élg"’ - ReduC?b‘e. Se_comd Order Dif{\erenhal Ezua-l:fans

We ' Saj o Second order DE  (ie., onme invelving owlg
X?jj'j) is reducible if # can be transformed into
o~ J:arslr ocder DE. We con then solve +he DE us:nj
our eaclier methods. We'll consider +wo cases of

reducible Ssecond ocder DEs.

Cose T : Y does not appear
J M

Here we will Solve DEs involumj on!j X,j', and ‘j”.

Ex: Solve X;j” +B/= B x

Idea: [Let 3'=v, So :J"=V'_ This will reduce +he

Frololem b a f:rﬁ ocder DE invo)w:tj X anwd v/

]

Solukion: Let B'-’-‘V, So J =v . We have

Xg"_,, Blz gx = XV’+ Vv = gx (L.‘neod‘.’ D«‘vic’e b:] X‘)



= ‘\/'+'::\';'<‘::-V: 8
T Peoy
l/JE— YV\uL\l.iFl‘j ID:S

|
% dx L (%)

/‘4(><3=€ = e = X

Sivi/\ us XVt v = 8 = LXV], = §x

Lavd’
=

Xv = Hy*iC CelR
¥ vslxe = , CelR .
Recall +hat ‘\/::j'/ hence we  |have ju.s} Shown +hat

/

;lszlX+‘>§<‘,C€R

Finaﬂj, iw\cﬂrod-e +o 3e,-|- :Ij:

j = J(‘(x* ‘C£>C’><
= jj = &+ Cdalxl+D | CDeR

\ We viow hove o two- porameter

Lomily of Solutions!
e I




& So\ve_ Zj,, = l

Solution: Siace 3 does not appeas, let j'-v’ tj": v’

Then Separab\el- ﬂ :_)‘5

”:15_, = V"l/ o
T %

X T—— Limear! V-LTv:=0

Approach 1 = Solve as a Separable DE

¥ Ja_\v/ JJT (provided V¥ 0)
= dalvl= Lalx] + C
NEVE elnlxhc _ E,c"l)d
2 v=teTx
Thus v=ay e x . te e b
’ 3 13 z C€ER

= Y= Cx'+ Ce

J L . ¢
C"'i,c.:to

2

We must now Consider V= 5'50 , in which case

5= COnSi—an*; hence  +he DE becomes 0O=0 (UlaicL is '}rae.')



Tl«us, we  have

:‘j:C.Xz+Cz, C.*O,Czelp\ oc ’5=C3, CselP\

We cowm 0~L+wa,U.B Combine +these Foss:b;l-”-ie—s wnto one

bb SO‘!.L'\"\O/\ . Wwe now a.aow C|=O, wLich le-,s us 33"' j:cl'

/
3= C|X24 C- ) C-.C—?— eR

AF["‘OO\CL\ 2 . SO‘VC aS a LfHC,Osf DE (usbcaﬂj "C,lea.Vlef".l)

= _\_/- r_ _l_ =
Vel =2 vi-ZVv =0
Mw"k?lj ’DJ
j‘_,— olx - Anx fn(x") I
/4(><) = e = e = =
Hence V"“;?\/ = 0 = ,;-V,——)\(—z\/zo
= —'—v]l =0
X



Thus

)

v -y o |y &L D, epeR
d 2

x

or, by leHing C 7 T2 and Ce D

Y= Cx*+C. , C,CelR

Cose IL: X does not} q'p[beou‘

We'll vow solve DEs M\/olv.‘r:j onb :j’j” and 3".

’
4

Ex: Solve 5= 51 3iven 3(0)=2, 3'(0)=-yz.

e

d
Tdea: el aqoin le4 3'= oV but Jhis tHime
x

+o  avoid in'iroclu.C't/:j omJ Xs 4o  the DE, well wsite

v dv o dv iyt o dv
dx d—J '-‘\dx/:' d(j
\""/:V

S+€Ei= Stort LJ wr:h?j 3'=\/ and 2’2 v S’d,"

J




é___

T r example: "= g’ > v . X
e d Ty SRR

No+te: Yow should now have o ]C‘r.si-order DE -involv-'na

J'u.s-l- :lj.’s and \/’S'

Step 2°  Solve the hew DE :For V as a funchan a,l: 5

T our example :

E—
fl
c_:Jg-
N\
©
H
n
N

/
=>Jidv

[rrov:cled VX O’ bud Since

—
=
(__CD_

vey' amd Yl =%,

VZO is imposs;ble.!J — -
V= L+ C

J

We now -F\‘nd C using ouc indial Conditions:
- Y

When X=0, wWe have :j: 2 and V=JI= "21_ ) hence
= + = —._I_ = _L =
V cC = > >+ C = C=0



S_h& Rewrite V=:j' 0.8 dj/dx and Solve +he

cesulting DE  for Y.

Tw owr eXamPle:

v 2% = = (Separable!)

y ax Y
= '33;\]-:—0’)(
> 4. D

2

We Solue ‘F"' D USing 'b\(o)=2_ Once again :
NJ ~~ =

i.:_x,,]) = 2_2=_o+)) = D=2
35 2
2z 2
Thus, O - _y+rQ = ’5 = H- 2
2




& Solve 5" = eu':j, 3:\/@\4 B(S) =0 ) j'(3)= 1

Solution: Siace the DE involves 0"3 j' U" and 3”' e

let '5’=\/ and 3”=v°‘—". Then

Y
’}j":eﬂi'jl = le: 63'\/
I
= dv - eB (Aja-'n, VEQO Sitace
d\j V= :S’ and :]'(3)=1.>

- JidV=J€3d3

= v =e s’

We are Stvem +hat 5=0 and V=5'=:L when ><=3,

hence v:=e’+(C = 1:-e°~¢c = C=0.

Thus ,

V = e/u =) Ql_g - ej (SeFod'able..'>

d x
:JQ-ydb =J1cl><



=> -ed= x+D

b(s:nj '5(3)=O once aSam, we L\muc.
-ed=%x+D = e 3D = D=-Y

Thus, -7 ex-4y = e7-4-x

= j = ‘.fm(‘l-x)

Ex: Find tHhe 36%6{‘01 Solution dtor ’B,"3I=O~

Solution : 'LLSMJ +he QPFPOO.CL\ fcr‘ DEs iVlVolVinS ju.s-}-

7] / ] CJV.
' v let = nd = V= -
Jrged Y we BTV et gt Vi

3”-5'=O = v %m/

= \V=O oc A_V = 1
dy
J

I‘C VEOI Hien (lj = Constant ond the DE bLecomes

0=0 (which is '|~ru£!> , So Y=C 355 a possibility .
o ! J

If instead V#O, +hen



LJLA\- £ u’«D 07
J

Not roSs:B\e. . Note

x £
that V=YD ond = |\5*D| = e e
we've ossumed in c
=>
Fnis Cose thot VE0! "lj"’ D=1¢e E,x

Y= C o+ C,e” (Cz=t€£,Cz*0>

a/

COWIbu'ﬂir\j the cesults j:rom the VO cose ond Vv#O0

case, our ﬁemecal Solution is

IL(: Cl* C.:_Qx, CIGIR, Czé‘o oc —5:' C3’ CgeR
/

A|+ernod-:vej, We get the
|_— ConsStant Solutions

'l&: Cl" C?.e,x ) cn,CZGR by allow.':ng=0!

[y




Note: The DE in the last example can afse be Solved

us::j the method from Case I, &s ;\3 is not pPresen.

Trj Fhis 0s an exercise!



