gl0.8 (continued) — Recursive Sezuences
Tn the lost section we learmed +hat many Limit Fechnigues
from MATH 116 (eq,, Squeeze Heorem | L' Hopihad ) can
be wsed 4o f:nd Limits  of Sezu.ence.s in MATH 1I§.

These wmethods work wel ]QN‘ explicit Seg uences (“j-: {2‘:—”“

but ore diff’.cd\f + aPFIJ +o SGZlAences o'e)(fncd recurswi(j,

To discuss c,on\/e\'(jeﬂcc of recucsive sczu.ences) we'll need

Some new \-u—mamlogz_ .

Def’.m-‘rzoni A Sc?.uulce '{aﬂ} 15 Sa.zd to be

* increasing if On & Qani Jor oll n.
v

° AQCre,as:nq -'F An 7 QApn 7(or al n
(&)

e monotone (or‘ Mowo-}omc) if {a,.} is either Mcreas;nj or

decrw;réj (or both | in the case of a constant sezu.ence,).




* bounded

ig there exist numbers m and M such +hat

<M for all n

m £ QAn £

EXamrles (bj pic’rure_'.)'-

AN

Tncreasing (hence monotone)

but no+ bounded

A\ 4
A\ 4

Bounded, but not

monotone .

But observe that f a $e2uence_ is both monotone

and bounded ...

AN

M

e I e O ©

A\ 4

A\ 4




. then i+ must  level 03()(“ ot some value [ |
Thot s, the Se.zuce.mc.e. Muwst Qom/e(‘jel This gives

ws the follow;mj theorem .

The Monotone Seguence Theorem (MsT)
=

E\/Cl:j bOLLI\ACC! rV)onO',-onéL Seiu&nce (LOY\VCI‘SE.S.

Note: {a.§ MaJ not Converge o m or M, it Could

c,onve,rjc +o Some olhec number . in /pd-wcen./

The MST will be ouc main +e.cl«n.'7\v.e_ for Frov:nj +hat
certain recursive sal_we_/\cas Converge : We can *rj ‘o

show that -H«ej are bounded and monotone !

EXamglei Lets cons:der the recursive Seguence

and  Qpy = |+a,., nz1

a, - -
Y 2




Lets write out a few terms fo see  whats qoing on...

.1
A4 >
aZ: 1"'0-1 - 1*1/2 =£
2 2
Q;f 1+Q. - 1’3/9 . 7
2 2 3
Q. = 1*Qs _ 1+ % _ IS
f 2 2 IS

Bosed on these terms, we Lcju.es.s +hat

¢ {a,.} 3 incre_a.silej (lnevuce Wlono-Fone)

IN

* {O_n} s bounded woitn 'li Ou € 1.

But how Can we Know ]Cvr Sure??

To prove +hat {Qn} 1S incrco.smj, for exawmple ,  we

wouwld need 4o Provc +he fnllow:nj MfinH-elJ manj

FroFos;-l-ioms :



ﬁ: a, £ Q,
Profos;l—'non 1" — _

[T B

P35 a3 < a‘-{

P,ﬁ An ¢ O

We can do this using & l:cchmcln_xe Known as ...

Mothemotical Tnduction

Step L1 Prove that P is true. (The base case)
Step & Prove that if one of +he statements Fa

Yrue, then the next statement Pan must also be +rue.

(The inductive s+ep)

Think of each statement as a domino and Frov.'n(j the

stotement s Knockn Fhe domino over.



I we coan knock down the f:r.s# domino (i-e., Prove ).

S ) A ) &L

AI\/D We Can Show Hot wLev\ OMJ Aom-’na ]Caﬂ.s :‘7‘ Must

odso Knock dowun +he domine next o it (:.e., Prove that

it Pa s drue, then so s Pm-i)

'l’l/\en this will be enou‘jL\ to Knock down the whole Stack

(i.e., prove  all Fhe Sl—al—e.me.«.-l.s!)

Ex: Considec +he Sezuence Q,- %’ , Qo = “g" (nz1)

PFO\JC Hat Gn s inC(‘ea\S,‘rﬁ (i-e-l Qo £ Qs ‘)C)r 974 V)).



