




















































































10.13 Approximating Sums

We've seen that finding the exact sum of a

convergent series S an is often VERY

hard However we can always approximate S

using a partial sum

S SN
n

an

Ex We know that S
n converges and

henle can approximate S using Sio for example

S 510 fat fat i t 10 1.5498

The error in this approximation is

Error S SN























































































In this section we'll explore two cases where

we can estimate the size of this error

1 Series that Converge by the Integral Test

Suppose S
n

an converges by the integral test

so an fin where fix is continuous positive

and decreasing for e 1,0 We wish to

estimate the error when approximating S by SN

Error S SN

E an an

an
n Nt

Ant Antz Ant t

How big small
is this























































































From the picture we
fixt

see that

ant
ant ant ant find5 9

Let's now view the picture slightly differently using

left endpoints for the rectangles instead of right

From the picture we
fixt

see that

I É É.EE
amtantztantst f fmd

Combining these estimates we have the following

Integral Test Estimation Theorem ITET

If find converges by the integral test























































































Where f is continuous positive and decreasing

then the error in approximating the sum S

using SN satisfies

ffhdx S Sn fix dx

Ex The series he converges by the integral

test check as an exercise If we use Sio

to approximate the sum S we get

5 Sio It at jet if 1.5498

a Estimate the error in this approximation

Solution Let fixt 2 We have

co

dx 5 5 f dx
lot























































































f s s I

I O
s s I

s s

5.09 Trot II

b How large or small could S possibly be

Solution From a we have

0.09 S S 0.1

0.09 5 1.5498 0.1

1.5498 1.5498 1.5498

1.6398 S 1.6498

The actual sum is S he I 1.645

c How many terms N are needed in order to

guarantee an error less than 100























































































Solution We have

Error S SN ftp.dx
I
N

and so we want a jog or No 1000

Thus N 1001 will suffice

1 Series that Converge by the AST

Suppose that 1 17 bn converges by the AST

so bn so but is decreasing and bn o

b

0 52 54 56 Ss Ss s

by
be























































































Notice S lies between any
g In

SN and Snti 7

TEI
Thus

Error 15 Snl Swt SN

41 it'bn 1 17 bn

EVTythingexiept.IN termcancels

1 11 but

batt

giving us the following result

Alternating Series Estimation Theorem ASET

If 41 in bn converges by the AST then the

error in approximating the sum 5 by Sw satisfies

Error Is Snl but























































































Ex The series converges by the AST
n 1 N

at Estimate the size of the error when we use

54 1 Lt s 0.585

to approximate the sum S

Solution Since bn the error satisfies

Error but by to 0.2

Note Since Error 5 Sul 0.2 we have

0.2 S S 0.2

0.2 5 0.585 0.2
0.585 0.585 0.585

0.385 S 0.785

b Is Sy an overestimate or underestimate of

the sum s























































































Solution I

f 528 854 s s

Since the final term in 54 1 is negative

the partial sum Sy will underestimate S

So we can actually say 0.585 S 0.785

Ex The series S h converges by the AST

a How many terms N will guarantee that the

partial sum SN approximates S with Error 18000

Solution With bn it the error satisfies

Error but H1























































































Thus we want

1
NH

101000 Ntl 10000

It will be easiest to check small values of N

N 3 4 5 6 7 3100

Ntl 24 120 720 5040 40320

Thus we will need N 7 terms

b Is Soo an overestimate or underestimate of the

overall sum S

Solution Note that the final term in Soo is

C 1
100

100
1100

which is positive This means Soo will

overestimate S
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Additional Exercises

1Ex Show that
hiring converges by the

integral test then find an upper bound on the error

when using
Sioo to approximate the sum S

1
Solution Let f x1 ftp

We note that f

is continuous positive and decreasing on 1,0

hence the integral test applies We have
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f fixidx fire I u F 1
At 12

d
du dx

fi.ms I du

L

I b E 1

Sine fix dx converges so too does
4 any

For the error note that

5 Sin ftp.dxu rxtl

du of dx

f S Edu

E I

first
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