
 The Absolute Value Function

This is our first example of a function that is

piecewise defined

x

x if x o

d

x if Xco

Some useful properties

a b a b o

However note that at b I at b

e g 1 2 1 1
Not equal

I 2 1 2 3



Absolute values may also show up when simplifying

squares and square roots

e g What is Ux It's x

What is x It's x

Indeed V12 V1 1 and Jisi V1 1 1

This is important when solving equations

e g x 9 x2 f

x 3

x I 3

Equations and Inequalities

When working with absolute values it often

helps to break the problem into cases



Ex Find all x such that X 3 x 3

Solution Note that

x z
X 3 if X 330 lie X 3

1 3 if X 3 0 i.e XC3

I I
Two cases L

ye 3 x 3

I XL3 x2 3 x 3 x2 3 x 3

X x 6 0

1 3 x 2 0

Two solutions so far x 3 or x 2

I X 73 x2 3 1 31 x2 3 x 3

X2 X O

x x 1 0
In I we assumed 473

No solutions in Case it X O or X 1



Solutions X 3 or X 2

Inequalities are no different just make sure to reverse

the inequality when multiplying dividing by a negative

Ex Find all x such that 24
3 1

Solution Note that 2x 3 changes sign when 2 3 0

or x We have

2 3 4
2 3 if x 32

2 3 if Xc 3 2

Furthermore Since we will multiply by X to clear the

denominator we should also consider x 0 us Xco

and clearly X O isn't possible Thus



Three cases
I

j 3,2

I X O 2
53 21 124 31 1

2 3 T X
reverse sinlex

3 3 x

Lex

and XCO in case I l

All Xt f 0,0 are solutions

I 02 2312 243 I 1
2 3

y

2 3 E X

3 3

LEX

and Oc x 312 in case I l

All XE 1,32 are solutions



II x 3
2 2153 1 24

3 1

2 3 EX

X E3

and X3312 in case

All x e 3
2,3 are solutions

Solution

All X E l o o U 1,32 U 32,3 0,0 U 1,3

Additional Exercises

1 Find all x such that 2 x 1 1 1 2

2 Find all x such that I 71

3 Find all x such that X 2x E 3



Solutions

1 Note that x and x I change signs at

X O and 4 1 respectively Thus

Three cases
I

g
I

I Xco 2 x 1 1 1 2 2fix it C X 2

2 2 L x 2

Oc x

impossible Since X 0 in Case I

No solutions with X o

I OEx I 2 x 1 1 1 2 241 11 e x 2

2 2 L x 2

Oc 3

Osx

All Xt 10,11 are solutions
land O Excl in case I



111 X 1 2 x 1 1 1 2 21 1 x 2

2x 2 C Xt 2

Xc 4

and X 31 in case I

All Xe 2,41 are solutions

Solutions All Xf 10,170 1,4 0,41

X 2
12 3 2

y
is undefined We hNote that X 2 else

3 2

3 2
x 2

7 1 3 2

X 2 0 so multiplying
Eggs.gn fogies

signby X 2 won't reverse
at X 213

the inequality



Three Cases I I
c
I I

I X 213 13 2 7 1 2 13 2 7 x 2

3 27 Xt 2

07 2x

O x

All Xfl O O are solutions

I 213 EXC 2 13 2 7 1 2 3 27 1 21

3 27 x 2

4 74

All Xf 1,21 are solutions
I

H X 22 x x 2 3 X x 2 3

X 2x 3 E O

x 3 1 1 E 0

Need 1 Ex 3 to achieve one positive

All XE 2,3 are solutions factor and one negative faitor



Solutions All XE f 0,0 U 1 2 V12.3 0,030 1,3

3 X 2x 3

Note that x 2x x x 2 x x 2 so

we can restate the inequality as x x 2 3

Three cases L
t

g
I

z s

I XCO x x 2 13 1 x f x 21 E3

X 2x 3 E O

x 3 1 1 E 0

Need 1 Ex 3 to achieve one positive

factor and one negative faitor
All XEL1,0 are solutions

I OEXC 2 x x 2 I 3 X f x 21 E 3

X 2x 3



fix X 2 3 has no real X 2 3 7,0

roots so f is either always

positive or always negative

Since flol 3 positive't X 2 320 for all x

All xe 0,2 are solutions

I X 2 13 2 7 1 2 3 2 7 x 2

2 70

x O

All Xe 2,0 are solutions

Solutions All Xt f 1,0 U 0,270 2,0 1,270 2,0


