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ABSTRACT

In this thesis we are concerned with certain
nunerical invarisnts of homobopy type akin to the
Lusternik-Schnirelwann category and cocategory.

In a gseries of papers I, Berstein, T. Gsnea,
and P, J, Hilton devsloped the concepts of the cabtegory
and weak category of a topological space, They also
congidered the related concepts of conilpotency and
cup product length of & space and the wesk category
of a map, DLater T, Ganea gave another definition of
category and weak category (which we will write as
G-cat and G-wcat) in terms of fibrations and
cofibrations snd hence this dualizes easily in the
sense of Eckmann-Hilton,

We find the relationships between these invarients
and then find various examples of spaces which show
that the invarlants are sll different except cat and
G-cet. The results are conteined in the following
theorem, The map e:B———> (3B is the natural
embedding., All the invariants are normalized so as

to teke the value O on contractible spaces.
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Theorem, Let B have the homotopy btype of a
simply connected CVW-complex, then
cat Bz=G-cat B G-wcat B2 wcat B),wcét e conil B>u-long B

and furthermore all the inequalitles can occur,

All the examples are spaces of the form
B = Squden where o(e'rrn_l(sq). When B is of
this form, we obtain conditioms for the category and
and weak categories of B to be less than or equal
to one in terms of Hopf invariants of (X . We usgse
these conditions to prove the examples,

We then prove the dual theorem concerning the
relationships between the invariants cocstegory, wesk

cocstegory, nilpotency and Whitehead product length.

Theorem. Tet A be 8 countsble CW.complex, then
cocat A > wcocat 4> nil A} W-long A

and furthermore all the inequalities can occur.

The proof is not dual to the first theorem, though
the examples we use to show that the inequalities can
exist sre all spaces with two non-Zero homobtopy groups,

The most interesting of these examples is the

space A with 2 non-zZero homotopy groups, Z in
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dimension 2 and 34 in dimension 7 and with keinvsriant
u“e;ﬂa(z,a;zh). This spsce is not an H-gpace, but

has weak cocategory 1. The condition weocatb A1

is equivalent to the fact that d~0 in the fibration
D d 54 d ;.D.S'Q. In order to show that

wcocat A = 1 we have to calculate the cohomology
ring of Q) T RK(%,2). The method we use to do this
is the same as that used to calculate the cohomelogy
ring of (28"l yging James' reduced product
construction.

Finally we show that for the above space A the
fibration

EQN 2) :-AS £ 5 A

-

has a retraction P such that fﬁagczl even though

A 1is not an H-space,
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0. INTRODUCTION AND SUMMARY

In their work in Differentisl Geometry and the
Calculus of Variations, Lusternik snd Schnirelmann [2{]
introduced the notion of the category of a spsce, This
bas interest in Topology because category turns out to
be a numerical invariant of homotopy type {&s noted by
Borsuk [7]) which is quite different from the usual
topologlcal invariants,

There are various definitions of category given in
Chapters 1 and 4 but they all give the same value for
most spsces, In this thesis all the definitions will be
normalized so that a contractible space has category O.

There 1s a connection between the category of a space
and the homology inveriants which comes from the fact
that the cup product length of a space (i.e. the largest
number of cohomology classes with a non-vanishing cup
product) is a lower bound for the category. If the space
1s a (W~-complex then the number of positive dimensional
cells is an upper bound for the category.

In a gseries of papers Bersteln, Ganea, Hilton and
Peterson [3], [4], [5] N [12], [14] discover various

numerical invariants whose values lie sandwiched between
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the values of the category and the cup product length.
We investigate the relationships between the various
invariants and by exsmples show that; except for the
various definitions of category, &ll the other
ipvariants are different, Thé results are collected

together in the following theorem.

Theorem 4.5. Let B have the homotopy type of a

gimply comnected countable CW-complex, then
cat B= G-cat B G-wcat B> weat B wcat e conil B u-long B

snd furthermore all the ilnequalities can occur,

All the examples will be spaces of the form SqL; e

(Y

where X gr,_;(8%) &nd we will use Toda's notation [33]
for the elements of the homotopy groups of spheres.