R‘oo]c (511 induc{ion‘-) :

we w:ll prove +the Statements Fai Qn £ Gar (neN)

Bose. Case :

We f:rsJ- prove Pi. That is

, We PraU&. Q, £ G2, S{nc&

| 1+G, -
&% awd Qo mt = Yy

)

CleoJ'l:J a £ G, as needed.

Tunductive Sl—eP :

Assume now +hat FPa is true for Some neN. That is
A SSume a,,'-é ann. l,Je bdn” P(‘OV& Pm—l, 'H\&"' C\m—:éavNZ-

Incleecl )

Qn £ Qiny = l"a—"l = |"'av\u

= \+an < I"‘ ann

2 2
——— —_—
=a,"| :a“ug
=7 Ansv £ Gnr2 as desired!

TLere-fore, %_j induction Qun € Qs -for all Vle//\/, hence

{&nj i fncre.o.s:n(j. n



Ex: Once again, Covsider +the se,z‘we_m_a

al: 'li OU/\J Qw-“ = “’ﬂ ) V]e’,\/
Prove Haat aLé an <1 fa,- ol N.

PFOOF (‘OJ induction !)i

We will prove the statements Pn: % ¢ 0wl (neN)

Bose Case:

We J':irsl- prove Pi_ Sivce Ou,=iz , it s cleor +hot

\
Z¢a, 21, se Puoss drue

b

Tnductive Step:

Asswme, now 'HAo:\' Pn S 4rue Jcof‘ Some b’)é”\/. LJC

¢ 1 We have

will F(‘ove, Pt , Hiok "if Qs

|
iéahéi = 1_4--‘2—- < 1*(1»« €441
=> 1—‘-_‘i é 1"aﬂ 5 1"1
2 z 2
\r_‘ "
:3/q = CGnn =1



1 3 !
Siace /?_“' /‘i, we have /2-£an+| <1 , Qs f‘eY:L‘.F&cl!

By induckion ) 0w £ i ﬁ)r /4 VlG.[N,
J _J

We hove now shown thot +he Seti_\kewce-

Ql = l/Z. ann = H:Lan (‘AGN)

) "W\CFQ-O‘S'-“J (\nence, mano'i-one_) ond bounded. Thus, bj
the Monotone Sexi_ue.nce_ Theorem ?ang c,omle,rﬁe,_s‘.

Once we know L = [im Qa exists ,  We do the -Fo”ow:r\ :
n-00 (j

B G A, A0
- 1+amn = ‘™ ,:" * +1d,
me 2 N—a 00 ‘\‘3-1:1»' = n;M 5
1+ L
-=> =
L 2

Heace , | Lim an =1,




©o

Ex: Counsider +the .Sei‘uewce {O..,.gml 3i\}en bz

a|= L and QAun = l ) nz 1.
3-Cn

Prove Huot +he Sezu.ence COnverjes ond ](:‘nd ts Memid

. ' !
Solution Lets write out some terms 4o see whatk's

Somj on L\erez

G, * 2
] |
0. * 3-a, = 3a - L
= LI
a3 S—Q*a_- 3-1 < O_
. . 4 - oz .
QT 3R, T 31 s 94

We 'H\ere,]core_ Suess +hot

G)Y O<4<ané2 fOFQﬂ”, ond

EP) ?an} is decreasing.
o

We will prove these stotements separadely.



() ProoF Fhot Oz0one2 for ol N

Fo is the statement thot 0<an<2 (n>/1>

Bose Cose:

We have @ =2, hence 0¢Gi¢2 | so P is +rue.

Twnduckive .S‘l‘e.F :

Assume +hot B is feue )C°‘" Some N, So 0<4Gun £2.
We will FI'DUC_ Pm-| , that 04 Qun 42, Ino(eed )

O <0 ¢2 = 0> —-an > -2 (Mu.H:rlJ 53 -1)

= 3% 3-an > 1 (aad 3)

|
= ‘5 2 3-an < 1 (re.ca?roca-(-eD
——
= Qs
= 1
= 2 “ Auat < L

C/omsaLuenHB, 0¢ Qun e 2, So Fon is drue.

