Linear Orderings of Finite Sets in R"

6394 [1982, 502} Proposed by Jan Mycielski and Andrzej Ehrenfeucht, University of Colorado,
Boulder.

Let nand m 2 n + 1 be given. Let X € R” with | X1 = m be a set in general position, i.e., if
Y€ X and |¥|<n+1, then Y spans a (|¥] — 'l)—dimcgsional h)’?Cl‘plf.ine a_nd no two such
hyperplanes are parallel 1o each other if, of the correspon@mg two ¥ s,—nglther is a subsct gf the
other. Lect £,{ m) be the number of linear orderings of med:f can be ot?lalncd by a perpendicular
projection of X into any directed line which is in general position relative to X,

{a) Prove thatfz{m)=2(';') andfa{m)=6(’;')+4(’;’)+2. N ‘ ‘
() s f,(m) well defined (i.e., the same for all X in general position) for n > 4, and, if so, can

it be evaluated?

Solution by W. J. Gilbert, University of Wuterloo, Canada, and A. Mande{, University oj? Suo
Paule, Brazil. We give a direct proof of (a) and examples to show that f4(6) is not We!l defined.

The projections of X onto parallel lines directed in the same way give the same‘ordenng so, for
each parallel class, we choose the representation thro_ugh the origin parlameter%ed as !"(A.) =
{Ac|h € R}, where ¢ € §” 7, the unit (# — 1)-sphere in R™. Let X = {x,. x; .}. The projec-
tion of the peint x' onto the line /, has parameter A = x' - ¢; hence _x‘ precedes x/ in the ordgnng
on /. if and only if (x' — x)-¢ < 0. For1 i <j < m, let h(i, j) be the (n — 1)-dimensionat
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hyperplane (x' — x/) - x = 0 which passes through the origin and is perpendicular to the line
joining x' to x/. The side of (s, ) where ¢ lies determines whether x’ precedes or follows x/ in
the ordering on /.. Therefore the number of distinct orderings of X equals the number of Full
dimensional regions that the collection of hyperplanes {A(i, j)} divides R", or equivalently,
divides 5" .

For n = 2, the general position of X just implies that all the h({, j) are distinct. There arc (;)

of these, each intersecting S* in a pair of antipodal points. Hence ! is divided into 2 (’;’) arcs and
flmy=2{"%).

For n = 3, the general position of X implies that the planes A(i, j) are distinct and the only
triples of h(i. j) that have a one dimensional intersection are those of the form
{Ae, j), h(i k), B(4, k), where 1 < § <j <k < m Look at the complex defined by the inter-
scction of the planes /(i, f) on the sphere $2. Let v,, be the number of vertices of degree 2r; each
such vertex and its antipode lie on the one¢ dimensional intersection of r of the planes A{i, ;).
Hence ¢, 15 twice the number of triples {7, j, k} with 1 < <j<k<gmandy = 2(’;'), Now v,
is twice the number of pairs { {7, j}, (k, /}} with i, j, k. / distinct and v, = 6(”). The number
of vertices of the complex is 1, + v; and the number of cdges, e, is half the total degree, so
e = (4ry + 61,)/2. By Euler's formula on the sphere, the number of faces is i
m' m
3452

To show that £,{6) is not weil defined consider, for example, the following matrices, identified
with their column sets:

f3(m)=e_(04+Uﬁ)+2=£}4+2v6+2=6(

01 0 0 0 2 0100 0 12
1o o1 0 0 3 o o1 00 %
10001 o0 sl ™M E=1000 1 0 s
00 0 0 1 5 0 0 0 0 1 -4

Both X; and X; arc in general position, but the above methods and Fuler's formula on S* can be
used 10 show that the number of orderings for X\ 18 480 while the number for X, is 472,

Part (2) was also solved by Pei Yuan Wo (Republic of China} and the proposers.