The spaces with category 1 are precisely the
non-contractible coB-spaces (i.e., spaces with a
comultiplication)., The coH-spaces are dual in the
sense of Eckmann-Hilton to the H-spaces, Hence it is
natural to consider the dual concepts to category and
the other related invariants.

Not all the definitions of categories and weak
categories dualize stralghtforwardly. But the main

point of Genea's definitions is that they do Jualize



easily and hence we will use these duals to define
cocategory and weak cocetegory. Then %the spaces of
cocategory 1 are precisely the non—cbntractible H-spaces,

An upper bound for the cocatagory of a simply
connected CW-complex is the number of non-zero
homotopy groups.

The following theorem 1s dual to Theorem 4.5 since,
in Eckmann-Hilton duality, nilpotency is dual $o
conilpotency and the Whitehead product length is dual
to the cup product length,

Theorem 6.5. Let 4 be a countazble CW-complex, then

cocat A 3 weocat 4 nil A W-long A

and furthermore all the inequalities can occur,

The examples we use to prove that the inequalities
can occur are 8ll spaces with two non-zero homotopy
groups, but the methods are not dual to those of
Theorem 4,5,

T, Ganea has pointed out that an example of a space
with weak cocstegory 1 but which is not an H-8pace can
be used to snswer, in the negative, the following
question of 1. M, James, If AB is the space of free

loops on A and in the following natural fibration



{14 g:AS f‘;A

there is a retraction r.) such that & ~1 does
it follow that 4 is an H-gpace?

The thesis is divided into eight chapters, In
Chapter 1 we give the older definitions of category
and the definitions of the related inverients. We
mention the known examples of spaces which distinguish
the four invariants c¢at B, wcat B, conil B 2nd
/~-long B,

In Chapter 2 we restrict our attention to spaces B

D o0nd find a condition for

of the formm SquD(e
wcat e 1 in terms of a Hopf dinvariant of oK., We
use tl_:ia to find examples of spaces which distinguish
wcat ¢ from wecat B and conil B,

Following Svarc [52] we introduce in Chapter % the
"sum' of fibrations over the same base and the !product’
of fibrationg over different basges.

The maln result we need later is Theorem 3.4 when
applied to the stendard fibration J9: {2 B— PB—>B,
Of course this result could be obtained directly

without using 'sums' end 'products' of fibrations

(see [_-15]) but the result and certainly the proof is



¢clearer when stated in general terms,

In Chapter 4 we give Ganea's definition of category
in terms of 'sums' of the standard fibration 33. We
then prove the relationships between this definition
end the older ones.

In Chapter 5 we prove that G~wcat 1g different
from both cat and wcat., Agaln we use spaces of the
form B = S‘?‘-u"(en and find a condition for G-wcat BL1
in terms of a composite Hopf invariant of X.

We introduce the dual invariants in Chapter 6 and
find the relationships between them. We give examples
of spaces which distinguish nil from wcocat and
W-long,

In order to find an example to distinguish cocat
from wcocst we will need to know the cohomology ring
structure of {)2K(2,2) = (JTCP, We develope this in
Chapter ? ad show that the same method can be used o
calculate the cohomology ring structure of .QSD"']' from
the reduced product complex Sl:o.

The space we find in Exsmple 8,5, which has weak
cocategory 1 but which is not an H-space, has 2 non-zero
homotopy groups, 2 in dimension 2 and 84 in dimension
7 and the k-invariant is u4(-LH8( 3,2;34). Finally we



show that this space can be used to answer a question

of I. M, James,

The contents of Chapters 2, 4 and 5 and a
particular case of Theorenm 3.4 will be published in [}5].

I would like to thank Professor T, Ganea for some
helpful discussions and my supervisor Dr. I. M. Jomes
for his advice and encouragement, I would also like to

thank the S,R,C, for a Research Studentship,



1, DEFINITIONS

All the spaces we will consider have the homotopy
type of countable connected CW-complexes and have a
base point denoted by *., All the maps will preserve
base points. The constant map is denoted by O and
the identity map by 1. We will not usually distinguish
between a map and its homotopy class., Denote the set
of homotopy classes of maps from X to Y by Ei;ij.

