§9.0 (continued) — Coleulus with Parametric Curves
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The slope of 4he -I-amjem‘ Line 1o a parametric  Curve

is Calculated ac
VN

/

d
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dx /At

Ex: Consider x:t*-2t, Yrter. Find the slope

O-F the +o.njcvx-|- Line wWhen t: 2.

Soluhow'- We l’\aue_ <_:1_3<_ = At-2 and éi = 1,
d+ dt
lheace
d
Slope - 98| . _Jae | 0| [
dx dx aL-2 2
=2 /C“. La=2 t=2



:j "\ Slope n

Speciaf_ Caoses:
() I? dL:o ond  dx £ 0 at t=t, +te curve
dt dt ?
has a  |horizontal {awje.n\- Line ot t=t,.

G) I dx =0 and dy £ 0 at t=t, +he curve
dt dt ’

has a vecticok tangent ﬁ:wc ot 'l'.’-to.
J

Gi) I€ AL=O and 49 - O at {=£o,’ we mus+
dt dt

to determine the Slofe- at ..




Ex: Fiad oMt points  (x,4) where the tangent Lne is
verticol oc horizontal, +hen sketch the greph.

(&) x=sinlwd | yY=8¢", tel]

Solution: b 9% - qrcos(mt) . 84 - ayp?
— () First, 't

Horizontal Zangen Fs?
J

We need Q_: ) oand j_: + 0.

(amd dx | T cos(Tt) £0 here!)

Vectical tangends?
J

We need dx =0 and 4y 4.
dt at

X - res(Me) FO0 P b= L
dt

(and déf— A # 0 herel)
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(x(e), 3(9) (0,0) (1,1) (-1,-1 )/
——
Horizontad Verfical
—rounjen-\- To.nj ents

To sKetch +he jralﬁx} (et FIO'f ‘“.e s’ro\r-lmj FORM'
(x(-)), H(-n) = (0,—8) ) the enclmj fo'.n4 (x('), j(lﬂ = (0,8) X

as well as the above FomLs and their {.amje/nl /.'/)es.
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(b) X = cos(t), 3= Sin(2¢) , telozm].



Solwt'-ov/\'- We have 3_1‘ = -sin(t)  and %% = 2cos(ar)-

Hori‘eonlrou( ‘\'anje,wb 7 ‘\jeed J__\g =0 amé d_x ¥0

dt dt
= 3—%=Z{cu(2e):0
w7 b= tE,HEF AR
= L:-*-";",t:"—;-",i?,-- Also j—;‘=—s;4(t)¢o here!
= }- (T(/‘I, 3-"/,,/ , S-Tt/q }77‘/” Since te Lo, 2] J
Verticalk £anjen+s7. Need (j—’;_—.o and :i%a&o'

=2 -sin(t) = Q

- d
=) £=0,T\', 27T &— Also dz = 2cos(at) # 0 here!

Suvvnmo\rﬂ:

L | v, 3Tt/q S'T(/L’ 7'“/,_l 0,2 TIX

(ﬁ/z'i) (-E/z;l) (”ri/?.li) (ﬁ'/z"i) (I,O) (‘I,O)

L’/_V\/ﬁf

Hori 2ontal 'Lo.nje nts Veriical {:anjen+s

(xto), y(e))




We F|°+ +hese Foin-l'.s below ond Sketch ‘H'\e_ 5rar‘/\3

N N
t = 5"/.,, t = T/q t'— 51(/.,' t = T/q

e R
k= 31r/q t= /"l k= 3“/q t= /,_'

Acen Enclosed by a Parametric Curve

Q. What is the total area enclosed b& the [:ammcfmc curve

X = cos(d) |, j=5;n(?-t), Lelo2m] ‘S:rom +he previovs exo.mFle_?

A9
A: Due +o Snmme-\-ra ,
- ! 5%
Toted Area = ‘I'(Slnaded Area ) ty teo
> X=Cost=1 = t:=0
X=) A9
- X=cost
i L/ j dX"’dX=-s=ntd£
X=0 \"5=S=n(2t) . D

A\ 4

gy, =0
X=costz0 = 1:TY *




t:o
= Y J s:n(ll:) - (- sint) dt
t

S
A = 2 sintcost

t=0
= -L,J 2 8in*t - cost dt Let U= Sint , du-= cost dt

t: '“'/z

< -g [’ :|8
31 K)

Ex: Colwlate the area enclosed b:j the parametric curve

X = cost , Y= Sint | telozw],

Solution:  This e,ﬁua.Liov‘l describes the unit circle!

Totad Area = 2 (Shaded Acea) J‘:

X=1
: ;{J ‘J‘J" ta1c SRR
-1 1
|

Xz - t X = Cost
dx: —S'-ﬂ'l‘. Jt

=0
: aJ sint - (-siat) dt

t=Tr




i=0
-2 sin't dt

—_—
= L (I-cosat)

bz

t:=0 o
-J (I-cosat) It - [sm?i—t]w = |70

t=Tr

Arc Lew3+k of o Parametric Curve

Q Given Xex(8), y=y(t) t:b

What is the Ienqu of 4he

curve from E:a to E:b?

Tdea: Lel's chop up the curve indo smalfer pieces and

approximate the leijn of ecch P(ece.’

S;: tmj e lenjlf!,\

Arc |€,V\3H-\ : Zn: Si

(=



= Z\ 2% Aj-," Jaxteay

| A‘J,-

ZlENET e b=

Tak-mj o Limit as n— o0, wWe obtain the FO“OUifzj'.

The orc \evnﬂ-l-h of o Pau‘ame{-r.'c curve
X=x(¢e), D:jce) . Lela,b]

is eiuu to

REEE

Ex:  Calewlate Yhe acc \ev\an ]cor eoch curve below:
(a) X = cost | 3= sint | Ekeloam]
Selubion:  This e(i_uaL:on describes +he wunit ciccle!

We have A_X : —sint d_-\ﬂ : cost and heance

h] ?

dt dt



AT ,
enqbh dx\'e (3} de
Arc lﬂgh J‘ \/(dt) <d{)

QATT ' -
: J \/(‘5‘A£)2+ (cost)’ Ji -'f 1dt -+
0 \—’\/_/ o

=1

(b) X=g. j=&2£_+l)3_/1, Lelo]
3
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Solution: dX : , d_y = 2(21“) \zt \/2,”, hence

X

Arc lew3+k J \/ + ‘z_

: Jo Ju(m)z dt

1
- f \j L2 + 2t +) dit
0

=.f [(e)™ de Jl(b')dt [izz+ a]' .
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