











































































































12LengthiDotProductiorthogonality

Length
The length or norm of a vector RER is denoted

by 11411

Yi fo
E 11 311 1

see
It 11 2 I1119111 0 foal

Hz

If I fan in 1122 I
9

what is 11 11 µ n

Nz
se

By the Pythagorean Theorem we have

HIM x t set

so HIH VT 1














































































































Ex Hf's Hilts I

what about ftp t in IR
His

I is the sum of the I 1
two vectors in the Il
green right triangle Nz

iM
length Tim

So 118117 Jetta t set Pythagoras

fait ri t se

H5H T Notifa.fmwT
Definition The length or norm of a vector I 7 ER is

HIH f ten














































































If 11511 1 I is called a unit vector

E If I Eq CR then

11 11 137120 715 V otI f

theorem Properties of H 11 Let I g c IR and te IR

1 1151130 and 11811 0 if and only if 5 8

z µ

3 HIty HE 115ktHgh Triangle Inequality

Think about 1 Why is Fintan always 70

when is it o

For 2 we have

HtxH tLL

f Exit Exit t Ext

FETkit kit it x Itt 1511



MN 7N

Geometrically 3 says that the Itf µshortest path between two points

is a straight line U

HItyHEHxlttlly.tl

Exercise What is the norm of Ttx if
3

a X Io
1

b I is any non Zero vector in IR

The notion of length also allows us to measure lista

The distance from A a I g
I toy in IR

is HI TH

Exercise Compute the distance from

to 5 fIT



Angled f DotProduct

Enough with vectors Let's go back to highschool

Q If a b c are given a

what is the value of O

The cosine law can help us

c a t b Zab Coso

New Q If I II and 5 1 1 what is

the angle 0 between T and j
He

compare the picture on the A yIT
right with the

one above

K
O

what does the cosine
Hilaw say

now



HI TH HIM't High 21151111511 coso

se g ther yz5 Kitai t yityi 21151111gHCoso
Get2ms it

gy y zuxtillighcoso

Gay x ya HIHHyHcoso

Ky sezyz 11 1 11511 cos O
Bo

endofproof

EI If I E and g I then

11511 1 Hugh 2 and x y t Kaya 53

So 53 1.2 cos Coso Iz 1O

q VHN
There are many angles

i o



seen µ q
Note We always pick 1O so that OE OE IT o a

something similar happens in 1133

If O is the angle between 5 1 and J Yy then

Hyitmyztxoys HxHHyHc

Definition Let E and T
µ

be vectors

in IR

The dot product of X and J is

I Hiy txzyzt tKn

Ex fz fq4 3K 4 2K f 1 I

L 12 to tf L



theorem Properties of Let 5 j E e R and te IR

1 I 5 11 112 C Super useful

2 I g g E
s g e

4 Ctx g thay I Ctg

5 II JIE 1151111511 Cauchy SchwarzInequality

Try to prove 1 4 on your own

The book has a proof of 5 harder

pie and IR the angle between I and gLn

is the O e fo T such that

II g 1151111511 coso

We can use this formula to define the angle between

non zero vectors 5 andg in IR

It's the O cCoit such that II J 11511Highcost

The cauchy schwarz.IN y says 0 alwaysexists



Exercise Let F Ea and 5 I
a compute 11511 High and I J
b Use the above formula to show that I and J mee

at an angle of 21.83 radians

Orthogonality

We know that totpeducts are related to angle

by the cosine formula above

E what does it mean if x j 0 for two
7

non Zero vectors g E IR

In this case 0 111,411141 cos0 so cos 0 0

Then 0 7 2 so I and I are perpendicular



Conversely if I and I are perpendicular then they

meet at an angle of 0 92 Hence

I g
1151111511costa o

We can therefore make the following lefinition

Definition Vectors 5 JeIR are perpendicular

for orthogonal if and only if I J o

When X is orthogonal to go we write III

Ex J is orthogonal to all I
c R as 0.5 0

Lo
O So these vectors are orthogonal

2g
g

L so these Vectors are NOTorthogonal



Two lines in R are orthogonal if their direction vectors

are orthogonal

Exercise which of the following pairs of lines
are orthogonal

i I ftp.ttff iX f3Jttf5z tek

ii 5 2 t t 6 I t I

tL I Her

f

IV The line passing through The line passing through

1012,3 and Q 4,5 RCI 2 and parallel to

I 3 t tf HER