Let T1k+1 be the subset of BE*! consisting of
points with at least one coordinate equal to *., Let
357, ¥*1— B¥*1 1o the inclusion map and tet B(K*D)
be the quotlient space Bk*'l/'j?lk+1 with identification
map q:Bk+1-——PB(k*1). Then BX*1)  4g the (k+1)=Fold
smash product of B, Let /\:B—>B**! pe the diagonal
wap. |

We now recasll the definitions of some of the
numerical invariants akin to the Lusternik-Schnirelmann
category., 4ll the invariants will be normalized so as
to take the value O on c¢ontractible spaces, (This
means, for example, that we subtract 1 from the value

of the classicel Lusternik-Schnirelmenn category.)
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Definition 1.1, The Lusternik-Schnirelmann category

of a space B, L=S cat B, 4is the least interger k} 0
with the property thaet B may be covered by (k+l) open
subsets which are contractible in B; 1f no such integer

exists L-8 cat B o0y,

Definition 1.2, The category of a space B,

cat B, 1is the least integer k>0 for which there
exists a map gD:B-—)le*l such that ;joqggA,B__)Bk-pl;

if no such integer exists cat B = po.

The first definition 1s in the form given by Fox [11]
when he wodified that of Lusternik and Schnirelmann by
using open subsets instead of closed subsets, The
gecond definition was given by G. W, Whitehead [35] who
observed that, for a certain class of spaces including
all CW-complexes, 1t 1s equivalent to Definition 1.1,

The spaces with category O are the conbractible
spaces and the spaces with category 1 are the
non-contractible coH-gpaces, The obvious example of
colH-gpaces are the suspensions but there exist spaces
of category 1 which are not suspensions [_5: D. 44&] .

Since any O-cell of a CW-complex in non-degenerate
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in the sense of Puppe [29] the following proposgitien
follows from Definitiom 1.1.

Proposition 1,3, If B 43 a countable connected
CW-complex with (k+l) cells then cat B k.

Whitehead's definition of category suggests a
alightly weaker invariesnt called the weak category.
It is also possible to give a definition of the
category and weak category of a map so that
cat B = cat 1y where 15:B-—>B 1is the identity map.
We will only be interested in the weak category of
the map e:B—>$3B, which 1s the natural embedding

of B into the loops on the suspension of B,

Definition 1.4, The weak category of a space B,

wcat B, 18 the least integer Xk > 0 for which
qul‘O:B—)B(k*l); if no such integer exists
wecat B = 0.

Definition 1.5. The weak category of the map
e:B—>(5B, wcat e, 1is the least integer k> O
for which go/\ce 'L'O:B-——iv(s’l'z'_B)(k"'l); if no such

integer exists wecat e =po.



10

Finally there are two other invariants, the
conilpotency and the cup product length, which are
related to the category. |

Let \’/"n+1 be the co-commutator map of weight
n+l with respect to the comult_iplication derived

from the suspension 2B of the space B [3; Definlition
1.41.

Definition 1.6. The conilpotency of the suspension

of B, conil B, is the least integer k3> 0 for which
\P‘k"'l = 0y 1if no such integer exists conil B = oo,

Definition 1,7, The cup product length, s -long B,

is the length of the longest non-trivial cup product of

positive dimensional elements over any commutative ring,

It is clear from the definitions and from Theorems
4,4 and 5.2 of [14] that the following relationships
hold between the invariants:

(1.8) cat B} wcat B> wcet e » conil B > u-long B,

The following results due to Berstein and Genea
show that if the space B is sufficiently connected

then some of the irnvariants are the same,
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Proposition 1.9. [4; Theorems 3 and ll] Tet B

be an (n-l) connected CW-complex,

(1) If the dimension of B (k+2)n-2 and wcat B<k
then also cat BXLXk.

