§8.7 — Numericod TInteqration
J
At Hais t>o.‘mL we have leoarned a Var:e,Jj of fn-}c‘ji‘a.'}n'on
-I-eclzm'.ot_u,e.s and cCon ;n+eJrer, MMJ -}Jpe..s of fu.ncJ-rom. But

con e n‘n-l-e,jra.l-e_ e,ve% qu.nc-l-:on,? NO.’

x7.
e | S\‘n(x‘)) cos(x?), Sin(eX) i x3+ 4
s J)

Lax

don't have elementory antiderivatives (ie., antiderivatives
14

expressible o5 combinations of exponentials, logs, g functions

Pol:)nomwd.s, &-I-c) . Thus,
1 T
exz dx J Sin(¢) dx , ebe.
0 0

Cannok  be evalwated wsing the Fre!  Ouwr ool is

-H\erc—fore_ o learn how 4o approximate imlcjt\a,/s Hoot

We con# eas:ly evalwate .



1. Rec.-\-o\nqu.lw‘ ApProxIWwJ—ion (MATH D)
L) 1

We can qpprox:mmle, Hhe area under a curve w-‘nj

lef+ endpoint or right endpoint rec{-omj(est

Iya
%7 uS-‘nj N Subintervals of [a,b],
we have | AX= b-a | and
A. Az A; An n
> X X; =Q+ iAX
WX, X1 Xz X3 - Xem Xach
——
ax

Thus, if we wse NJM' endpoints J(or +he Ine,in- of each

re,c,\-omsle, we ﬁd- A{=S-(X5)AX) and hence

b
J )f(x) dx = Area = A, + Ao+ - + A,
’ - Jeyax » FOa)AX + 4 flx) A

= AX [f(x.)+ flxey+ -+ J[(X")]

kliHv—anPo-‘n"' Riemann Sum

Le-Ps See now See L\ow we Can qffl‘ox.'MMLe. with 'I'que%o:cls!



. Trqeraid Rule

I,Lsrnj n Subintervals | we

YA
_ joo [ Skl have AX = b=a and
"4}
Xi® A+ 14X, I"ICFC,
Al A"- A} An
' > X Ai = | &)+ £(x0 AX
a.:xo X| Xz Xs - xn_l X,,:b ? 2
~—r
Ax
He e Tropezoid Ru.|e.|
nce ..- _

feadx = A+ A+ o AL

0

i ,

- [f(x,hf(x,)J AX # \:]c(xl)")c(xz)JAx 5o

2 2

cee []C(X..-.)l-)c(xn)J AX

2

i ATX [}(xo) » 260x)+ 2f(x)+ - + 2f(xn)) + f(x,,\]

3
Ex: ApproXimaJ-e J 1 dx using the trapezoid rule with
X

n:=5 Subintecvals.



Solu.\-:of\: V\=’5’ So AX = b'q = S3-1 =
n 5

= 0.4

alN

and Xi = at+iax = 1+o0.4; (=1, 1.4,1.8,22,2¢ ,3>

\We. ‘Acwc,

3
J l7 dx =~ A—zx[f(xo)d- ZF(X,)J— ZJC(Xz)v)— Zf(x3)+ ZJE(Xq)f :F(Xs)]

N

= O-Lf ) 2 2 2 )
- | — ¥ — , — 3+ — + + T
2 oy 1% 22 2. 3

20

Ic 'l 027 \How close is 'Hnis + ‘Hn.e octual

value of +he .‘n+e_jra.1?

We d&fia& -HA& error wn owr h‘o\?eaozd aPFrox:Ma.J-ion to be

Ta = (acual area) — (Q.Ppl‘oximad-'.an)

ond  So

/

3
Thn owr example | J 'de = 1»13‘/@11 = .[n3

Te = L3 —1.11027 =~ -0.0117

Q: How Can we wunderStand the Size of +he error

b
without a,(.reaudj KV\owinj the value oF /JC(X) C’x.?
a




Ercoc Bound {-\ar the TraFe.Zo:d Rule

b
I we approximote J f(x) dx using the drapezoid
Qa

rule with N Subintervods Hen

)

T | < M-y
IZn*

where M is an upper bound for |f”(x)| f" xelab].

3

Ewlier' we approximated J’_o’x us:r\j the
X
I

= f(x)

'\'rq‘:ez_oid rule with n=5. The error Sa.hsf-‘eg

3
—]' Z M(") - gM
|75 < 15" 300

where M s the maximum of |£°0)]  for xe[13]) e

Ir\awc, JC(X)= —)'(— ) fl(x) = :;—— , f”(x) = Z hence

2 x3)
n 2 2
Fel = [55| ¢ 2 _fr xel13]
r\—n“'s is owr M!
EM  _ 16
_l_\nereﬁore, \_r_‘gl < 200 - 200 = 0.0533.




Note: We showed earher that |[Te| = 0.0117, whick

s indeed < 0.0533".

