











































































































Chapter Z Systems of Linear Equations

2.1 GaussianElimination

In this chapter we'll be looking at linear equations

Exe se t 3k 8 I

Ex Zoe Kz 5 z

In general laiseitazkztntanxn.by
where Ayaz Ah b e IR

In particular we'll be interested in finding Solutions

to these equations

Ex I SI is a solution to se t 3 2 8

because 5 t 3 l 8

Checky f l z L 44 are solutions as well














































































































Solutions to K t 322 8 ma
24 3 2 8 I

form a line in 1122 r l4.41 i
upi 5 i

s

bra

raySolutions to kit sez t 2k 4
T.kzform a plane in 1123

IK L

fIn general the solutions to ape tan t tansen b

form a hyperplane in R

Instead of finding the solution to just one linear equation
we'll be interested in solving several equations simultaneously

Aux t an Xa t t Ain Xn b
System of

Aux t 922 2 t i t AznXn bz linear equations

AmX t 9mHz t i t AmnXn bm

m rows 7 M equations
a
y

coefficient of Xj
h columns 7 h unknowns in it equation














































































































Since each row is a hyperplane in IR

Solutionsystem Points in intersection

of linear equations of hyperplanes
1

In 1122 this is an intersection of lines

2h zu Nz 5
K t3xz 8 9

to

se

V v

In IR this is an intersection of planes

TEtE I
Sfolution is a line solution is a point No solution














































































































Solving a System Gaussian Elimination

Consider the system X t K 2 3 4
2 2 t X 3

2x t Xz 5 3 7

We will solve this system by eliminating some

of the variables from some of the equations

withoutchangingthesolution

Two systems with the same solution set will

be called equivalent denoted by n

Any solution to the first
X t Xz 2 3 4 Rz system is also a solution

2 2 t Xs 3 Rz to the second

ZX t Xz 5 3 7 Rz Since this operation can

be reversed byadding R
AddC2 RI to Ra k Ra any solution to

the second system is als
X t Xz 2 3 4 Rz a solution to the first
2 2 t Xs 3 Rz i The systems are
X z x L Rz equivalent














































































































Swap Rz and R Reordering equations does
not change solution set

These systems are
X t Xz 2 3 4 RI

equivalent
Xz x L Rz
2 2 t X 3 Rz

Multiply Ra by411
This step is reversible and
doesn't change solution set

i These systems are
X t Xz 2 3 4 Rz equivalent

Xz t 1 Rz
2 2 t X 3 Rz

Add 2 R2 to R Same as above

These systems are equivalent
X t Xz 2 3 4 Rz

Xz t 1 Rz
X 1 Rz

From Rz X

From Rz Xzt X I Xzt f 1 I
Xz2_

From Rt XitXz 2 3 4 X t z 2C i 4














































































































Since the final system is equivalent to the original

our solution is I I check

The final system Xz 2 3 4
X z t Xz I

1

has a vergspeci which makes it easyto solve

Definition A system of linear equations is said

to be in row echelon form REF if the leading

variable in every row the first variable with

non zero coefficient is strictly to the right of

the leading variable in the row above

Leading variables on t K 2 3 4

lower rows are strictly t x 1

to the right I














































































































Fact Every system can be put into REF using a

sequence of elementary row operations EROS

Et1 Multiply an equation by a non zero constant

2 Swap two equations
3 Add a multiple of one equation to another equation

Using EROS to reduce a system to REF is called
Gaussian Elimination or row reduction

Solving for each Xi from the bottom up is called back

substitution

Ex Using Gaussian elimination find the solution set for

X t 2 2 3 3 4X4 10 Re

ZX t 4 2 7 3 10 4 25 Rz

Solution Let's make the leading variable in Rz occur

to the right of the leading variable in R ie Ks

To eliminate se from Rz add C 2 Rz to Rz














































































































X t 2 2 3 3 4X4 10 X t 2 2 3 3 4X4 10
ZX t 4 2 7 3 10 4 25 Re 212 Xs 1 2 4 5

REF

Note Our two equations do not completely determine X

and Xy one can be chosen arbitrarily

We always pick the non leading variable to be the arbitrary
one here its Xy This is called a free variable