(11) If the dimension of BL2(k+l)n-2 end conil Bgk
then also wcat Bgk.

The first part of this proposition yields the best

possible result as the following example shows.

Example 1.10. [5; p. 450] Let 3B = (s%y Sq)UO(°3q_1
where the attaching map X 1is in the class of the

triple Whitehead product [:LI,ELI,L_a]], L, and
being the left and right embeddings 5%-— 5%y 89,
Then cat B = 2 and wcat B = 1,

Example 1.11. [14; Theorem 6..11 Let B = Sauo( 38

where (X 1is the generator of order 2 in 11’?(32).
Then wcat B - 2 and conil B = 1.

Exsmple 1,12. B; 0. 340:1 Tet B = 32\)0( o’

where (X 1is the generator of order 2 in 47’4(52).

Then conil B - 2 and (/-long B = 1.,
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In the next chapter we will produce examples of
strict inequalities between the invariant wcat e

and the invariants wcat B and conil B,
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2. WEAK CATEGORY OF THE MAP o

In this section we will obtain a criterion for
wcat e €1 when B 1is of the form Squo(en. We
then use this to find exemples of spaces which
distinguish wcat e from wcat B and conil B,

We recall the following conditions for cat B <1
and wcat B < 1., The delicste Hopf invariant
H: ’an_l(sq)——)']fn(sqx 89, 89y 59) and the crude
Hopf invarisnt H: ’ﬁ’n_l(sq) —-)%(Sq/\ 82) are defined
by Berstein and Hilton in [5; (2.1.1):[. See Proposition
5.2 for the connection between these Hopf invarisnts

and the other Hopf invariants we Jefine in Chapter 5.

Theorem 2.1, [5; Theorem 3.20] Let B = SqUD(en.
Then (1) «cat B <1 if and only if ﬁf(o() 0
(1i1) weat B 1 4if and only if H (X) = O.

The arguments used in the proof of part(ii) of the
above theorem may be adapted to prove the following

theorem,

Theorem 2.2. Let B = 89 e%. Then wecat e <1
if and only if (e e), W) = 0 € T (589, Q¥sY),
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Here (epe) 1s the map from the smesh product
897 59 which 18 e on each factor.
For completeness, we add the following result

mentioned by Ganea, Hilton and Peterson,

Theorenm 2.3. [14; p.140] Let B = quden.
Then conil B<1 1if and only if TH(x) = O,

The following lemma gives a gimpler expression
for the space §228%, Q¥sd,

Lemma 2.4, For q even, S238%, (27s% has
the same (5q-2)-homotopy type as the cell complex
T = Saqu.a. e4qv Sz’qv S3qu’+qv s*2  where

: 2
"b": 2 [Laq, Laq]é w“'q_l(s q')o
Proof. The space 23 S% 1s homotopic to 5%,

the reduced product complex of Jdames [21] , Which has

a cellular decomposition

Sq-w = Squ eaqu qu X &
Now Milnor [25; Theorem 5] proves that

S 78l gl glarly gdarl,
and hence it follows that the suspensions of the

attaching maps g’ ,g", etc, in Sqw are btrivial,
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In the complex 5%, AS5%, there are the following
cells of dimension less than 5q. There is one O-cell
snd one 2q-cell, There are two BQ—cells attached
by the maps ZqE =0 and two 4q-cells attached by
the maps zqg’ =~ 0, The remaining cell is a 4g-cell
with an attaching map which we shall call
’9 Swgq_l(szquz'qv SBQ). By the direct sum
decomposition in [18_] we can consider an element of

