%8.6 — Portial Fractions

This +e.c,l'\mcLue is usa-Fw( for eVaLm+;nj 'Sg(—:?)clx)

I P+°~V\
Where P, Q are Fo{jnomiw(s awnd mportont

a Ssu mP-}-:o.n ,’

/
degre& of Q(x) > dejr‘ee_ of PG

Moh\/ahnq EXamFICI j 3x+1 dx .

X +2x -3
Looks '\'0“3""“ but +thece’s a drick! e can write
(clne.ck -Hr.s!)
Sx+ | _ 3x+1 ;/ 1 , 2
X% +2x -3 (x-1)(x+3) X-1 X+3

This is called o partial fraction decomposition (PFD)

and i} makes im+ejro.+zon much easier! Tndeed

Stnce 5 x'...a dx = da|x+al+c . We have

(Exerc:.sc,! Led w= x» a.)



3x+ 1 dx = 1 4+ 2 dxc
X+ 2% -3 X-| X3

=ﬂn

X—l“* Q,I.r\ Xx+3| + C

Cool! But Vow can wWe ][;nd Pou“-lial

)tra.chon duomPOSihons owrselves 2?

M: Fu’”j fac-ior +he denominator into )@'ncw‘

terms (ax+b) and irreducible Qquadratic {erms.
F

axtrbx+e is irreducible i it has no real rools

(eguivalently, if  b'-Tac <0)

e.q. I I _ |
3 = =z —
X2+ Ax3+ X X (xt2x41) X(x+1)°
I:nrew- Lineor (repeated)
X+ 2 _ X+ 2
X Ux " x> (x*+4)

Lneor (repeated) irreducible quadratic



S+€E 2% Wride down the form C)'F the PFD.

Distinet  Linear fadors each 3c+ a constant nNuwmerator

in the PFD, and repeated Linear fac’rors 3&{- one

constant per pPower.

Constants (+o be determ:ned)

N
%-_ l A . B The {orm of 4+he PFD

(X*Z)(X*‘l) X+ 2 X*L'I d‘f"“ds °“!j on +the fa.c-l'ors

in the denominator.

X+ 1 C D The vnwmerator will onla
= - * offect tne Volues of

(X"Z)(x*"’) X+ 2 X+Yy ‘he constants.

One per power One per power

7 N\ 7 O\
_* _ A ,B,c D, _E

- 2

X (x+1) X x* x> oxa o (xen)

Distined irreducible quadratics  each get @ Linear
=

numecrator (AxtB) in the PFD. Repeated icreducible

wadratics et a Ldineor numecotor er cvoerl.
L J i

e.q. l A N Bx+C
<J E—

(xe2)y) X+ Xy

n




X+3 . A, Bxtc . _Dx+E

=

% (DO +x +H) X Yad X+ x+Y

xZ+x+ 1 _ A , B , &x+D N Ex+ F +Gx+H

R R R T I D e oy

5‘\'(’.? 3. Solve for the conSionts A,B,C,e'l"-..

Lel's see an example Of Fhis !

3x+ |
E' : in o .
Ex: Find the PFD for —o
Solutrgn: —SX¥l . _Bx+l A , B .
%%+ 2x-3 (x-1)(x-3) X~ X+3

Mu.l'\-'\?l\a both sides ]93 the denominatror of +4he LHS:

X-1 X+3

Bxel = (x-1)(x+3) <L+ R >
= 3%+l = A(x+3) + B(x-1)

We con Solue ]Co(' A ond B ’pj P,ujjinj in Some

nice volues qur X :



X
[
!
-

\

A-(143)+ B(1-1) = 4A = pA-=1

X
I
Lo
J
[
o
t)

A(-2+3)+ B(-3-1) = -4B = R=2

3%+l _ A B ! 2
X% 2X-3 Y- X+3 X~ X-3

\

Ex:  (Calculate sz+x+8 dx us;:,j o. PFD.

X3 Hx
Solukion: X +x+ 8 . X*Prx+® . A 4 Bx:C
X+ Hx X (x*+4) % X+ 4

= 3% 8 - ><<x=+q>[§+ E;(X—fl—}

= ix3 AGd) + Bxs Ox

X=0: ¢=4A+ 0 = A=2

x=1: 10=5A+(RB+C) = O = B+rC se both
=5.2 eguotions
A
-I-oae&-B
x=-1: ¢ =5A-(Rep+C) = -2=R-C ) endc!

