Applications of Differential Eguations
) L

Differeatial euations  can be used to model all sorts

of continuously changing o evolving Processes, inc(uc!mg
J v J U

° hea.l: {:rom_s fer

. Proro.sal;;or, o{: I;JM: /sound/wm‘,er waves
« Vibrations o{ o 3u2+w’ sh-:na
« Movement of celestial bodies

Thn this section, well explore Haree applications

0{: the firs{—-m-de.r DEs from é/SEL awd éIS.S_

@ Newton's Law of Hea.finj/c““”\j

This |aw Stales

The Jre,mPcra-}u.re_ of an objec.Jr dnavrjes of o rate
proportional to the difference between the temperature

of +the objed and the +cml>era+ure of its SurroundinJS.




We coan describe this Ma+hema¥:Caﬂ(j us;tj o DE:

temperature of object at time

4
_j’l’ = -k (T(f)—Ts)
t / N
FW[’O(HOII&-(?? Constant temperature of

Sucrroundings Constant)
(deFends on ob]‘ecié Material f’f‘orer-l—.'e_s) j (

We can solve this (SePaJ‘o.ble.) DE 1o delermine

the +e.M|>er0.+u.re. func-hon (&Y.

d_T:—K(T—Ts) > | ——=dT = [-kdt
dt T=Ts

------

~
______




Remorks :

(i) We. cown Solve far A and K 8“’“" ini‘['io.L C_ondiéiovls

GYAs t— 00) we. have

0]
T = Ts"'A%/KlL Ts

That s, the Lc.mpera:l-u.re aFFr‘oo.clac.s the -l—eMPercchre

of the Sucroundmjs, as we would expect !

Ex: A pot of um‘a, is heated to FSC and is

?\aced in oo ASC room to cool. After t=1 l'low*, the
C,urrc\j hos cooled +o 35°C. What will the c,urrd's

{-cm,:e.ro&w'e_ be afécr t-2 hours in +the room?

Soludion: The Curl‘a, Cools accor-cl:ng o the DE

dT . _ _
T k(T-2a5).




Feom our earlier work , Wwe Know

T = 25+ Ae

'L(s:ng T(o) =45, we have

HS =25+ Ae® = 25+ A = A:=20

'l/(s?zj T(D = 35, e have

35:35+20e " = p - 20e"
= e-k - I/Z
= K = -.»em (‘[z>
(%)

'Thus, T() = 5 + 20 €

oyt L
. 25+zo[e£"(/2\] = 35 +20(3)

The £empera+ure_ at L2 houcs is then

T(=25¢20(%) = 25+20(3) = [30°c




@ Pofw\OJL'\OV\ Girowth

Nnetwral /exponcw-\-:o.,( grow%\

/

We'|l s‘mcj«J 1o models
Logistic rowth
grere d

1. NOU\V.TG»( /ExPoﬂevﬁ?d GPOLJ'”A

LT this model,

Fofu\atiom c_lAamaeS ot o cote +hat s Fropor’r'.o.nai

o the Size of the Po‘bu\a{‘:on at time t.

/‘\S G cl'.{(eren'{;ovt e o(oc[;on , ‘HAi.S is

PoFu(a-lion ot

/ time t
4P . pio

dt 7
/

Froporhov\ uﬂ.‘\'\i Consiont,

depends an birth /dectl, rates.

The 8eneraJ_ Solution is PCU’CQKé (exercised



Moceover s P(O3 = C,e,KlO) = C, So C is +he

iniki el Fopu\c«.{:ion.

Su.mma.rnt The Solulion to the TVP
@)

k4

4P = kP, P@=F is Pt) = Re
dt

Ex: A FoPu\&Liov\ o{l cabbits Jrows exponen‘c:au‘d, bedinnm(%
with & rabbids. After 1 Zeo,r’ there are 20 rabbits.

How momg rabbits  wi| thece be after 100 Jeof‘s?

So\w\'\on: Ft‘om oboeve ! P(t) = &,e,KL. uslqgl
P - 20, We have

20 = 2" = k- ﬂn(zzoB = Ln(10)

Hence
An(10XE t

oy
S

P#) = Re



Aftec t=100 1(/8eod'5, Prere. will be

P (o) = 2107 rabbits

C More ¢abbi+s +hon

otoms v Hhe wnivesse!

The Previous example shows +hat the exponential

él‘o»o*-\n model isn+t alwa\ol.s realistic .
P/\

This model Fredic:‘—s that  +he ]>(.,:)=P“e,kt

foPu.loJ;on will Srow endlessla! P,

A

Bld n reali'l'{], Pof?ulaéiows connot+ Sustain be(cjowo]

a cectoin Pom-l—, Known as the CoST ying Capac?#li.
U d ' d

Our next model accounts ](.o(' +h-'s.’