Tiuqe1 (5D @ T (8D @ 7 (5.
Now both components of !3 in ﬂ*qq_l(sh) factor
through qu%’-’ﬁO. Let v be the component of (g
in qu_[(szq). Bug “
T (829, ,F.e“qv 532, 820 & H (8% g ?Un 51U g o2Y)
ﬁﬁ*(squg e2) ®ﬁ‘(8qu§ e?9)
since there is no torsion. TLet the generstors on the
left hand slde corresponding to the 2q and the
4q-cells be u and v, Let the generators of
'ﬁ'(s‘lug eZ%) be w), end W, of dimensions q and
2q respectively., Then u = WAL and v = Wo® Wy
The cup product w12 Loy Ha‘-’-(sq UE e2q) is the ssme as
the corresponding cup product in HH QS 8Y) and,

for q even, it is well known [30] thst w12 = 2w,
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Hence by the multiplicstion rule for the tensor

product of twe rings

2 2 2_ 2
- = (W1@ wl) = wl ® Wl
= qvwa @wz = 4v,
Therefore by Steenrod's definition, the Hopf invariant

of 03 is 4.

It follows from [25] that when 8%, 8%, is
suspended all the cells are attached trivislly and
hence ZT =0& qu(szqﬂ). Therefore by the
delicate suspension theorenm [34; (5.49)] "6‘ is a
nultiple of [l’aq' qu] . Since 2q 1is even the
Hopf invariant of [l’2q’ bzq] 1s 2 and hence
W= 2[laqr tagl:

Therefore T = 829, _ %4, 833, 874, g%4,, s#a
1s the (5g-1)-skeleton of 85%,,5% =2nd it has the

same (5g-2)-homotopy type as (2389, (2389, This

completes the proof of the lemma,

Hence, for q even, %here exists a map
ksT—>§238%, 52587 which induces isomorphisms in
homotopy in dimensions £ Sq-2., Now it is clear thag
(epre), factors into
Ty (829)2 T (62y. o49) Jay (1) Ea 51 (789, 235
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where i and J are the inclusion maps and J, maps
monomorphically into a direct summand. -

In the cese when q 418 odd it i.s clear from %the
proof of Lemma 2.4 that $22 8%, 8% has the
same (5q-2)-homotopy type as a wedge of spheres.
Hence the map (eae), 1is monomorphic in dimensions
< 5q-2 s8nd the following proposition follows from
Theorems 2,1 and 2.2,

Proposition 2.5, Let B = 83, % q 0dd and

ngL50-2. Then wcat el 4if and only if wcat B,

In Theorem 5.2 of [l4] it is proved that
wcat e > conil B but it is mentioned that an example
of strict ineguality has not been produced. We will
now use an example which occurs later in the sbove

paper to show that the striet inequality can occur,

Example 2.,6. TDet B = .F.‘a?'g.;me8 where
o = szoy'o QG is the generator of order 2 in
Tp(8%). Then weat e =2 and conil B = 1,

Proof. The element /J, generates 77’k+1(8k) and

v’ generates ?7’6(33). The e¢rude Hopf invariant
B(xX) = 2pon, 4 o0& mg(sh,
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Now 2HX)=0¢€ ‘TT’9 (8°) and ss is mentioned
in [14; Theorem 6.1] it follows from Theorem 2,3 that
econil B = 1,

By one of the Blakers-Massey theorems [6; Theorem II]
the sequence :
Trg(87) B2 qra(8h) Lo 5m(stu o)
is exact, BSinece WB_(S?) = 22 and ’B‘: 2 [(J#, bq_] it

follows that a“. = 0 and hence Xer i, = O, Now
Fer(e pe). = Koxr(k,oj,1,) = O since the kernals of
each of the maps 1,, J, and k, are zero. Hence
(ene)y H(X) # O end by Theorem 2,2 wcat e>1l., But
B 1s a CW-complex with three cells and so0 by
Proposition 1.3 cat B - weat e = 2,

10 where

Exsmple 2.7, Let B = 82,0
X = N,0X(3)2X,(6) 1s the generator of order 3
in %(32). Then wcat B = 2 snd wcat e = 1,
Proof. The element oX l(k) is an element of
k a 2g-1
order % in 77‘k+3(8 ). TLet H2=7Tn_1(5 )"‘—)Tfn_l(s )

be a Hopf invasrient (see Definition 5.1). For q = 2

end nz4 Hy, 1s an isomorphism end hence
Hy() = o<y (3)° X, (6) €y (5°). By Proposition
5.2 (11) B(a¢) = ZH(X) = o¢;(#)oxX(7) £ O and so
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wcat B =2 by Theorem 2.1.

