











































































































3.4 SpecialsubspaceSofsystemsandMapping

Thekeyi.de omChapter there is an intimate

connection between

Linear function and
Matrix
w

L Pi Rm a LL mxn

Lail HI

How do our Chapter 2 notions in matrix world

homogeneous systems rank etc match with ideas

in linear function world we can better

understand such connections by studying subspaces

associated to and its corresponding matrix

Throughout.LI Rn ylRm beainear

map and A will be its Mxn matrix L














































































































Recall A subspace of 112 is a non empty

subset of R that is

1 closed under addition and

2 closed under scalar multiplication

Nullspacee

If A is an mxn matrix then the set

Null A TER Ax o

of all solutions to the homogeneous system AT 8
is a subspace of R

This is known as the nullspace of A

E what is the nullspace of A lo lo Ig

Solution It's the set of all solutions to AE 8

i e solutions to A to which we can obtain














































































































by finding RREF A

R R

III int i'hair
too 2

KREE

If xz S and Xy t s.EE R then the solution

are

f If tf
site

i Null IA span11 fi f

Whatistheanalogueof
nullspaceinlinearfunctionworth














































































































Well if L R Rm is a linear map with matrix

A then Ax 8 if and only if 4 7 8

So Null A is the same as

Null L x'ER LK Of 1

which we will call the hullspace of L

E What is the nullspace of the linear map

ni NzNz K t R2 Nat Nz

olution The matrix for L is A to 1 9

The nullspace of L is the same as Na A

which we can get by solving AI 8

RREFCA to 0 1 Solution is I tf TER

a Null c Span If I














































































































ColumnspaceofAandRangeofI
Recall that the codomain of a linear transformation

L B Rm is Rm the set that L maps into

But does he actually hit

every vector in its
codomain

E If Eef then the linear map

Prajji IR 71123 sends each vector I c IRS to

Projjk which is always a multiple of it

soprojjhitsallmultiplesofv.ba nothi

else leg f is not hit by Projo

EI Thinking geometrically its easy to see that

rotations reflections and stretches compressions on IR

hit every vector in their codomain














































































































Definition The range of
a linear map L R Rm is

Range 2 LCE Ie IR 1

This is the set of vectors in Rm that L actually
hits

E By the above examples we have

i Range Praja Span It
Iii Range Ro R2

Iiii Range Ref.tn

lRZWhatistheanalogueofrangeinthematrixworld

Since LCE AI we have that

Range L LCI KEIR

AI Ie IR
linear combination of
columns of A














































































































IE fInbsinaotionasf span columns of A

letsgiuethislastseta pro.name

Definition The column space of an mxn matrix A is

Col A AI I c pi Span columns of A

I If L is a linear map with matrix A then

Range L Col A

EI what is the range of the linear map

Kyser Ks se see see Ks

Solution From a previous example the matrix for
L is A lo l o Thus

Rangell Col A fspanffif.li














































































































E If A lo lo I
then

collar span1141141.1111

Is the column

Ivr a IIiIe
too subspace of pin

HeartY
Yes In 1.7 we saw that span T Fu

is always a subspace So in particular

Col A Span columns of A is a subspace

Note From chapter 2 we know that a system

AI 5 is consistent if and only if b belongs

to Spam columns of A














































































































In our new language

Ax 3 is consistent if and only if b E Colla

or equivalently be Range L
1

Rowspacee
In some cases we may be

interested in

knowing the Spanofth of a matrix

Definition If A is an Mxn matrix then

the rowspace of A Row A is the

subspace of 112 spanned by the rows of A

whenregardedas.co rnvectors

E If A If I o then

Row CA Span 1 11,19














































































































Formally Row A Col At Atx Ie Rm 1

Magic Fact about Row Spaces

aEROS don't change the row space

In particular Row A Row RREFCAI

E If A then

RREFIA

f
so

1
Row A Row

RREFADYSPanff.io L f
This is clearly NOT a basis for Row A
Is there some way we can obtain a basis directly














































































































SubspacesubspaceofHowtogetabasis
Use the columns of A thatCol A Range L Rm codomain
have leading 1 s in RREFCA

r.ua ia oma usee
e ws

Solve A5 8 and use
Null A Null L IR domain the vectors on each

parameter

E If A

f 4g
and RREFA

f i

find bases for Coll A Row A and Null A

Solution Since Columns 1 and Z have pivots in RREFCA

Iff 1,4g is a basis for Col A














































































































Since rows 1 and 2 of RREFCA are non zero

In I is a basis for RowCA

The solution to AI 8 is I tf te IR so

Y is a basis for Null A

E If A f 9 Yg
and

RREFIA

µ 4g
find bases for

Col A Row A and Null A

Solution A basis for Colla is 11111,19

A basis for Row A is

f Lg Eg














































































































The general solution for AE E is

I I Ittf g
tea

1
so a basis for Nu Al is

ff
2

iq f
Note If there are no parameters in the solution

to AI O then NuHCA In this case

we say that the nullspace of A is trivial

Observations

I Col A contains a basis vector for every pivot
in RREFCA Thus

dimColCA RankCA

2 Row A contains a basis vector for every pivot
in RREFCA Thus

dim Row A Rank A














































































































3 Null A contains a basis vector for every
parameter in the solution to AI E Since

there are h RankCA parameters

dimNuHA n Rank A

ofcolumns

This leads us to the following FUNDAMENTAL result

T

theorem RankNullity heorem

If A is an Mxn matrix then

Rank A t dimNull A n

I

E A 5 4 matrix A has rank 3 what is

the dimension of its nullspace

Solution Since RankCA t dimNull A 4 we

have that dimNull A 4 Rank A

4 3

E A 10 17 matrix A has a 14 dimensional

nullspace What is dincolCA



Solution Note that since Rank A t dimNull A 17

we have Rank A 17 dimNull A

17 14
3

a dimCol A Rank A I

E A 6 6 matrix A has 1 dimensional

nullspace Are the columns of A linearly independent

Solution By the Rank Nullity Theorem

Rank A 6 dimNull A G 1 5

Thus Rank A L of columns 6 so by the

results of chapter Z thecolumnsanelinearlydependentI



In fact this argument shows that the columns

of A are linearly independent if
and only if

dimNull A O i e Nu A E This makes

sense if there were some non Zero EE Null A

then we would have A5 8 meaning there is

a non trivial linear combination of A's columns

that equals o

Cuteapplication If A is an mxn matrix

then Rank A Rank At

why Because Rank A dim Row A

and Rank AT dim Col AT

Since Row A Col AT we get

Rank A dimRow A dim Col AT Rank AT

Ba


