











































































































3.2MatrixMappingsandLinearMapping
In high school you studied functions from R to R

E The function fCx xZ assigns to each

in the toxin R a unique value y in the

codomain also R We say that fmapsxfo

y.ae that

yistheimageofxundenf.IN
this section we will begin to study functions

on higher dimensional spaces

f R Rm
domain codomain

These are sometimes called mappings transformations

or operators

MatrixMapping

Let A be an Mxn matrix We know that if k

is a vector in IR then AF is a vector in Rm














































































































This gives us a mapping fA RRm_ defined by

face AI

We
commonly

call this the matrix mapping corresponding

to A

Note If f i R Rm is a mapping that sends

IE IR to gERM
it would be correct to write

aiD't Ly
oinstead

however we typically write ftp.i.ienj
fhyitm

nnyy Y This looks a little cleaner

E If A f Ig then A is 3 2

By above we can view this as a matrix mapping

fa R pp

that sends I to AI














































































































we have fatal Af f g 171 1
and fall D Aft I g It

EI If A I 4 then A is 2 3

This gives us a matrix mapping fan IR pi

we have fall 901 11 I 4 g i

faloi.ot.fi I 4 I
Note This makes sense We know from 3.1 that

Aei ith column of A

fall.io fi 41111 171














































































































Fa 2,0 o I 4 12g z

Votice that

fg tf and fall.to fall.o.o tfAlo

g 211g and falz.o.ot 2f.li

This is no coincidence

theorem If A is an mxn matrix then the

matrix mapping fa IR Rm satisfies

µ ga g ga fa g yo a go.pe

L2 fatty tfn.lt for all x c.IR te IR

Proofi L1 fahity Acetyl Aet Aj fn.IE tfaCy

L2 f Alte A tx t AI tfn.CI
BB














































































































These two properties are SUPER important

Let's see why

Ex Suppose A is a 3 3 matrix and we know

fAll0,01 13,3111
FA O l O l l O l

fA10,0 1 O Z O

What is fall4,2

Solution Since fly Ibf t 1411 t
211g

we have

fall4,21 fall0,01 4falo.io t2fa 0,0 l

g
t 4ft t

21 1 f
sowhyarekt.la important

Because if a function f IR Rm satisfies L1 and

L2 and we know f III fix f XI then we

can find














































































































IflLix taxi t ttnx f tiflx.lt taf I t ttnfcx.cl

For a matrix mapping we can say even more

Since fate Aei ith column of A we have

A fate fate faten

So fa is entirely determined by what it does to

the standard basis

EI From the previous example

fAll0,01 3,31 FA O l o Cl O l fa10,0 1 0,2 01

So A tale falei fates

LinearMapping

We saw above that matrix mappings satisfy LL and

L2 Are there other maps with these properties














































































































Definition If a function L R IRM satisfies

LL City CI t Lcg for all I g c IR and

L2 L tf thx for all IelRn te IR

we call L a linear mapping or a linear transformation

Exe Show that the map f R Be given by

f Xi xz Xa X 2 2 is linear

Solution We must show

LL f 7 f6ify and L2 f tx t

for all I g C Bi and te IR

LL flirty fluity seatya

J arty
laity 2 natya

L














































































































a za

t

y zy
f hermit fly yy

lL1 ho

L2 f tix fltm.tn

It and
fat D
t.fm za.J tfCm.x4 CL2lholds

Since f satisfies LL and L2 f is linear

To show a function is N ear we must exhibit

specifics that violate 41 or Lz

Ex Show that the function g R 1122 given by
g Ni Na k3 N Rz Ks is N T a














































































































Solution Note that glii.it Y 1 i and

glacial fuzzy Y Uh oh

I 21 but 9142,21 14 t 2 11 2914.1

CL21fails.sogisNOTI.ae

Atternativeargument

g49os faxo4 g and 96.401 1 111 1
but guillot to

So f f'g tf but

gll.io lo t g g go.o.oltgco.io

