§4.9 - Related Rates

Ldea: Suppose X and ’3 Clw.v:je. a.ccord:wtj to time | L.

'I_-F X and 3 are related and we Know dx/cl(: (i.e,, how

d
T,L;cklj X s C’AD.VIJ'NIJ) , then we con )(:ijurc out %{,.

E_K‘ A person is waJ.ij a.wa:j froM a Stceed [:'jlﬂ"

o+ o rote of Lfm/.S- Tf +he person is 2m +all
and the Street I:jH' is 6m talt |  how Zu.:cklj is  +the
|8V‘3H«\ o{ the Pel‘.Son's Shadow C""M:jmj?

Solution:  Start with a pictuce!

Man's distance from +he
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Streel lijht at time +
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leij« of +he shadow at

X +imc ": .



These 7~uMH+ies are related bj Similar +rianj/e5.’

£ .
2

We Know 3% 2 4 and weat Yo find  ds . Lets
dt dt

differentiote  with respect 4o time.

S - L = A_‘S =

lCJ_X=-'-(q = 2.
2 di 2 d¢ )

’ T’/\.C. Shodow is 1row:n1 Oc\' o rate OF 2""/5-

The Process

(1) Drow a F:du.re_ oand de}.‘ne jour variables.
(2D Find @ jCOrmu.(a rclod-:zj Bour variables .
(3) Differeatiate (iMPl:c:l-(J3 with respect to L

(4)  Selve for He desired Zuan-};-l-\j.




LK_: A .Sf'eel Cj’ib’ldel' is Smooshed in o h3draul;c

press. Dwrtnj +h:is process, +he sleel dwajs remains
03\?ndrico~1. with & volume of H0cm® IF  He lwec‘j"vl-

s Aecreas:nj ot a rate of lemf  Find the rafe
ot which Hee codiws s inCre,aL.Stnj alt the moment
the radius s eaLual, o 2em.

Sa|u.kon .
>

We knoor V=40 =T1r*h,

L\=kc:3h+ dr
\/\/a.vvl' ‘o fn‘nd d—'L when - = 2.

r =cadius
. Yt d d
4o = Te*h = d—,c(‘io) = J:(T('r‘a\,\>

d(c? . Sh
= O = TY[ c(‘(;)\‘4 C E] (Froduc-l rule)

- d . b dh
“[2r£-k r'dk]

kaa-) is h?
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When r=2, the radiws s inc.rea.s}:? af //o em/’s,

Ex: A Sl«ap leaves port at noon, +ro.ve{/ir:j loo Km/hf‘

due eost. At Qpm, oanother Ship leaves the same port
tavelliag 150 Ko /e due north. A} hat roke s bhe

distance between the .Slairs ;ncreas.‘wj ot L/FM?



Solution : Le+ X = distance travelled bj
fiest ship ot time &

=
2 5 = cl.‘.s-l-amce travelled 193
Y Second ship ot time t.
1 =
Por-l' X

Z = chS'l-a.mcc Beiwc.em +he Sk.‘rs

at +ime t.

) We »\0@/6

Since X'+ jz = 2%

Qxcl_x ZZCJ :QCI_Z
A£+Jd_“2._ Zdt

We Know j_: = 00 KM/ and jq{:- = IS0 Km/hr.

Furdhermoce , at 4}>m :

X = J00Kkm/hr - Y hrs = 00 Km

Y= 150 Kr/he * Q hes = 200 Km

ond Z = J Xz-fj2 = ‘/‘/001+ 200°* = 500 kwm.




Therefore
dx dy dz
f{"a_{ S ae T ARG

= 4100 + 300150 = 5 S

dz H00- 100 + 300- (SO
iy 0o = 170 Km /he.

A4 L/le the disfance between tHe Ships is incrcas.‘n(j

ot a rote of 170 Km/he.

Additionad Exercise:

3a ab]

Consider the matrix A =
b L

Tf b increases ot a rale of 2 wuniks per Second
ond the delerminant, det(A), increases at o rate

of 1X units per second, at what rate s a C["Mljmj

when b=17



Solution: First, let Z = det(A) , So

z - Ae+[3a ab} . 3o+ 4b
“b 1

D\Ffere_ntm{;vj with respect to £, We have

A_Z:BAOL_}gbdb

dt dt d¢

We Know j—t= QA ond %=|2_, \'\ence, when b=]_,

dz

d db - ;&4
m 34"+8b = 12 d 8(1) (a)

dt
= - = 4
lA-le = 3 ﬁ

da -4
dt 3

“ When b’l, C. 115 d&crea&‘.nj at a rate o][ L,/3

unils pec Second -




