
 
15.4 Reducible Second Order Differential Equations

We'll say a second order DE lie one involving only

X y y y is reducible if it can be transformed into

a first order DE We can then solve the DE using

our earlier methods We'll consider two cases of

reducible second order DEs

Case I y does not appear

Here we will solve DEs involving only x y and y

Ex Solve Xy y 8x

Idea Let y v so y v This will reduce the

problem to a first order DE involving x and V

Solution Let y v so y v We have

Xy t y 8x XV't v 8x Linear Divide by x I



it 8

We multiply by

p txt e
d
elan y

giving us

gig
six xv 8x

xu 4x't C CFR

V 4 8 CER

Recall that v y hence we have just shown that

y 4xt E Ce IR

Finally integrate to get y

y txt E dx

y 2x Cdn txt D C DER

We now have a two parameter
family of solutions



Ex Solve y Y
Solution Since y does not appear let y v y v

Then separable It Y
y y v Y Linear V I v O

Approach 1 Solve as a Separable DE

dy Y dy dy provided v o

In ul In xlt C

in elm Htc
e txt

v éx

Thus v y
I x

y te
x'to

Y C x2 C
T GER

La tee C to

We must now consider v y 0 in which case

y constant hence the DE becomes 0 0 whichis true



Thus we have

Y C X t Cz C O Ca f IR or y Cz C ER

We can actually combine these possibilities into one

big solution we now allow 9 0 which lets us get y Ca

y
CI't Ca C GEIR

Approach 2 Solve as a Linear DE lusually cleaner

V Y v V 0

Multiply by

pix e
d

s e
tnx elnix't I

Hence V I v 0 IV Iz u O

Iu o

integrate
I v C

v Cx Ce IR



Thus

v d Cx y CE D C DER

or by letting C 42 and Cz D

Y C X't Cz Ci GER

Case I X does not appear

We'll now solve DES involving only y y and y
Ex Solve y Y given ylo 2

y 107 42

Idea We'll again let y ft v but this time

to avoid introducing any x's to the DE we'll write

y di Ey É day

steps start by writing y
v and y v Ey



In our example y Yy v day Y
C

Note You should now have a first order DE involving

just y's and V's

Step 2 solve the new DE for V as a function of y

In our example

u Yy Y Udy dy
7

separable

provided v o but since I du f g dyv y and y'lol z

VIO is impossible v
Ly t c

We now find C using our initial conditions

When X O we have y 2 and v y I hence

V ly
t c I C c o



Thus ve y
Step 3 Rewrite v y as dyld and solve the

resulting DE for y

In our example

ty If y
separable I

Y dy dx

Y x D

We solve for D using 9107 2 once again

YZ
2

Xt D 222 0 0 D 2

Thus I x 2 y 4 2x

y
I 4 2x

However only y
V4 2x satisfies y 107 2



Ex Solve
y e y given y137 0 y 137 1

Solution Since the DE involves only y y and y We

let y V and y v day Then

y P y v
day

e v

guy
e Again VIO since

v y and y 31 1

Is due e'dy

v e C

We are given that y O and v y I when x 3

hence v e C I C C O

Thus

v e dy e separable

Je dy Idx



e D x 0

Using y 137 0 on ie again we have

E T X D 3 0 D 4

Thus e Y X 4 e 4 x

y In 14 x

Ex Find the general solution for y y O

Solution Using the approach for Des involving just

g y and y we let y v and y v dy

y y o u g v

Neo or
dg 1

If V 0 then y constant and the DE becomes

0 0 which is true so y C is a possibility

If instead V40 then



dy I Jadu Idy
v y

to

y y D

If tax

what if 9 0 0
In y D Xt E

hat v y to and y to et
we've assumed in

this case that Ufo yt D telex

y we met
y OI

E
ex

Combining the results from the V 0 case and v O

case our general solution is

Y
C ze C FIR Ca O E Y C Czer

Alternatively
constant solutions

Y Citczex a c e

Weget the

byallowing22 0



Note The DE in the last example can also be solved

using
the method from Case I as y is not present

Try this as an exercise

End of DEs

Sequences Series and Approximation

We're now entering our next major unit of the

course on sequences series and approximation Ou

goal over the next many weeks is to learn how

to approximate complicated functions using sequences

of simpler functions polynomials
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