ThfaisogsN0Tinean














































































































EE Is h 1123 1122 given by

h K Nz Ks se ka se t 4ns

a linear map

Solution Let's try to prove

141 hCIty hy and 42 hltx th

for all 5 g C 1123 and te IR

L1 h Itg h x yi not ya kstys

x y Katya

etty 4 Kstys

In see t Y Yz
kit 4231 t ly 4yd

arm

µ ya hhilthlytKit4ns Yet4ys

ds














































































































L2 htt 5 htta toes toes

ta ta

toe 1 4 tks

f Ca alt n t 4ns

tfa
se thx

24 423

I Lz h

Since h satisfies Ll and L2 hisinear

We know that
Lome linear mappings matrix

q VH 7 mappings can be described using

i Eq i mi

Hmm to answer this let's consider an example














































































































E Consider the
mapping f R Be given by

f lui uz Rz K Nz

which we showed above is linear

fth.es matixmappingfA then its

columns should be

1st column f et f 1,0 0,1

2nd column f Ez f oil 1 1

Taking A ft we get

takin 194114 1.7 fla xD

So yes f is a matrix mapping It turns out

this is always the case

theorem If L R Rm is linear then L can

be represented as a matrix mapping with matrix

L LIE LCE lien
1














































































































Pref L I seet t Mei t seinen

se L E t Sez et t t sen L ET

LCE 451 Lien

fix
BE

EI Above we saw that h 1123 1122 given by

h K Nz Ks se ka se t 4ns

is linear How can we represent this as a matrix

mapping
Use this to find h 2,1 o

Solution The corresponding matrix
is

h HE Heil hies

Since

h E ha o.o t
andhlet hlo.no I

tiles hlo.o.it q we have














































































































Ht 1

Let's find h 41,01

humor Chill fi 691 11 1

CombinationsofMappingI

Suppose we have functions

L R Rm M R Rm and te IR

From these functions we can make new functions

s M R Rm given by um L MK

multi pi spin given by ALICE 41 7

FACT If L and M are linear then so

lareltmandt














































































































This is not a tough fact to prove but it is tedious

Try it as an exercise

Note If L and M are linear we can find

L and M by calculating Neil and Mei

Can we use L and M to find Ltm

Can we use L to find f L

Yes It turns out that Ltm L t Me
and ftL tf

Why Well for any KEIR we have

Ltm I Lt M E

LII Mtx

4 1415 CL t MDI
o LtM L tCM byQ3ofAssignmen
















































tx Imitate the above argument to show that

TL the

Exe Consider the mappings Lcn na ri se tra

M ni se Rz Ki Na

As an exercise show that L and M are linear

By the above FACT the functions

tM x se se.ie tMCse.nz

l n 1tf J It and

2 se ka 2L a pea

al l c

are also linear

whatarelc3 CMT.CLTMJ.CZ



we have D Heil veil fi q
m IMleil Meet fi

We could do the same thing to find
Ltm and 12L

ore we could use the equations

um calm fi 9 941 41
24 214 211,9 1391

Compositions

Suppose we have mappings L R Rm and

Mi Rm IRP We can form the composition

Mole R IRP given by Moc I M 4x4

we read this right to left
First apply 2 then apply M



Mo L
Pictorially

Is

Just like in the cases of addition and scalar

multiplication we have

If L and M are linear then so is Mo L

Why Well if I g c R and te IR then

Mol City M Lhity
M L x t Lig as L is linear

M LCH t MILIGH as M is linear

Molde t Monty ds

Moh tx M L txt

M thx as L is linear



t M LII as M is linear

E Moh I L2 ho

Just like before if L and M are linear and

we know L and M then we can find Moh

Indeed if it is any vector in R then

Mol I Moh I

M LII

M Dx MULTI

3g Q3 of Assignment 7 we have MoL M

EI Consider the linear mappings from the previous

example

ni Nz ki k Nz M ki se Rz K Nz



We found that it fi
o and CM ft

By the above results the composition map

Mol ni.az M Lcr ua

M x Nitka kit sea Ka

is also linear

whatislm.LT

We could find this by computing Mollie and

Mol et OI we could use

1 Imob MUL fi.it ii1