=5-2



Adclmj the e,:z}ml:ons = 0+(-2) = (R*c)+ (B-C)

= R=-1 (hence C=-B=1)

Bx+C - |2, -X+1
X+ 4 X X*+ 4

Ths,  Xcrd A
X+ Hx X

Xoax+ & gy !

Lets now evoluate
%>+ 4 x

Xax+8 e = | 2 dx o+ | XU dy
X3+ Y x X w¥t+ y
—_

\_’—\/—/
2 Ln|X] Horder... lets split up the inkjrd'.
|
= 2 .[mlx| — >z< dx + " d x
X+Y X“+Yy
Y U
Wosubl s Xy brig swbl X7 2tax6
du = 2xdx dx = 2sec*0d@

L dnlx| - i/ du + I— . 2se*® d6
u X Ytan®® + 4



= dnlxl - A—J'—Au + J 25526 d6
u 1(tario<1)

Sec’®

X Lalx| - lz[mlu| + I?J 1 d6

| . | X = 2tand
bl = T talxed | o L0 o (DI )

: - L : 1 arctan(x
L Lnlx| > I,ml)( +'—I| ¥ > orc aw(2>+ C

3
Ex:  Evaluaie X - 2x dx
Xi+ 2x 4]

Dont+ use rarﬁal ][rachons 'je:l.’ I.Y- +he dearee,

og Hie numerotor is arecu‘er +han or eluaL +o

the cleﬁre,e, of tHre denominator ;| start with

l.ov‘\j division!




Asaée,: Pobmomaal_ Lo./j Dlv;sron

2ol
EX: Consider +he division X ZAx e

Fiest, sek up the low:j division. - > x2+;{x+|ix3- ax “

Next, What do we need +o MuH.‘P‘Ij

X
Hee |W3es+ ferm in the denominafor lz+9\x+ |>£-¢2x
--------
A
\DJ Yo modch the largest teem in . 7
e e
+he numerator? Write +he answer
at the top.
yw»(&i?l_‘jl.
Multipl the denominator by 0 e
J J X

2 v K
X+ Ax+ | ) X -2ax
3
-(x7+2x* 4 x)
reswl} from +he nNumerator. -2x%- 3x

this answer and Subtract the




X -2
Repeot the process until , 2
X+ Ax + | ) X - ax
You obtain a Pol(cjwomta.l. with 'X ‘(XS" 2%2 4 X )
2
Smaller cl&tp'e& than Yol -2x -3
J T el _<__sz_‘_{¥_2\
denominator . e T e T X2
X - 2, Quotient
The POl:Snome al Hhe +v‘o is Z+Rx+|) xz - Ax
3
+he lu_o-l—;cn[-. The Fol:jlnomiou( ot "()( +2X2 -+ X)
S -2x%-3x
He bottom is the remainder, el —(~2x*- 4x - 2)
-------------- N>
Remainder
r@u.o*l-ien{'.
3 4——Remaindefs
- X+2
Answer : X"~ 3aAx - X-2 + ———
i+ RXx+ | V X2e2x41 VW
Eo.sy 4o imlej rate Use partial frac-hons.’
e hove Xf2_ . x:2 . A, B_
R+ | (x+1)? X+ (X+)?
= X+2 = /-\(X4l>+ R



x=-1: 1= A(c)+B = B:1

X=0: 2=Aln+B = 2:A«1 = A-1

— 3
| l/lus' )(2-2)< - X_z n A + B
X+ Qx| Xt (X‘n)z

\ I
+
X+ ()(f|)z

= :
x2 2 X JX = ()(-2} dX + ‘ dx + ! dx
X 2| X* | (xr1)*

1

X-2 +

Cu=x+l
du = dx
2
= X _
> 2X+)€W|X“|*J‘%du
_ 2 [
= L_2x+/@m|>(+\’—_+c/
> L
_ 2 \
L—Zx«“«@m X+l = ~ C
2 X+




/‘\dclil'.onal_ Exerc,;se,,s 2

1. Eveluate each m’fe_jrai below.

(@) X dx (b |5%8 4 (o) | 2¥*-5x-4 4
X*-4x-5 X3+4X2‘“‘/X 2AX+1

2. In\-e.sra.{-e, co.ol« fwnc.hon Savu\ its PFD below:

W X2 -, _L__S
(Faxe)()* x*raxeR X+2 (x+2)°
X-3x+9 _ l 3 x
b 3 - 2 7oz.aN3
& e IO
Solutions

