









8.7 Numerical Integration

At this point we have learned a variety of integration

techniques and can integrate many types of functions But

can we integrate every function No

e sin x2 cos x2 since entry
3 1

don't have elementary antiderivatives lie antiderivatives

pressible as combinations of exponentials logs trig functions

solynomials etc Thus

Jfe dx f sink dx etc

cannot be evaluated using the FTC Our goal is

therefore to learn how to approximate integrals that

We can't easily evaluate



1 Rectangular Approximation MATH 116

We can approximate the area under a curve using

left endpoint or right endpoint reitangles

yn

fix Using a sub intervals of a b

we have DX b
na andA ArAs An

Xi at i DX
axo x Xz Xs xn xn b

Thus if we use right endpoints for the height of each

rectangle we get Ai fixilox and hence

f fix dx Area A Azt An

fix lox fix a ox t flint ox

Ox fix flat f xn

Right endpoint RiemannSum

Let's see now see how we can approximate with trapezoids



2 Trapezoid Rule

ya Using n sub intervals we

fix still have ox by and

Xi at iox Here
A Ar As An

A fix it fixilfoxa xo x Xz Xs Xn xn b
X

Z

Trapezoid RuleHence

b

fix dx A Azt An

fixoltfixilfox flat flat ox t
2 2

fkn i tf xnJax2

flxol 2f xp 2fixalt 2flxn.lt lxnl

Ex Approximate I dx using the trapezoid rule with

n 5 subintervals



Solution n 5 so DX by 3 1 0.4
5

and X at iox 1 0.4 1 1 1.4 1 8 2.2 2 6,3

We have

1 dx fflxoltzffx.lt flxzlt2f1x3 2flx4ltf xst

024 It 2 5

1 11027 r Howclose is this to the actual
value of the integral

We define the error in our trapezoid approximation to be

Tn lactual area approximation

In our example 1 I dx In In 1 In and so

Ts In 1.11027 0.0117

Q How can we understand the size of the error

without already knowing the value of fix dx



Error Bound for the Trapezoid Rule

If we approximate fix dx using the trapezoid

rule with n subintervals then

Tn M b a

12m

where M is an upper bound for f 1 1 for e a b

Earlier we approximated

y
dx using the

trapezoid rule with n 5 The error satisfies

Ts Me D 8M
300

where M is the maximum of f Ix for 1,3 We

have fix f x f x Is hence

f 411 2 for e 1,3

Therefore Ts

this is our m

0.0533



Note We showed earlier that Ts 0.0117 which

is indeed I 0.0533

Q In the last example how big could the error

be if 20 sub intervals are used

A Again M FEI f txt 2 so

T20 E Mtb a
3

12 202

2 13 113
12.400

0.0033

Q How many sub intervals would we need to

guarantee an error of at most 0.0001

A With n sub intervals we have

Tu
2 3 113 4 s

12h2 3h2

If 0.0001 then IT will certainly be 0.000



4
3h

0.0001 0.0001 m

4
3.0.000

m

4n
0.0003

115.47

n should be at least 116

3 Simpson's Rule

We'll now approximate fixidx using parabolas

A APPLYp
f

fix

a to X X X X Xn Xn Xnb

Each parabola occupies 2 subintervals so the number of

subintervals n needs to be even in Simpson's Rule



In this case DX by Xi atiΔX and

b

fix dx Δ f ko 4 4 1 27121 47131 t
a

2f 4 4ffxn i flat

f Xo f xn 4f odds 2f Xevens

Simpson's Rule

Furthermore the error in this approximation

Sn lactual value approximation

satisfies the following inequality

Error Bound for Simpson's Rule

Sn
M b a

180n4

where M is an upper bound for f 11 for a b



Ex Cal Use Simpson's rule with n 6 to

approximate lux dx

Solution DX by 42 0.5 Xi atiox 1 0.5

J lnx dx fix 4flx.lt ffxz1 4f X3

2f1Xy 4ffxs f1x6

0
end 41m1.5 2 In 2 4th 2.5

293 41h35 In 4

2.545

b Estimate the size of the error from la

Solution To get M we look at f x1 for fix

lnx.fixl f 11 f 11 514161

Hence for 1,4

f 11 9 6.2
M



Thus

180,4
6 4 1

5 0.0062515 M b a

180.64

11 How many subintervals n would we need to

ensure the error from Simpson's rule is 0.0002

Solution Again we have M 6 If we were to use

n subintervals the error Sn would satisfy

Sn
M b a

5
6.35

180 n 180my
18h4

We'll choose n such that 8h 0.0002

0.0002 1 0.0002 n

n 0 02 14.19

Since n must be even n 16 will do



Additional Exercises

Ex Approximate
375 dx using

a the trapezoid rule with n 4

bl Simpson's rule with n 4

In each case estimate the size of the error

Solution a
Y L and hence

a iΔX 1 0 I 1

al 1 375 d 42 f101 281 1 2ffxzltzffxsltflx.ly

352 2.3.25 2.3.5512 2.3.75 45

23.25

Since f x1 1 3 and f 1 1 3



for 0,1 we have

f x 451 37 145 11 31 152

T
our M

and hence

T M 0.0391

b Using Simpson's rule

1 1 375 d flott 4 fix 27127 471 3 fla

54 3512 4.3.255 2.3.5512 4.3.755 452

23.21

From the derivative calculations in a we have

f x 1,51 35 and f x 15,1 35

hence for e 0,1



fully 4561 37
32 161 31312 16 0 37312 45,1g

Therefore the error satisfies

S4 E M b a
s

180 my
0.5413 1 035
180.44

0 00001175