?

BJ ivdwction, 0¢ O, £€2 for ol n.



(ﬁ) Proof +hat {ang is decrms:/\j

Pa

s the statement that an 2 Ann (n2 1)

Base Cose:

We will prove P, Hhat @, 2Ga. Tndeed, a, = 2

and &, 1, hewce Q,7Qz.

Tnductive Step:

Assume +hat Pn is true —for some N, So Gun 7 Qus.

lA)C W;“ FFOVG PV\H ) 'I'L\O\‘I' Gy, >/av\l'7- . IV\dGCC’,

On 7 Quer = —Qun £ - G (Mu({irb 53 -1)

= 3' K € B_CKVN-: (a.da 3)

i te
3-Qn 3_am—n (‘"CC PPOCA )

J

a“;‘ >/ avu.z R as des:red

iV\AuC-\-iOV\ ) Qw 7 avu; {0\" all N

hence %an}

S decreas:nj.



Okag! We've SuccessMJ Shown +hat {Qng is  both

boundec\ &V\A Mono'|-ovnc.,

hence {Qw‘g Co»werjes to

o. Iimit L loj +he Monotone SeZuence_ Theorem:.

\A}\'\od' is L°?
Ans = = j.‘m Oow jfm 1
S—Qw n-200 :_': n-200 3_8_"_',
=L
= B
L I-L
- 3L-(*-1
= |°-3L+1 =0
which one is
= L: 3t > — owr limit ?
2
Since  0<aAn ¢2 , we must have 0£L£2.
Moweuver, 3+/5 . 2.618 (too btj‘.). Hence
2
f:m On = Si? ~ 0.3%2




Caution: Dont golve for L unkil you have proved
that L exists (VLs:n‘j the MST>, otherwise if

Con lead fo incorrect Co.«clus:ons!

%-_ The Sezu.evtce a,=2 and QGu = @, (n>/1>
) ‘jcvm 133 a, =2 ’az='/2' Q32 Ay = %

and hence iS Jivecjenir. Hawe\/er, if we (i/lC.Orr‘edivj)

sUrroseé thot Gn — L as n—o_ e would find +hat

| |
O"‘“ = — = f; ny = ¢ -
Q;. V\—’moo a V{>’:O alﬂ
5> L=t
L
= L1 Roth of +these are

/ wromj, +he Sezu.ence

=> L = i’ 1 doeSV\"l' h&v& a ('\Mi”




AAA 1 +ionaL Exercises :

1. Consider }he Seli»uww
\ 1+Qn
a.| = z, anu © *T (V\C N»
33 wr:hna out e fir‘s+ several tecms

L . 3 . L
a|=z, al'l-f, a3-8)

We mia}r’- be oble + 8(1,&55 an CXP“C"# ](orm Ja,r‘ {a"}:

y
N

!
T

2n - z;' (né[\/)
(&) Prove u,s:na induction that Qn = | - ? fér all neM.

() Use (@) o colewlate Lim q,,.

N-100
SO(\L‘\"-OV\i

(o) M We will prove the statements

R.: an=l-z':" V\GN-

)

BG.S& C&SC .

' L. L
\Je J(irs+ prove P, We have @, ¢ 2 and I-z7° 2,



—

\
henece G, = 1- 7', as claimed.

Tnductive Step:

ASSume now +hat Pn is +rue For Some V\GN) So

|
Qn = |- 5 . We will |°rove_ Pm-n, hot Gy, = |- 5_"*-.
Twndeed,
R T . I
On= 1-2 2 e = 1 (1-5)
= |+an - l:a,-é';“.:
XN 2
~~~~~~~~~ =Qntr T T I- 2"
= Qo = [~ Sm
|
Thus, la:) induction , Qn = I—E o all neN. -

Cb) T+ now eo,sj to determine the behavior o,( {an}

as n—cw. We have
li A, = ' - "—.. = -0 =1|1
y\—vmpo ;\(—:’;’0 (1 i> i

!

(o]



