











































































































6.2 Diagonalization

In 6 I we motivated the study of eigenvectors

by looking at the matrix

A fo
This iag matrix was very easy to work with

A Eg A Eg A E Foo

Most other matrices aren't so nice BUT we can

sometimes convert these bad matrices into nice

diagonal ones through a process called iization

Let's see how this process works through the

following example














































































































E Let A TL

1 Find the eigenvalues of A and a

basis for each eigenspace
1

PAH 7 1 X 3 so eigenvalues are 1,3

For 7 1 a basis is f

For 7 3 a basis is

2 Put the eigenvalues in a diagonal
matrix D order doesn't matter but repeated

g g pe
together

eigenvalues

In our example take D fol g

3 Using the same order as in 2 put
the basis vectors for each eigenspace as














































































































www.ngogamay.in
In our example P ft I

The basis for the 1 1
eigenspace comes first because
I came first in D

4 Find P We get P AP D diagonal

ft 9 air.li i91r.Il I

Kili I i p L
We get

EliiIliiHiiI
P 1 A P D














































































































E Let's try to diagonalize

A III
1 Paca det CA XI

detff.I.EE
a
I it

l 2 2 a C t 2 2

l a f z 2 7 72 t 2

i a 22 z 7,11 7 2

The eigenvalues are 0,1 I

Now to find the eigenvectors














































































































A o

fi Ii's iI
4 o I l are

We get Xs t Xz t x t

The solution is t fly TER So a

basis is ft
x

fi o ir l oh e

We get xz t Kz S X Zs

The solution is 5 51 I t t f SEER

so a basis is I














































































































2 we'll take D
go 8

3 we'll take P

ft I g
4 We now find Pt

ft

L p

i is
so P e

µ
We get P AP D

iii H H L














































































































E Let's try to diagonalize A

1 Pala detCA XI
13 1

3 7

The eigenvalues are 1 3,3

Let's find the eigenvectors

X tA 3 I
pref Xa 0

The solution is E t f te IR so a

basisis
2 We have D g g

3 We have P lo WAT

How are we supposed
to invert this














































































































We simply didn't get enough eigenvectors from
1 3 to make a 2 2 matrix P

So we can't diagonalize A

Let's investigate this phenomenon further

Definition Let A be an nxn matrix with

eigenvalue 1

1 The algebraic multiplicity of 7 is the

number of times it occurs as a root in

the characteristic polynomial of A

i.e the of times 1 is an eigenvalue of A

21 The geometric multiplicity of 7 is the

number of basis vectors we can find in its














































































































corresponding eigenspace

with A we have eigenvalues 0 1,1

So 1 0 has algebraicmultiplicity

1 1 has algebraicmultiplicity2

A basis for the 7 0 eigenspace
was

ft
7 0 has geometricmultiplicityt

A basis for the 7 1 eigenspace
was fg q

7 1 has geometricmultiplicity

Ex From the last example the eigenvalues of
























































A 30 are 3,3 so 7 3 has algebraic

multiplicity Since to is a basis for

its eigenspace 4 3 has geometriamultiplicityt

Note with A
f.y.gg

each eigenvalue had

its alg mutt equal to its geo Mutt
This matrix

was izable we could write P AP D

with A however the alg mutt of 1 3

was not equal to its geo Mutt This matrix

was notdizable we can't write P AP D



theorem Let A be an mxn matrix Then A

is iagona we can write P AP D if
and my if fo each eigenvalue

Ialg Mutt of a geo matt of 2

Application MatrixPowery

This diagonalization
q FfIII gstuffispretttoo.F But what can we deA w.netstN with it

One important application is

takmghighpowersofmatric.es

Suppose A is a diagonalizable hxh Matrix

So we can write P AP D D diagonal



Suppose we want to know A

We have P AP D ftp.h p pDp

A PDP

Then A1000 pop 1
1000

pDp Op D DP
I I

PD 1000 p l

Tng eneral Ak PD P for 14 12,3 I

Exe Consider the matrix A µ 7,5g

from 6.1 Compute A

Solution By above we should first

diagonalize A








