











































































































Chapter EigenvaluesfEigenvect
6 l IntroductiontoEigenvaluesfEigenvectorse

Consider the matrices

A f
and E III

Which matrix is nicer

The question is vague
but the answer is still

most certainly A But why

Well lets see how these matrices transform a

vector E Yi

AI II AH fatty A'x If etc

Multiplying by A is predictable In fact you
could probably even guess that A x fi














































































































What about B

3 17 1 15 2 825 11 1 15 2 1335 113 1 105 2 etc
20 1 18 2 20 1 24 2 OH 132 2

Much worse Multiplying by B is seemingly less

predictable

Multiplying by A was okay because A merely stretches

the standard basis vectors but oesn.fr otatethem

While B may apply weird transformations to the

standard basis there are THER s out there

that B only stretches

of 3 I O Ill'd I 4
BIH k I L sp
so B stretches 11 by 2 and f by 3














































































































these special vectors are called B's eigenvectors

The stretching factors zg s are the corresponding eigenvalues

Definition Let A be an Mxn matrix If

I is a non zero vector in 112 such that

I
for some real number 4 then I is called an

eigenvector for A The scalar 1 is its

corresponding eigenvalue

Exe Consider once
again

the matrices

A poos and 0 1 1 1
Since Allot 131 21 we have that

Visage of A with eigenvalues














































































































Since A 1,01 81 519 we have that

f9 i o of A with eigenvalue

what about for B

Since 011,1 14 21 we have that

l is an eigenvector of B with eigenvalue 1 21

since 131341 74 1 31134 we have that

3 is an eigenvector of 8 with eigenvalues4

E Let A Iq Which of the vectors

Y ft are eigenvectors for A

What are the corresponding eigenvalues














































































































Solution

Al'd1381131431
z is an eigenvector with eigenvalue 1 1

Eigenvectors
are non Zero so fgfisNO

aneigenvectott.tl
a 1lH 1

fffisaneigenvectorwitheigenvaluei

A g lil 13 Not a time

filis.NO aneigenuectorofA














































































































FindingEigenvaluesfEigenvectorse

Suppose A is an mxn matrix

A scalar 7 is an eigenvalue of A if and only i

A XIII for some Ito

That is if and only if AI 75 8 or

equivalently A io

This means A XI has a non Zero vector in

its nullspace so by our BIG THEOREM

etfA

Thus the eigenvalues of A are the scalars

1 such that defCA XI o and the

corresponding eigenvectors are the vectors in

the nullspace of A II














































































































Thus we can find the eigenvalues and eigenvector

of A by following these 3 steps

Compute det A TI

This will be some function of X

Factor the function from to find where it's o

These will be our eigenvalues

For each X found in solve the system

ft XI 5 8 to find Null CA XI

The solutions will be our eigenvectors

Ex Find the eigenvalues and eigenvectors for

the matrix A f














































































































Solution Follow the steps above

del IA AI
detff f
detff i x
3 1 t X

detCA XI O 3 2 l t O

7 30,7 1
2

These are our eigenvalues

We find the corresponding eigenvectors by

solving the system A XI 5 8

Eo A 3I E 2 Ratter 8 CRREF

Then X t Xz 0 so the solution is














































































































Tito tek

These are our eigenvectors for 1 3

Fo A 11
13 f I l 5 carer

Then Xz t X It so the solution is

x t ter

These are our eigenvectors for 2 1

Indeed We can check that

f ill'd 31
and kill if't

E Find the eigenvalues and eigenvectors for

to il














































































































del LA XI det

f I II
f expandabout 1stCol

that ii I
HX f z 1 H 12

HX 2 2 y I

HX Atx

X It 7 Ita X HX

detCA XI O 7 Itt o

17 00 71.2
These are our eigenvalues

We find the corresponding eigenvectors by

solving the system A XI 5 8














































































































Rial lFor A OI

n

123 122

I tii l K t.ae

We have Xs t Xz It X 3kt so

the solution is

I tf f
tek

These are our eigenvectors for 1 0

or A HI

f fairR 1212

go.to g n I L ers

We have X S X t and Xz t












































































Thus the solution is

Sf
tt
f Sitek

These are our eigenvectors for X 1

Remains

If A is an nxn matrix then detCA XI

will be a polynomial in 7 of degree n

meaning the highest power is In

This is called the characteristic polynomial of A

and is sometimes written as Palx deHA

You may have
noticed that we don't ever

get just one eigenvector for 7 we get a

whole subspace of eigenvectors lo



Tre subspace Null A XI is called the eigenspace fo

the eigenvalue 1 the space of all its eigenvectors

Since the eigenspace contains infinitely many

eigenvectors I will often ask for a basisfor

theeigenspacee

You can find this by using the methods from 3.4

Find the general solution to ft XI 5 8

Use the vectors on each parameter in

your basis

E In the last example i is a basis

for the 4 0 eigenspace while
f 19,1

is a basis for the 7 1 eigenspace



E Determine the eigenvalues for A o J
l 3

For each eigenvalue X find a basis for its

corresponding eigenspace

The characteristic polynomial is

Pala det A XII

detff i Ii

trail'i i'at
t X t.kz x 11

I a 3 42 22 1

l 2 12 4 4 l a x 2 2



PAIX O I 1 x 2 2 O

7 Ior7

We'll find a basis vector for each eigenspace
by first computing NulllA XI

Foret A II

µ og f RIB

l t.i.li int p
ae

we have that
Io

Thus the solution is I tf so a basis

is 1111



Fo A 2 t fi g REIL

X t
X 2 0too g

I l ee x t

Thus the solution is I tf4 Eek

Ii A basis for the eigenspace is
q

Does every matrix

IiagI geff haveeigesH w wEI If so how many
QUE N

E Rah g lo has norealeigenvaluest

This is because Riya rotates every vector counterclockwise

by The so novectorismerelystretchedy Indeed



PACT X't l noreatroots

It does however have 2 complex roots I i

So Rah has no real eigenvalues but it does

have 2 complex ones In fact

every nxn matrix has exactly n eigenvalues

counting repetition though some may be complex1

SomeusefulEigenvalueFacts
The eigenvalues of an nxn matrix tell you
a lot about its other properties

theorem Eigenvalue Facts

Let A aij be an inn matrix with

eisen



f

µ n ae

2 I t Xu t In Sum of diagonal entries
A it Azz t t Ahn

E If A YL then detCA 2K Iki 3

and the sum of the diagonal entries is 2 2 4

The eigenvalues are 11 1 72 3 check

Sure enough 9,72 3 and Titta 4

From 1 and our BIG THEOREM we get

A is invertible det A to
7,72 In t O

O is not an eigenvalue of A



This means we can add the statement

OisNotaneigenvalueoft
to our BIG THEOREM