1. (& The PFD of Hae ‘f'uvlc,{".on is

X . o_x . _A B

= +

X:-dx-5  (<=-5Yxr) X-5 ~ x+i

X-5 X+l

= x=(w€xm0<A 4 B>



= X T A(x+1) + B(x-5)

X=5 = 5

\

A'(Sﬁi)"B(}é) = 6A = A=

X
|
P~
\/
|
-
[{]

A1) s B(-1-5) = -6B = R=1

(193 The PFD of the -j:uwd".ow is

5x+ % _ 5x+8 _ A , B C
XErx s Y x X (x+2)* X X+ (x#2)*
= 5x+f -

X(x+2)z A, B ¢
X X+2z  (x#2)?

=2 5x+3 A (x+2)* & Bx(x+2) + Cx



When X=0: 5(0)+8 = A(o+2)' + 0+ 0

= 3% =4A

Whea x=-2: 5(-2)+3 = 0+ 0+ C(-2)

When X=1: 50)+% = A-23"+ B-1:23+C+1

} _— ~—

=18 =1
Pluq in M3¥k363 . N
else +o find B = 13 = 19+ 3B
> (=3B
= B=-2
_ S x+ 8 o) 2
Our PFD is = -
XirdxrYx X Xr2

Sx+8 dx = (2 -2z, ! >c]x
X3 dx?s Yy X w2 (x42)



(x+2)*

t let w=xe2

= Qx| = 2 Llalx+2] +J; dx

= A (xl - 24nlxe 2] + Ju-zdu

= 21n|)<|—2fn|x+2|— xl+2. + D

() Well start  wilh \ov:j division.

X~3
2x+L )axt-5x-4
- (ax* +x)
—6x-Y
—(-6x-3)
-1
Thus | Ax-5x-Y4 - x-3 — _|
Ax+ 1 AX+|
= J Ax'=5x-Y dx = J(x-g)gx_j l dy
Ax+ 1 2%+

t W= 2X%¢|
dw = 2dx



2
= A — -1 I_ O(U
No PN‘*\-':&L 7 3)( 2 J w

fcachons needed I

T 2;—2—3x ~ 5 Aa|2xet| v C

(=)

Xs_l Ax = l—Ax.;. , JX-; ! dx:
(% s ) (x+ )* X2+ aAx+R X+Z (x+2)*
——

W_’k_w

Complete +he siwe! = falxe2] U=Sub: ez X+2
du=dx
: ‘ dx + An|xs2| - § '—2du
(Xl-\)”a- | [V
\m/
'\'Nj sub: X¢l =tan®
dx = sef040

:J ﬂde +ﬂ,\|x+2|_5[“_"]

Lan'g+1 -
\_\(—/

= Sect®

1d6 + ﬂn|x+2| ¥ 9
W

9+1nlx+2|+ 5 + C

Xe 2



Orcton (X+I) + ﬂn|x+2| + X5+-7_ + C

() [ xP3x+® dx = | 1 dx - | 3x 4y
(e 7)° (<2 +9)" (1)’

— - —~—
+“3 sub: X =3tand w-sub: W=xX"+9
dx = 3sec*0do du = 2xdx
(so dx = d\%_b

T 350 o — | Bx . du
(ears+9) U e

; J 3350 4o "éJu-'gclu
?2(£Qn10 * 1—)1 z

Sect*®
- P -L
- | Sec*@ 4o — 3w y C
21 | sect 2 -2
\ 2 3
= —— | cos’0 do + +
2 | g ©

1]
N |,_
~
L___ﬁ
N
—_
8
&
n-
©

= | 5-‘/\29:) 3
G "‘ + 4
L’(Xz" 7)?. C




Lets convert back o X's!

X=3tan0 = tan0= X = opposite = G = arctan <%>
3 qdjm::n-\-
4
Sin2b =}/sm9cose
{x9 2 -4
X
X 3 )
) o N - ( )(
3 7 Vx4 Ux2:9
. _3x
X*+9

- X -3x+ T dx - | $in 26 3
J (x*+9)? ﬁ[9+ 2:) T

2]

| 3x 3
— | artoan ([ X)) + +
Sq[ M(3) xz*?J T