B Th the last example = how E:j Could +he error

be i,ﬁ R0 subintervals are wused ¢

& Aﬁmml M = IT:?:S |JC"(><)| = 2, So

M (b-—a)3

12 20°

| T2 |

. 262y
|2 400

= [0.0033

B How MM\J Suwbintervals would we need o

juw‘an*ee, an erfror o]C ot moSt 0.000J_?

A Wit n subintervals, we have

If 3‘3? £0.000)  }hen 'T,\| will Cer-l-a:t\l:] be. < 0.000) !




2

ul ¢ 0.000] = % £ 0.000]-n

= 1 s p
3-0.000|
— n;J‘/_ ~ 115.97
0.0003

= [N should be ot least 6.

3. S iM?SOn‘S P\u.\e.

b
We'll viow o.rrrox'.ma’re. f(x)dx us:nj Fo.ro.loola.s!

Qa

.
Pas ,_\,o\as

v

&=x0 Xl X'L x: Xq et xn,z x"., xn:L

Ea.ok Par&bolo. occu.P;cS & SubinJ-ewals, So -H\CL nu.\mbe.r o]C

Subiatervals ;| n, needs 4o be even in S:MP.Son's Rule!

)




Th this case, AX

= b"&
N

, Xi=ariaX, and

b
J JOo = 55 [f(mwfcxm 2f6a) 5 £ (x) +

QJC(XLI)-I- cee + L/J[(X"-l) + f(xn)]

* f(xn) + L/]c(xodds> M Zf(xevensx]

71 - % [f(xo)
\

Simpson's Rule!

Furthermore | the

ecror in +this aFFr‘o)('\YVIa+:on,

Sn - (aC-}uw( leue-) - (aﬂ:t‘ox:maé;am)

Sansf:es +he follow:ncj incz\ual.ﬂj.

Ercor Bound for Simpson's Rule

Sa

M (b-a)’
180 n'

where M is an wpper

bound focr | f(q)(") | fOF X‘[q ,bJ .




Ex: (&) Use SimPSon's rale with n:=¢ o

Lf
6{PPFOK5MA+& J L x dx
:

Solubion: Ax= bz = Aol . g5 | Xizaiiax =1+05x
¢

1 A
J Anx dx = TX [f(x,) » 4f06) + 2 FO) + HF(Xs) +
) + Zf(Xq) + VJL(XS) + f()(g)]

- ﬁ[zmi A5 e 2 GnD s Y025 4

2
+ 203+ 44354 1,,4/]

1]

2.595

(b) Ectimate the size of the error from (2).

Solution: To geb M, we look at £ for F0)= Lax.

F: | fea=35, $007 =5, §W0)= ‘%
Hence for Xe [1,'1]) our ™!
‘ -6 6 'd
[§90) = [Sr| < - e




Thus,

"

|Sc] & MG-a) o 6(4-)7 = [0.00625
180 180 &

((’.) How mo\,nj Subintervals , M, would we need +o

ensure the erroc from Sim,o.Son's Fule is < ©.0002 ¢

Solution: Ajoan, we have M=6. T we were to use

n Subintervads, +he error, Sa, would sa+is{«]

M(b-a)°  ¢-3° 2
180 - n 120 n 1on

|Sal €

We'll choose n sweh +hat % ¢ 0.0002
8‘ Z. s 8,— < Yy
On < 0.0002 = 0.0.0002 S n

g N
= 17 Voo = M1

Since N must be even n =16 | will do.




/A\AdlL‘\on ol Exercises:

S/,

]
Q Approx'.mo&ej (X*3> dx usmj
0

()  +he "'FO\FQZOEd rule with n=¢4

(b) §:m|9$onlc rule with =Yy,

Tn each cose, esfimate the size of the  error.

Solut;on: AX = L& = 1m0 - 1 ond hence
n 4 4
Xi = a+1ADX = f+— (=O,j,?—'_,%,l>

|
(qu (x+3>5/'zdx ~ ATX [f(o\+2f(><-)4Zf(x:)+2f(x;)+f(xq)]
6

|
=z [3%* 2:325 %+ 2:35%4 5.3757, LI%]

?

R3.35

LY

Since 0= 2 (03" and 0z 7 (x03)]



foc xe[01], we have

| $%691 - |'—:(x+3)/z

2
R
Our M !
ond hence
IS 3
. M (b-a)3 Z - (1-0)
R T e 0.0371

(L) Usinj Simpsons rule ,

|
J (X+3)5/2dx X j;—x [f(o\+¢/f(x.)4Zf(x,)q-Llf(x;)d-f(xq)]

"

|
ﬂ [35/,_ *‘1-3.255’2 1235, 4.375% , z{syz}
3

23.3|

2

From the derivative calculations 3 (o) we have

") = 15 [xaz) 2 Wy = -Is %
5 (%) 8_()( 3\) and f (x E()(+3> )

hence 5 )co( X€[°.1],



" 15 &2 ~ 0.54I3

T le(ees)¥e T le(0n)t T

|f(q)(x‘)| - T—z_(XJB)

Therc,gore., the ecroc  satisfies

S
s, ¢ ™ (boa) = 05913(-0) - (0.00001175

120 - N 180- &4




