











































































































3.5 InverseMatricesandMappingI
Consider the map Ro R 1122 that rotates vectors

counterclockwise by 0 radians

We can undo this transformation by applying the map

R o R R2

rotate vectors by 0 clockwise That is

Ro R o x xz R o Ro x xa x xD

for all vectors 5 So IRooR o R o Ro id

Definition A linear map L R IR is invertible

if there is a linear map M Pi Rn such that

MoL LoM

We say that M is the inverse of L and write

lM














































































































E From above we have that Roisinvertible and

R o

E If Refly RZ R2 is a reflection over a

line then Ref flw id reflecting twice returns

the original vector

Thus.RefinisinvertibleandReflay Reft

E On assignment 8 you showed that with

x Xz Nitka Kit 2 Rz

Mtx Xz 2x Xa Xa Xi

We get 40M x x Mol Cx xz x XD

I LisinvertibleandLt
Also Misinvertibleand.tl














































































































RemarK If 14 5 then Mo Lom id

so M L Mol id I

c M Lom id I

Thisallowsustotalkaboutinve.rs

ihthematrixworld

Definition If A is an inn matrix then A is

invertible if there is an hxn matrix B such

that
AB BA

We say that B is the inverse of A and write

E If A f L and 8 12 y then

AB BA log so AisinvertibleandAt
































































E If A

f
E

FYI
the

AB BA

f g so Aisinvertibleand AtBI

E log is NOT invertible Why

If facbd were its inverse then

4 11 3 to 3 I I
Uh oh these

No inverse exists aren't equal

Properties Let A B be nxn invertible matrices

I The inverse for A is unique
z A A

3 AB B A

4 If TER Eto then TA IA

5 CAT A it



Proofi

1 If C and D are both inverses for A then

CA _AC I and DA AD I

so C CI C AD CA D ID D

c o

2 Since A A AA I we have that A is

the inverse of A so A A

3 We must show that CAB E'A B A 1 AB I

Indeed AB B AD A BB 1 A AIA AA I

B A 1 AB B A A B B IB B B I

i AB B A I

4 5 Exercises



Finding
Suppose we want to find the inverse X of a

2 2 Matrix A

Let I Iz be the columns of X X

Then

AX I Atx xi I

AI Axe E I

AI E f Ake Ez

I.weneedtosolvefAIEJ.CA

We can solve both systems by putting eT and Ez on

the right hand side

i e reduce.LA EEJ lA IJtoRREF

see Q4 of AG



E If A
f og

then

liiliili.at Hilal
is

These are the columnsXTand

XTof the inverse matrix

sure enough fi i fi fi Coo

Can this same

EEEI.to
Eehfm'ETo

TITTIES.FIEgaEEqsaEEEqprocesshelpusfi
ezigggEz

iBooks inverse of an nm matrix
A w wtY

Yes There is nothing going
on in the 2 2

setting that
cannot be extended to run matrices



Theprocess i To find the inverse of an nxn

matrix A

Put Al In into RREF

If we get Into then A is invertible

and A B

If we don't get In on the left hand side

then A is Not invertible

Exe Find A or explain why A is not invertible

cat A f f
solution

calf 41 9 rear o Il ti irren

Since we don't have Iz on the left A is not

invertible



Ii L L.int L L
c

I L p I I

l I carers

since we get Is on the left A is invertible

1
Moreover A

L I II I
Note by the above process A is invertible if

and only if RREFIA In

BUT we know from Q5 of Assignment 6 that

this is equivalent to the statements in our

BIG THEOREM Thus BIG THEOREM gets an upgrade



B1GTHE0REM If A is an nm matrix

then the following are equivalent

1 RREF A In

2 A is invertible

3 Rank A h

4 The columns of A are linearly independent

5 AT E has a unique solution E J

G Nuh A E

7 The columns of A span R

8 A15 is consistent for all b E IR

9 Col A IR

lo Row A IR

Il The columns of A form a basis for R

121 L is invertible

I3 Range L IR
Here L denotes the

linear map 45 AI

141 Null 4 to