X is not a leading variable so it's free too

Since free variables can be chosen arbitrarily we write

Xz S Se IR and Xy t te R

and I are called parameters

Now use back substitution to find the leading variables

From Rz Xs 5 2 4 5 2T

From Re X 10 2 2 3 3 4 4
10 Zs 315 2T 4T 5 Zs 2T














































































































This means that the general solution to our system

of equations is

Y step

µ it
plane in R passing
through C5,0 5,0

Representingsystemswithmat
Instead of writing X Xs Xs in a system of linear equations

Aux t 912 2 t i t Ain Xn b
AzX t 922 2 t i t AznXn bz

am an x t am
him

we'll just record the coefficients Aig and right hand
side 5 1 in a matrix














































































































at

Latif if.at m

Ey The system 3 X t 8 2 18 3 t Xy 35
Xz 3 3 t Xy I

t 2 2 4 3 11

has coefficient matrix A 8
738

1

I 2 4 O

3 8 18 1and augmented matrix A15
fo 3 11
I 2 4 O 11

Definition A matrix is in row echelon form REI if

111 All rows that are fully 0 occur at the bottom and














































































































2 The first non zero entry in a row called the row's

leading or pivot is to the right of the leading

entry from all higher rows

Et
fto og f

og

g
Ine
not in row echelon form because

leadingentry in R is NOT to the

right of the leadingentry in Rz

gt3gg 7g
is not in REF because the leading

entry of Rz is beneath the leadingentry
of RI not to the right

too
is not in REF because there is a

row of Zeros above a non Zero row

aBoth
get

and
fog toooo

are in REF

a

Ex Lets solve our first system X t Xz 2 3 4
2 2 t X 3

2x t Xz 5 3 7

using matrices














































































































Putthis next to rowwhere
operationoccursHereit's in row3 SwapRaeandR

l III t.it Hair

i Ii t til
I T Y X t Xr 2 3 4

Xz t Xs I
0 O l la X z I

with back substitution 11 I

Ex Find the general solution for
3 X t 8 2 18 3 t Xy 35

Xz 3 3 t Xy I
t 2 2 4 3 11

by row reducing the corresponding augmented matrix








Solution The augmented matrix is

fi il tan fi if't3 8 18 1 35 Rz 312

i it b.it th
Going back to a system

Xi t 2 2 4 3 11
Xz 3 3 1Xy l

Xy 4

Since X is not a leading variable it is free

Xz t R

With back substitution we have

Xy 4 X4



Xc 3 3 t Xy I Xz I t 3 3 Xy
I t 3 t C 4

3t3t

X t 2 2 4 3 11 X 11 2 2 4 3

11 213 3 t t 4T
5 2t

15
The general solution Is tf i TER

I
Oth

If I
ten

1

EI Find the general solution for
X t Xzt 12 3 4

Xz t 4 3 1
X t 3 2 t 5 3 2



Solution The augmented matrix is

Yz 1 z 4 2121

I H fo ifI 3 5 2 Rs RI

E i I l t

REF

Going back to a system

X t 2 2 t X3 8

Xz t 4 3 1
OX t 0 2 0 3 7 uh oh

Note The left hand side of Rs is 0 Since the right hand

side of R is non Zero there is Inosolution

A system with no solution is called inconsistent

A system with at least one solution is called consistent



Let's summarize what we saw in the examples

theorem suppose that Al 5 is the augmented

matrix for a system of linear equations and S E

is the REF of At 5

1 The system is inconsistent if and only if some

row of SIE has the form

00 Ole
where Ct O

2 If the system is consistent then either

a of pivots in S of variables

in which case there is a unique
01

b of pivots in S of variables

in which case there are infinitelymany
Solutions


