§4.12 - Lwear Approximation & Differentials

Recall If f’(a) exists 31 tangent Line

then +he +anjen+ Line +o

Fx) o+ x=a is

Y = f@+ fFx-a)

Let's think O)L the {:omje,né Line as a funclion, Lo.()O.

L,(x) = f(a\ ¥ )('/(03 (x-o))

If We <Zoom in CloSelj oround He Pom-\— o{: 'l'o..nje_v\cj

.we see +hat j'-(x) ond La_(x) otre V\ewl}

inJas-lrimju;skable,! For tHhis Ffeasown La<><) is



called +he Linear a??roX:mw\'wV\ or +the ftneariZwl-:on

to §(x) ot x:=a.

f6O = L) = f(@) + f@(x-a) for X near a.

Ex:  Find +he Linear arfrox:mwl-;om to f(x)=\/x_ at X=¢,
Use +his o approximate \}17’-0"/ ond \’3.72.

Solution: L, () = §(4)+ F(4)(x-4)  whece f(y)={4 =2

ey = 1 N N
ond f (x) i = f (4) 2T . Hence
L,) =2+ T(X“/)
V4o = f(409) = Lu(sog) = 2+ o (404-4)
TR ;’(o.oq)
= 24+ 0.0l =12.0]

\

Actual velue : \l 4oy = 2.009975... T ——close!!
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Diffecentials

We can a,lte_rwahvel\j think of the {anjcn{: Line

approximodion as an eslimate of the C.[«o.v:jc. n Y (An)

re.su.lL'mj from o«  Small C[namjt W X (AX).

j A dj = L-\-na.nje in '.H.e {:angevl{: line

Ay ¢ change in y= fx)

La(x)
Lo.(m»A )I- ----------------------------------

o Y z 069
) o
| ax |
o O+AX - X

We con calculote Hhe c.[«ange in the ’umje.n{ Line as

La (a+bx) - ]C(o.)

[)%*fl(a)((}éAx)-/)] ~ % = oy ax

dy



Thus, i{: AX 18 Small (M which case we write Ax--dx>,
the clr\a.v\je, n 5=f(x), Ay, that we can o.°_)<[>ec7.l When

Moving from X=a to X=a+ax is

Ay Jj=f(a)clx

We call dx and dj the differentials of X and S

resFechvelJ .

Exz I{- §’(1) = 3 , O..PFroxirv\od-e, +he Ckau&c’_ in S:(X)
0SS We Move :S:Pom X=1 4o X=1.02.
Solution:  We have dx=AX=102-1 = 0.02 . hence

)

Ay % dy - f'1dax = 3-0.02 = 0.06.

“ The 3 Value Showld jacreose b:l X 0.06 when we

cko.n,ﬂe +he .‘nPu.{- Jcrom X=1 o X=102.




Ex: Estimate +he chawje. in j=f(x)=f7as

X increase from 4 b Yo4

Solution: We have dx = AX:= 404-Y = 0.04 and

T[,\u.sl Aj = dj = f,(L/) dx Since f(’-f)=ﬁ=z7 Hhis

means f(4.04) ~ 2.0I.

L (
= 5 (0.0y)

4 / This s exacfl.ly what we
= |0.0). Saw i on ewslier example!

Additionod Exercises

1. Use a Linear approximation o estimate 3\1 1003

. Estimate the chanje i Voluwme of a cube hen

its side levxgt\r\ decreases from 10em to 94 cm.



Solutions :

1. Lets wse o Linear am:rox;maﬁaon to f(x)=W

ot  the ncarbd ]:omt o= 1000. We \ave

$(1000) = 3\‘looo = 10,
P (x5) 53X = o) 3 (o) - 5

hence , the Lineas oapproximotion S

L 1000 (X) f(IOOOB + f ’(\OOO) (X- IOOO>

10 + 355 (x-1000)

Cowsea}’uen{.ls ;

3\‘ 1003 = F(1003) = |00 (1003)
= 10+ 305 (1003 - 1000)

= 10* 350

= |10.0]




A The volume of the cube is V= s ,  where
S = S.de le_nj‘,-k We hove \/'= 352, Se V'(|O) = 3(“))7_: 300.
When s decreases from 10em Yo T4em , we hove

ds=As = [0-9Y4 = -0.6,

and 'H«e,refore the re..sultmj ckanje in volume 1S

AV = dV = V'(10)ds = 300 (-06) =|-180 cm®




