
 Chapter 2 Calculus Begins

2.1 2.3 Limits

We've studied how functions behave at a point

but often we'll be interested in how a function

behaves near a point

Intro Example Consider the graph of fix shown below

ay

3 y fix
2
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i n a 7
a b e d

As x approaches a fix approaches 3

As x approaches b flit approaches 1

As x approaches c flit approaches 1 it x comes from left

2 if x comes from right

As x approaches d fix approaches as



If fix approaches a finite number L as x gets

infinitely close to a but not equal to a we

write finna fix L The limit of fix as

x approaches a exists
r

and is equal to L

Note The limit L must be the same if x comes

from the left or from the right These limits are

denoted

fifa f x1 x sa from left

fifa fix x a fromright

If fifa fix I finna fix or if fix approathes

Ics or if fix doesn't approach anything as

x a we say Lima fix
does not exist ONE



In our intro example

finna txt 3

Don't care that f isn't defined

fin fix 1 at x b

fine fixt ONE since fin fix I while fine tht 2
r

Notequal

fine fix a Iso the limit ONE

Limit Laws If finna fix L and finnagtxt M

then Ifinitel real numbers

lil finna c fix C L cer

lil finna fix gin L IM

hiii finna fly gal LM

lil finna fl'd ga
L
M provided M 0



Using these laws we can evaluate basic limits

of polynomials and rational functions

Ex fit x 3x Him x2 341 x 12 3 1 4

Ex fim X'Iyit2 7.3 x 3 2.1 32 3631 2
3 1

5
fit 1 1

If the limit results in an indeterminate form

e.g 8 If o.es is as more work must be done

Plugging in x 1 gives 8
Ex fin x 2 8 which is indeterminate
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r
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1 271 41 r Factorhim

cancel ya fix x't y 8X 2

lim
x 21 41 i

i
2 4 6 a



8 type indeterminateEx fine

cos x1 IImai 25in x1costa z 2sin xp 2sinFiz
12

Another Trick Multiply and divide by the conjugate

of the numerator or denominator

Ex fin E it 8 type indeterminate
X I

x p
It Xt

fin E Nt
z ya I conjugate of

the numerator

2 121 1 21 1 X tiIT x 11 dz txt

i xLim
x 2 i x 2 1 1

x SI

thim
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With absolute value and other pierewise functions

you'll often need to check left and right limits

Ex lim r 8 type indeterminate
x so

X X

The left and right sided limits are

fine x x fino X first x x first XIX

find 21 Bot y
find 2 first

O2

Since fino X x I fit X x the limit ONE

More complicated limits require more advanced methods

Ex find x'cos x r O indeterminate



Notice that 1 E cos x e 1 for all X hence

X
s x e x'cos I E X

Taking limits as X o we have

limox'cos x Ig
O e find x'cos I E 0

So findx'cos f must also be 0

as y X

Wwf
x'cos4 We havejust seen our

I first application of the

Limit Squeeze TheoremI y

The Squeeze Theorem

If fix e g lx e hat for all x near a and

finna fix find him L then finagle L too



Ex fingsinx r indeterminate

We have

I I sinx e p y s sing e y

Egle finds LEI
0 figs so

Hence by the squeeze theorem finds 0

Additional Exercise Evaluate the following

al lim
I 21 13

b fins X 25
x 4 2 5

a finessing id fino x sin ai

e fig x 133 3 f fifty cost cos tanx



Solutions
8 s indeterminate

L

x is a it
3 r conjugatea lim x t him

12tixts ex I 2 1 3 denominator

1 1 2 6 3him

12 1 3712 6 3

lim x 11 2tVxt3
x I 4 21 3 21 3 1 3

fin
x 1 2 1 3

4 1 3

him x 1112 1 31 2 01 3 4
x 11 x 1

lb fins X 25
X 4 2 5 IT 1 576 5

x x 5 x 11
T

king 5
5.6 38 indeterminate X x i

sin xxxKl Img sing a
fine sinx ÉÉt cosx

singsin X cost t cosy sink

IT
8 indeterminate fins Sinx 1 2

Sinx f y
I



Idt find x sin 2x a o indeterminate

Note that Le sin I e 1 for all x hence

s
y e x sin I E X

Ying x e fig x sin I t x o

O E fino x sin I 0

Hence by the Squeeze Theorem fig x sin I 0

e fine x
y

3 8 indeterminate

Note that since X 3 we have X 0 henie 1 1 4

For x 3 let's look at the left and right sided limits

Ying I
3 fim x 431 3

fins I fins 0 0



fig txt
3

ing
xt 4,31 3

fine 456 fire 211331 2

Since fins x
tf

3 fine x
tf

3 the limit ONE

If I fit cosX cos tanx O since tanx so as x I

Note that 11 Cos tanx E 1 for all X hence

CosX E cosy cos tan x e cosX

Iggy ftp.cosx cosltanx effigy
O E firs cosx cos tan x E 0

By the Squeeze Theorem fins cost cos tan x 0




