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§a1-23: Limiks

\/\/e‘ue, .S-l-u.cl.'e_cl L\ow }unc-l-'wns bc\na\/e &L a_ Fom‘i',

but O-H'cn we'll be infecesied in how a fu,nohor\

behaves near o )Oo;n)—.

Iatro Example:  (onsider +he jrqpl«\ of f(x) Shown below.

As

As

As

As

Y= $(x)

X approaches a, £ 00) approaches 3.

X aFFraaches b,

X aLFFroac,hes c,

f(x) approoches 1 .

f(x) approaches 1 if x comes from lef+

X s’f X Comes )Q-om r.'jH-

x approaches d, f(x) approaches ©o.



Tf f(x) approaches a  finite number L as X 3@4.5

J

infmiJrelj close +o o but nok ezu.oul fo o We

wike [ Lim  fx) = L " The Limit of f( s

X

X approaches & exists

\_/ and is %u.al to L.“

Note The |imi} L must be +he Same n'f X comes
‘f“OW\ He {C-H oc J:rom Hhe r‘«JH-l T‘/\esc, limits oure

denoted

Jim _ {(x) (x> from left)

X =0~

[.‘M . )C(xS (x—>a From r;jhi)

X = O

f If"'_f(x) = éi—’ma* f(x) ot f f(x) approaches

X—ra

+ 00 of if ]C(x) doesn't aPFroo.c‘n qmj+kiﬂj as

X— 0 , WwWe Sag g‘_‘”i& f(x\ does not exist <DN£')_




Thn owur inkro example ...

. lama ]((x) =3

' Don't care that § isnt defined
v Lim f(x) =1« ot X=b.

*=b
. f:‘m f(x) DNE  stnce ﬂ.‘m_ )C(x) = ]  while >2e_'.'2\+ f(x)= 2

X—= C

X=¢

\ Not e.ZU.M /

* Lim f(,() = 00 (Sa Pae  limid Iﬁf’)

X=d

Limt Loaws: Tf fim f(x)=L and [Lim §6= M,

then ...

(i)

(51)

Git)

(iv)

X2 o X-a

\ /

(Jcim,'. Le) read numbers

Lim C—-f(x) = c L (ceR)
X= o

b f60 £ 90 = Lt M

X= 0

lim {l(x).jtx) = LM

X=

1""‘ f(%(x) = L//V[ (Provaclecl M'—¥O>

X0




uﬁr\& these |(aws

we Con

evaluate basic Jimits

O-F Pol‘jnowniw(,s ond & tional ][u,nol-nons

Ex:  fm

2
4
0 X Ox

: [jiﬂ X"]*r S[I:M X

] = 17431 < |9
X—4
Ex: Jfim X ¥3x+2 g-»z (2 *3"”2) 37+30B):2 | (3
- 3(_'3 X+ lnM (X“'l) 3"'1—
X3
I tHhe [}mﬂ— ceswlls in an  indeterminate form
(c.ﬂ., g. a%. O +00“ 230 OO> more \Work musi be done
Pluqqing 3 =-1 qi "o
X: m X _+&X Which is indeterminate
< a X-2 u c S inde na
_ l; = x.yl-{) Fockoc 8{
- x__,ma M l\/Cav\cel‘. vy 4 f()()= X*+2x-8
I (x+4)
X— A

/ X=-2
= 2+4 = [6




Ex: j;m cos (%) . % *jl’e- => indeterminate!
T X2, Sia(2x)

= Lim st = Sm |

X= =/, asm(x)cy&s X2, sin(x) Qs;q('n‘/z) 2

Anothec Trick: /Vlu.li-:[:lj and divide bJ the C,ong'u.god-e

o{: Yhe numecator or denominator.

Ex- Lim J_-_ v X#| _ “% *j?ﬁ => indeterminate!
B X—=I &

- Lim J2 - Ix# . [z + Ix+ ‘coniuqate of
X=1 e e

the numesator

- S R+LaAxe —zfxn ~ (x+1)
Xt (x=1) ({2 +xs1)

= Iim (\/’{>
AR CE IO )




With  absolute value and other Piecewise J(unc-Lions,

L1ou'(| often need Yo Check left and r:ﬂki imits.

Ex: fim |xI= X . 27 dype = indetermnate!
X—=0 X

The left- and (\ijkt—saded Limits are

Am X=X . Lim . X=X Am IXI-%X . Lim . X=X
X—0" X X=0 —x i x—=0" X X=0
- Lim ) - ¢ E - Lim . (o)
X—0 > ; X—0 x
= ;(Zi':'_ _& H = I;M O
o E x_;o*f
= -2 = O

Since l:mo_JLI;_x 2 dim Ix|=-x | | the Limit DNE!

X— X—ot %

More comF‘;coJ;ed Limits raLu:re_ more advanced methods!