L. Logistic Growth
J

Let M = Caﬁ‘a,ing capac‘-*g,. Tn +his model,

POPulo&iOVD Clﬂan(jes O.ccorcl:n& 4o the go“ow?ﬂa DE -

dP P
E = KPO—H

Some in+erc.s+inq feovi-urcs‘-
dJ

P
S =0 and |heace

)

Gy If P«f"\, then

M
dP ~ kP (exponenho.ﬁ jrow-lh)

p
(i7) I€ P%M) +hen % ~ 1 and hence j—txO

(Slow of wo JCOQ'HA Since P 7S NeoS C:aPacHa,B

(i"\i) IF P>M 5 then %;L < 0 (Pepula{:iom s over

Capacity and declines)



Lets solve +his (Sefwable_> DE J(ar P({:B!

.
4P . KP(I—& = | dp =Ja<dt
dt J P(-£
[
= I dp= kt+C

U.S'.nj Pw\"-ao( {'\‘c‘d:ions, / P (M_ P)
Mo ,
P(M-f)  p M- = J(F+ ',J‘__';>JP = kt+C

= LalPl- LalM-PI = Kt

> Lo |E ‘ = kéeC
-P

= |%| . ekh-c - eké&c_
= L = tecgké

M- P

M-P ' ~c ,kE
= — = = t

P +e=eke e &



ITn fo.d , We can defermine +ne Consfont A . LThdeed R
:lg P(o) = E = :MHtOvl POFU.\al-,.‘onl '\'hem
M M . M-P
= = P = = A g
Po \+ A€° 1+ A = R + A ° M Po
Summory:  The Solutien fo the ITVP
@)
P - .
i_f= KP(I—T\->’ PQ‘)) R (S
P(‘D: M where A= M-FK
(¢ Ae—kt Po
P




Q A Po\:u.\ahon of 8ee.sc_ sforts Witk (00 8&&: aud
3rows \oﬂ‘.s\-‘ca,ua/ Wik c,arra;ng capqcila 1500 . SUPPQSe
thece are 150 Ste.sc_ a{+er 1 aew.

(°~7 Find the Popula{;m fund;cm) P“:)-

(b) Af\(er how Man(\) (\jews will the Paru|a+i0n reach $00?

Solution: (0.3 POFUL\&-\%OY\ c‘_l«an‘jcs Qccordina to the DE

AP _ P

T <P (1 o)
From above, the solution is P{) = _1S00  phere

l* Ae-kt
A - M— Po = ISQO - IOQ = )’-/

Pe 100
Thus,

P({.A - ,500 .

|+ |4 et

We con use P(LY=150 +o ind K.



= _l500 _ Plye R o 1500
50 |+ |4t > 10

T e Yy

= K = ‘Zm(q//’f)

= 10

Hence . | P(+) = | 500 . _1s00
g e g ()

(L) We need o f;,,d L such +hat PQH) = s00.

c00 - 1500 o |« ,L/(iy . 1S00 . 4
[+[q({%)t Iy $00
o (9 \t . o2 -
= [\ = &£ = L
(Iq) Y 7

E=lo % = ‘Q'A('/7> ~ 4.
jc,//‘/( ) 20 () §.4

Tl’\e Po,?u[a-how will ceach 500 aﬁLcr "'?'47 JCM‘S
(04




(3 Mixing Problems
@

Ex : A tank Contains 1000L o{- sadt woter at+ a

concentration o-F 0.5 KJ/L. Solt waler at Concentration

0.2 kJ/L 'S:(ows into the tank of a rate of 10L/min,

is ocou MiXe ond  then owS out o c
th 5Ll(] d, and {1 + +h

Some crale. ﬁ

o — ————

”——- §\\
S Y
K

. >

Detecmine the amount of selt i the tonk al time L.

Solufion: Led A(E) denote the amount of salt in
‘he toank ot time t. We have

dA  rate of rate of

dt  Salk in salt out




Here
Concentration flow

!
T (O'R KJ/LX'O Y in ) 2K o

For the rate of salt out, note that as the new

Solution s mixed into the tank, we have

Concentcodion - amount of seld at Lime t
at time E Volume at Eime ¢
= AW

1000 < \olume is Constant!

Heﬂce- ) Concentrotion f{ow

! L
r:::t (:)‘t:.d' - LM;L\_OO ﬁ/&)('o L/mir> i IOAO kj/mm

We \-b\eref:ore_ Solve  the (Sefwo\b(e) DE

dA AL
I 2= oo T i (A-200)



J L dA = | L dt
A- 200 0o
= Lol A-200] = -t . ¢
00
-t + -t/o
= |A-a00| = e 7*'C = e
-------- “\ -t 00
= A = 200it e,c,.‘e /
_____ - _é
= A = 200+ Be 7

T—\n‘\{-'.aud‘ the toank contains OS’fVL'IOOOL = 5D0/<J
of sodt, heace A(0) =500 This 3:\/8.5

500 = R00 + Be’ =00 + B = B = 300

o0

L AG®) = 200+ 300




