











































































































1.5 ThecrossProduct

We can write down the scalar equation of a plane

in 1123 if we know a non Zero vector orthogonal

to the plane ie a normal vector

AM
fBut how can such a f i.ie

I tryvector be found
Rz

In particular if I Yu and T Yy are vectors in 1133

how can we find a vector Tv that is orthogonal to

b I and i

This vector Tv would have to satisfy the equations

Thehi U W t UzWz t Uz w O

J J V W t KW z t UWz O














































































































We'll learn how to solve equations like this in

chapter 2 For now here's the solution

a t
or any scalar multiple of this vector

Definition The cross product of it and

J Yg is the vector

it d
Ex The cross product of with

Ig
is

list Hi i i














































































































How can we remember this messy formula
W Wz Wz W WzT
U Uz Uz Ul Uz

xxxV2 Vs V Vzs s
t t

Suppose i V
LY

Get w by adding the product on the down arrow

and subtracting the product on the up arrow

W W W W Wz So W U2Vz VzUz

VI k k VI g k Do the same for Wz W lt t

theorem Properties of x For I g Ee Rs and te IR

1 xx g I I 5 5 ty
z ixg Igxx7
3 5 5 8
4 I gtz Ixy t Ix E

5 Ctx xj Ix ty tCxxy














































































































Applicationstolinesandplanest
The equation of a plane through two lines

q 3

If two lines in 1123 a aaintersect

at some point then they must L
Rz

lie in a common plane se

what's the equation of this plane

AM if
idea The plane's normal vector is aa

orthogonal to the direction vector 1L
of each line sea

x fu
Ex The lines

I 14g ttµf I 14g tf ter

both pass through 40,3 so they must lie in a common plane

Find the scalar equation of this plane














































































































Solution The normal vector of this plane is orthogonal

to both direction vectors 1 and I
So we may take

a I Hi i 1
This means that the equation is 104 1024 4 312

Solve for d by plugging in any point on the plane
i.e any point on either line 4,0 3 will do

lo 4 t lo o t 413 d D 32

Our plane is

tox t to k t 4ns 321

2 The equation of a plane through three points

AM
Just as two points determine a line a

three points determine a plane p

E
Nz

Howdo we find this plane's equation
ML














































































































q 3
an

idea The line segments POT and PIT fossilsP
lie in the plane and the normal vector

is orthogonal to both sea

E Find the scalar equation of the plane containing

Plz 3 1 Q5,3 5 and 126,0 2

Solution The plane contains the directed line segments

5 3Fa IF I H I
Fr r f E III I

So the plane's normal rector is orthogonal to EQ and FR

we can take n Fax PIT 1 1 1 f I
the equation is 21xzt21xs

Plug in any point
on the plane leg PQ R to get d 42

Hence 2 19 421 or














































































































3 Line of intersection of two planes

Any two non parallel planes sesa

in R intersect in a line

If we know the planes 2

Arhow can we find the line mL

idea The line is contained in both planes so its

direction vector is orthogonal to both normal vectors

Ex Find the vector equation of the line in 1123

obtained by intersecting the planes
x Uz t 3kg 5
K t Mz t ZN z 9

Solution The normal vectors of these planes are µ
and Iz respectively

The direction vector of our line is orthogonal to both normals

so I fist I














































































































The equation of the line is

ftp.fttff item

where P pipaPs is any point on the line

Lie
P is any point on both planes I II III if

To get such a point set Ks 0 and solve the

system of equations to get se and sea

I I E
From K seat 5

So from se Nz 9 zest 5 t Sez 9
zur 4
sez 2

Since se Kz t 5 we get se 7

A point on the line is P 72,01 so the equation is

I tf ter














































































































Areasandvolumies

The cross product can tell us about areas in 1122 and

volumes in 1123

Fact If I J are vectors in IRS and O is the

angle between them
then

Huixth HuiHATHsinceI
There's a proof of this fact in the book but it's a bit

messy Instead let's see how this formula can be used

1 Area of Parallelogram
rn 7

Two vectors I and J j
define a parallelogram µ I

what is the area of this parallelogram

Forany parallelogram Area base height The base of this

parallelogram has length Hall Whats the height














































































































Looking at the triangle in the
h

lower left corner we have

g je
SMO e

height of110N

so height Hillsince

Area base height HuiHHills.no Huixth

Therefore

i
Hui TH HullHill Sino Area of parallelogram

definedby.ua

Ex Find the area of the a ais
N

cz2
parallelogram on the right

µ

ci1

EtIE.io e.wen
a s i issti

i

iI

w ET parallelogram in Pi
Y














































































































NK3We can think of this as
a parallelogram in R sitting in sea
in the se sea plane L yo 1,30

i e with Nz O and

so this is the parallelogram defined by T f and J Fg

Area Huixoll 114 11

Exercise Calculate the area of the parallelogram defined

by a I and J II

2 Volume of a parallelepiped

Three vectors I J w in IR

define a parallelepiped

Owhat is its volume is














































































































The volume of a parallelepiped is

VlareaotheightI
O

The area of the base is HuixJH
Areaofbase Hexed

but what is the height
ajaw

It's exactlyHprojiwH the lengthof

the projectionof it onto ri text
O
IS

Note that

upright I FIT if Tf hit IIIT
so Volume Area of base height

i E Iww

The volume of the parallepiped defined by vectors
live.in R3islw cux
























Exe what is the volume of the parallelepiped

defined by E I F and E E
1

Solution The volume is II hint

We have that

air 1 151 1 o
So the volume is

lwoluxutl I.EE 1 11 1 31 131

Determine the volume of the parallelepiped

defined by E E F Eo and E Eo

Notice something weird Explain

Hint Draw the parallelepiped


