
 10.5 New Taylor Series from Old

We can use the Maclaurin series for ex Sinx

cost and to quickly obtain Taylor

and Maclaurin series for related functions

Ex Find the Maclaurin series for fixt and its

radius and interval of convergence

al fix xe

Solution We know ex I for xttos.co

Thus

xe XE Y E x
n

and

this series will also converge for Xe fo est

So I f 0,07 R D



bl fix Sin x

Solution We know sink E l i x

n o 124 1
for

xel cs.cl Hence

sink c it lx int É l ignytntz
12nti 12nti

and this series will also converge for xtf o.co

Thus I f co ol R D

al fix six
Solution We know it x for 1 1 1

Thus
3 3 is

need y c 2

Egg

new

1 1 3

Xf 13,31



I 231
This series will converge for x in 1 13,37 so 12 3

Idl fix x
4 X2

Solution Again note that it Efx for 1 1 1

Thus

4 2 4 it

need Y 21
Y item

pygmy
1 12 4
1 1 2

Xt 12,21

4 E tiny i i nxants

94 4mi

This series converges for x in 1 1 2,21 so 12 2



Ex Find the Taylor series for fixt ex centred

at X 4

Solution 1 Note that f n'txt ex for all n and

hence f
n 141 e for all n Thus from the definition

of the Taylor Series We obtain

E f 1 4 I g lx 4
e't e lx 4 lx 4 t

Solution 2 Starting with the Maclaurin series for

f x ex we have

ex Y ex 1 47
n

ex
e4

x 4 n

n

e x 4ex Eon



We can also obtain new Taylor series by differentiating

or integrating a Taylor series term by term These

operations won't change the radius of convergence

Theorem If fixt Cn x a with radius

of convergence Rs O then

hit f'txt
g
en.mg ay

Note that differentiation

kills the n o term

i e the constant term I

hit fix Ix E.cn a7 c

and both of these series have radius of convergence R

Note While differentiating or integrating a power series

won't change its radius theymay change the interval

We need to re check convergence at the endpoints



Ex Find the Marlaurin series and interval of

convergence

la fix 1,1 12

Solution Note that

city fix E x Eux
Since I

1 y É x has radius of convergence 12 1

so too does our new series Thus we at least have

convergence for it f 1,1 We check the endpoints

X I E night q n
Diverges by the
divergence test

x I n pgym
a Diverges by the

divergence test

The interval of convergenie is 1 5 1,1



b f 1 7 1,1 73

Solution We have Radius R I

1 13 at n nimix

Hence f xp
n x with radius R 1

Exercise Check convergence at 1 You should

find that I f 1,1

let fixt arctance

Solution We'll start by finding the Maclaurin series

for fx We have for convergence we need

1 21 1 5 1

1 1 2 IR L
v

Hx my
I xD EI tix



Thus arctanix f it dx

E c i x dx

E Ing c

We can find C by plugging in X O or in general

x centre

arctanto LE 1172p C C ar tanto O

Therefore

arstanixt If c i x x XI g t
ant

The radius is still 12 1 so it converges for XE 11,1

Let's check the endpoints



X I Ey g ping
anti

anti If n't Convergesby
the AST

x I Ey c 1 I 17 fi converges by
anti anti the AST

I to addpower is just 1

Thus the interval of convergence is I 1.1

Additional Exercises

1 Use integration to show that

In ttx E c i x
nt

X It Y y't

with interval of convergence 1 6 1,1

X
2 Find the Maclaurin series for f x 3 xp

and its interval of convergence



Solutions

lat First note that

it x tax I 1 x Eg inn

with radius of convergence R 1 Hence

In ttx it dx

Et i x dx

in it c

also with 13 1 We find C by setting X O

en Ito E amniotic c en 1 0

We therefore have

In It x If l i X
x I Y Y t

Ntl



Lastly We check convergence at 1

L It converges

by AST

1 LY E a in 15 I 3
Ntt

n't
harmonic series divergent

Thus I 1 1,1 as required

Ibl Note that I with radius R 1

1 1 Ix E hx with R I

Replace with

13 12 32 512 1115112
For convergence

n f Int
need as

3.3



Isnt 1

ni ith
t

3

Exercise check convergence at the endpoints

of 1 3,3 You should find that the series

diverges in each case hence

I 1 3,3