. | v n
Ex: )gf'o X"cos(;) w _ 0 = ndeterminote!



Notice Hhot

-1 < COS(;T) <1 for all X, hence

uxt&
- 2 $

X XZCO_S (%) < )(Z

Takrnj limits oS X—0, we have

So,

Lim r o Lim 2 L Z Lim 2
x>0 X T xoo X C‘”(X) = xoo X
=O =Q
= Lim L2 [V
O ¢ wosp X (‘m(x> =N,

fim xzaos(LX) must also be

X—=0

ALS |j=X
y=x*cos(5) We have J’msL Seen our
% f:rsl- APrlical:aon of the
X Limit S:Luecae_ Theorem!
Yy=-x

The Sgueeze Theocem

N
If £ £ §00 £ W) foo alt X near a and
Jim £60 = Lm \(y =L, then Lim 900 = L oo




EXI l;m SinX

2?7
X—-00 X ~~_— & = indeterminate
\/Jt‘, have
=X | ,
-l 2 Sinx ¢ — 1l e Sinx o
X x X
) jim -1 < jim Sinx jim i
X—=>00 X xXx—->00 X X0 X
— ———
=0 =0
— 0 ¢ Sim sinx 0
X=>00 X
lim Sinx
Hewce bj the Siuee.z-,e_ theorem | Lo

Additional Exercise:

(a) l;m X—|
X=1 Q4+ x+3

(<) Lim  sin(x+7)

X— T san(x-v\-)

(e) Lim |x|+|x-3]-3
X—3

X=3

EV&Lu.oJ-e_ the )co“owinj.

(b)

(4)

()

Lim

X*-a5

X—=5" x3-Yxr-sx

Lim

X—0

Lim

-~
X 2

|x|- $in (.;Zl_x)

cosX - cos (tanX)



Solutions

/ %“ => indeterminate!
(_a) ,a m _ X-I ﬂ.‘ X-=1 (24-\’7(4.3)7 Can u- ate of
X

X—1 a_’x+3 —1 a-fx+=3  (2+Ix13)

devlomu\a.-l-or

Lim (x-')(2+m)
Xt (o [xes X2+ {xes )

. im (-2 V%33 )

X =1 H+W_/m€_(m)z
Jim (x-1)(2+ {x+3 )

X=1 Y- (x+3)

fim $RQT) (7)< 7
X=1 _(})/'3

1}

by Lm__x-a5 _ Am  (E5Xx+5)
X=5" x*-4xr-5x X257 X (545 )(x+1)
) 7 _ Lm_ _X+5 1o |
% => indeterminate! x5 X (x+1) 5-6 3
<-1
—r =0
(c) Lim  sn(x+m) fim  SmX- COSTC + Cosx - Sipf°
. X— T s|n(x ™) - X—T SwmX-CoST + CosX - s/w('rr
—_— =0
7 ot
“%” => indeterminate! - j,-m SnX - (-1) - 1

X=T SinX- (-1)



) | " »
(A) XL—)MO |x|-5in<a—x) —— 0.7 = indelerminate!

No’rc that -1¢ s:n(z'—x) ¢ 1 for all x  hence

(.

-|x| ¢ Ix| Sm(?.l_x) £ |x|

— I'M__ H . IIM
> M -|x| ¢ ){%lxl sin() = o lxl
\_’v—/
=0 =0
— Z i . L
= 0 £ ){_':gIXISm(.,_X) 2 0

Hence , b,j +he .Siucez.c, Theorem, ){;mo|><| S:n(z'—x) =

(e Lim x| #]x-3]-3 o " ‘ | |
) X=3 X-3 &— 5 = indeterminate!

Note that since X—3, we have X>0, hence Ix|= x .

For |X‘3|, )(e-\'s Lok at the Ie.fL-- ond (‘ijht-s:dec\ f:mﬂ-s!

o Debealos . 23
X—3" X=3 X—3" X-3
- fim i - ,[:m 6 = O.

T X3 x-3 X->3"



X—3* X=3 X—3* X=3

_ Am 2x6 _ fim A - 2
X—=>3* X-3 T X3t 3 _—

Since  Jim IxI+Ix-3]-3 x Lim IXI#lx-31-3 Y. Limf [DNE

X=53" X-3 X— 3t X-3

(f) ;(@;T_ Cos X - COS({:o.nX) "0-M" since tanx = 00 as X—3

Note that -1% cos(tanx) 2 L for alf X, hence

= CoSX £ (CoSx - Cos G—.anX> < CosX

= fim -cosx % Lim CoSx - cos@-_omx) ¢ Jm cosx

X, X, X 7,
\———vﬁ’ ~— "
=0 =0
= O ¢ Z-V“l CoSx - Cos ({-,M x) ¢ O
X= "

XZ-WI CoSX - CoS (‘(:om)() 0.
.

By the Squeeze Theorem,







