§3I‘f — Rolles Theorem aud the Mean Value Theorem

These are two of the most imPor-l-an-l- theorems
in Calculus. Thej are +he workhorses O)C +he
Sukjec-l-, a'opear.‘zj in the Proof.s oF Some 0)[ ovr

mos # ]Cundamenwlai +heorems !

Rolle’s Theorem: Suppose that

(1) f iS Continuovs for Xe[a,b]‘
() } 1S diffe.ren‘i“\o.ble. f°‘- X € (a,b), and

() )((&) = f(b).

Then there exists af least one ce(a,b) with f=o.

‘\_EEQS_jF_" (LJ P-‘c-l'u.r'e! )

ConnecJ- A ','o B withowt I:‘fé:‘/lj jour Fe.ln (Con4{nu543)




O.va wi“«oud- Sl\wp Corners (S-‘nce J(' ex;s-ﬁ.s).

A
Either +Hae 3ra.;>ln is )Cla_-{-) n

L4

Which cose fix)=0 e.vcrjwlnere ..

. OR ]C increases +hen dec.re.ase.s (or

ftey=0

Vice.—vensu), in Which case there is a

PeaK (or \lau,cj) whece fl(c_) =0,

The Mean Volue Theocem (MVT):

If JC is () continwous )cor- X€[G.B] awnd
() differentiable for xe(a,b),

Hien there exists ot least one ce(a,b) with

f(e) - £(a)

b-a

fo-




M Consider +he )Cu.vnc{'non

900+ 560 - (o) = FEZIE (-
Since f is continuovs and differentiable | So ;s\j.
Further more , j(a)=j(b)=0. Thus, by Rolles
Theorem, +here exists Cela,b) with J'CC)=O.
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So j'(c3=0 = f'(c) - f(bi_—j(w = 0
= e - f(bi_—ic(th)

The MVT says that there s a poivt at which

wnstonianeous rale average rote of CL\QV\JG

of C,kamse, from Xza. to X-b.
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Rolle's Theorem The Mean Value Theorem

The Mean Valwe Theorem is rcdh a “é}ll:c,d" version
of Rolle’s Theorem! TIn fact, in the speciad case

of +he MVT uwhere f(a) = )C(b3, we jd-
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which s QXMHJ Rolle’s Theorem !



Numec;ic ol Example :

Let f(x)=J7 ,  Xe€ Lo,u]. Since JC IS Continvous on [0."]
and differentiable on (0,4), by the MVT, there exists

ce(0,4) such thot

F(4) - £(o) vy - [0 l

f-(c) = ]_}_O = L’-o = ;

AN

Tnd d, I():‘_’
red, §60 =25

which is A when X=1.
=3

The MVT 4is super important because U provides
o direct Link between & J[u.nchon JC and its
derivative § " We can wse the MVT 4o translate

ProPer‘-les og fl into Pt‘oper{:ies O‘F )C/



Applications (bu+ first, a de{mi’non!)

Defim-l-ion: A J—umc_-l-iow f s

G) increas;rﬁ on [ab] '.f, whenever X.,xzé[_‘t,bj

with X, ¢ Xa | we have f(x) £ )C(Xz)

(i) decreas;r')j o f_a,bj '.f , whenever X, X, € [_Q,L]

with X, ¢ Xo | we have f(x) > )C(XD

Ex: Use the MVT +o show: ILf f'(x))O Jfor

all xe(ab) then f s ncreasing on la,6].

Proof: Suppose F(x)2 0 for alt xe(a,b). We will show
that )C is 'mcre.as:nj on [a,b]. To +this end et

X.,Xze[a.bj wth X, € X2 35 the MVT QPF’(CJ on




the nterval (x,X.), there exists ce (x,X.) with

f,(c) - )C(XZ> - f(x|)
xz" X.

Thus,

JICOEETCANE f:)-(xz-x.) > o,
> >0

hence f(Xz-)>/ f(XJ. Tha{— S, f S Mc_re_ast.
[ |

Execcise:  Show ‘that Wf F(x)£0 for all xe(a,b),

then )C is clecrea.smj on [G,b].

Ex: WUse the MVT to show the e,Zqu,\ov\

cosx = Ax has of most one solution.

[M‘ Eoslier we wsed +he TVT 1o show +there was at

least one solution, row we'll show there is at most One.']



Proof (l’j Contradiction) : Suppose there were, in fact,

multiple Solutions fo cosx = 2x , or ezuwde—B,

MULH:'nP\& Solutions ‘}0

ch Xl OJAO‘ Xz_ oU~e ‘l‘b\)o SO'&L“'iOL’lS IA)H'L\ X\ < X;_ )
+hen f(x.)=0 ond f[xz)= 0. BJ the MVT opplied

o the ntecval (X..Xz)) there exists ce(xi,x2) with

oy = fxd-fx) | 4

x'(_" X|
Bu;l- JCI(X) - - Siﬁ(x)— 9\ , So ImPossiHe, Since
sin(c) € [-l,l] [

f’(c)=o = -sin(c)- =0 = gin(c) -2
Thus, our assumption of multiple Solulions Must have been

Nronﬂ'. Hence, Cosx = &% has ot wost one .Solzd;'.on. ]



