want
‘ n — _3_'_ = ‘ RV\-(QYI+|> =|1-1 = ! 4 &
an+l e 2an+1) Yns 2 n+2

= 1« 4Yarz
&

= é._——Z ¢ Yn

Okaﬁ, lets pick N = z'r(-é—-z)




Proof Hhet D 0L L

Let &3>0 be given. Let N =g7(%-2).
Tn +his case, if n>A | then

n - 2 |

| _ |
dnt+1 2 | Hn+2 YN+ %Mé_z)],@_

_
DA

= £ .
() Lim Sial0d
h—so0 N+Q
Solution :
Bouﬁk worck :  We wan+t
Sia(n) | | |siaen) | < ! < & = L,d.c
s G n*+ G n+6
- n'-> é_
= T
Ok"‘g, lets pick N = ’_EE—G-




. Sin(n) _
PFOO{ oot r‘\l;moo n+g = 0:

Let €50 be gven. Let N-= JJE:'G- In +his case,

77[ h>/\/, FHien
Sl | o V1L ! .- e
" G e N (JTe)+6 (e)+
O

In Frouc&:ce, there are eastier wa-_jS Yo colcwlate Limits

So only wuse +the definition o-f converqence if asked +o !
U (&4

Limd—s of Sequences in Practice
I

. w
Let's aﬂam conssder Lim

=00 2Z2n+l

TrickK: considec {he gunc.-hol/\
X -1
f(x\ T oxr  Where XeR Xx Z°

From ALimils in MATH 16, We know that

b X . fm _x1  _ _1 1
X=00 QX+ X =00 //(;(,)L() 2+0 2




Since %#}“, 1S cContained within +he j""tfl" of

fo)=2>;H 5 +his sequence must alse have a Limit oF 1k

MOP& Senero,UJ7 we have +he fo“ow.‘njt

{f a, - f(vﬂ and Lim f(x) =L |, where LeR o

X =00

L= too then  Uim .= L olso.

)
n - 00

n-=00

Lim £y (+he Limik of a function of x, XeR),

X = 60

Bj -H\‘mkmj of Lim a. <+Le Dimit of o S#uﬂf\ce) 0S

we 3&¥ all o,f our wsuwed Limit Laws



Limit Laws: TF Lim Qu= A and Zim b, : B

=00 = o

where A BeR  (ie., fhese limits CX«’S"'>, Heen
) L, (s bn) = AxB

) Lim anb, = A B

n-= 00

(i) Sim GQn . A if B=*0.
n- 00 an B

()  Lim C-Q, =¢-A , ceR

n—> 09

h-00

J

(v) Lim f(an) = )f(;\(_"’:o an>= feay if £ is continuous

As wel os +he Squeeze theorem...
P

SGM&& Theorem: Since we ony core what haﬂaens

h—00 n — 60

I a,<b,2¢n, (even-l-uan> and Lim a,, = Lim

-l-l'\e_m hﬂ;r;qo bn = L U'.So.

as n— 0o,

r we anb heed QnsbnfCn ]Car ije nl

C/h=L—

ownd even L‘\—lopi%ol's rule !




Exw\n?les :

(& L NN g 2U ) | o i

haoo 3, 4 n- 00 )ﬂ}(“f s '/.,\3) 4+ 0 Y

(Y i N+ - +
Lo on(E) - a (fm é‘%)
N,

Brinj limib inside _ 1 +0 ) ) )
= _ - 1 =
Since Ln(X¥) is cts! " Jlvo L ( ) O.
(e ﬂ‘m ‘l 145 ) (Jn_+ - Lim nkH)-n
(Jn_” * r) n=e \/nT+m wy o
\_’_V—/ w
“0-00" = indeterminate! Dion { /; —
= -0 \/nT+r
() Lim cos(n+ns1)
n-co0 Vll

3
Note: -1¢ cos(nP+ner) €1 = =1 ¢ cos(aPni) 4 L

V]z nz n<
—— —_—
—0 -0
‘ZI'M C,OS(V\3+ N +|) = |O b +h S eez ‘H\ /
e wz = J e ZU- e corem,

(§) Lim Sin (‘n‘n)

n-200



Note +hat Lim Sin(Ttx) DNE

X = 0690

Y A gusl. Kezps osc:lloAmJ!

However ... S:n(‘ﬂ‘vx) =0 ](or ol V\e”\/./ Tl«uS,

Lim Sin(Ttn) = O.
n—> 0o