Hlton fl?; 9.195] proves that
[[Lgs Ly]s by] = 2 X1(8)e 0y (P). Therefore
B(o() = 2 [[Lgs ty]s ty] = 5 [ Ly] since
'5‘= 2 [Lq_, L,J and H(X) is of order 3. By the
naturality of the Whitehead product
1LH) = ¢ 1[5, 0]

e [icb‘,ih qu
=0& ‘7‘7"10(34\}5 e

since 1, K= 0. Hence (epe) X)) =0 and

)

wcat @ = 1 by Theorem 2.2,
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3., OPERATICNS ON FIBRE SPACES

In [}é] Svarc generalizes the Whitney sunm
construction and defines the ‘sum' of two fibrations
over the same base to be a2 fibration whose fibre is
the Join of the two original fibres, We glve Svarc's
definition in terms of the generalized join. We also
define a 'product' of two fibrations over different
bases to be a fibration over the product of the bases,
The fibre is again the join of the originsl fibres,
Theorem 3.4 shows the connection between the 'sum'

and the 'product' constructions.

Definition 3.1. [27]- For each k, Og<k «n,

define the generalized join J,(F,,F,,..,F)) of the

spaces Fl’Fé""Fh to be the subset of
Cle CFax o XCF, consisting of points (ylgya,..,yn)
such that yieFi for at least k values of 1. Fifi
is embedded 25 the base of the cone GFi.

Por example Jl(Fl,Fa,..,Fn) is the usual joln

FL‘FE"‘*Fh and Jn(Fl’F2""Fh) is the product

le sz LR | x?nl

Lot (3,1F,~F, %1 B (1<1<n) be a set of
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n fibrations over the same base B, Let
Z:L = Eix IuB be the mapplng ¢ylinder of Py

and let b_j"szi—-?B be the projection.

Befinition 3.2. For ogLkgn, the generalized sum
of the fibrations 49}, Bps.«,J3, 18 the fibration
B (UBysees W)t J(Fy,ee,F ) —E—B>B
where the total aspace
B fGaeiny) € B X xF 50 = o = (%) emd
zieEi for at least k wvalues of 1 , }
The projection p:E—>B is defined by

p(zl’."zﬂ) = Fi(zl)o

If kE =1 we write Sl( -@1’00’ ’d}}n) = DQ]_“‘""'BR
end this is then the sum as defined by Svarc znd also
by I, M, Hsll [16]. It is clear that this sum is
comeutative and assoclative [16].

Now let @isFi ;Ei Pi > By (1£1<n) be a set

of n fibrations with any bases and agaln let 2Z; be
the mapping cylinder of Py

Definition 3.3, For ogkgn, the generalized
product of the fibrations @1,..,@ 1s the fibration

B
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(B, 0 ) 3 (F,..,F)—>E-B,B x..xB,

where the total space _
B = {(Zl,.o,zn)Ezlx oes X Zn zieEi for at least
k values of i .}
The projection is defined by
9(51,..,Zn) = (plzl’l.’pnzn)o

If k¥ =1 we write Tl(@v..,Bn) = le”’(@n'
(Note that Svarc's definition of the product 1is different
from this; in fact Svarc defines the product of fibrations
with the same base to be sn(?i?l,..,@n) which has
fibre P X..xF.)

Again let B4 (1<i<n) be s set of n fibrations
with any bases snd suppose we have n maps 31’3—’31‘
Let gi'@i be the fibration induced from 281 by By
Let A'::B — B, X.. xB, be defined by
A (®) = (g(b),.s,en(B)).

Theorem 3.4,

"
sk(gl‘@]_,O!;gn‘Bn) = A Tk(ZB 1""£n)'
Proof, The f£ibration gi*ZBi:Fi——-)Ei*—LB
has total space E,* ={(ei.b)€ Ei’(B,Pi(ei) = gi(b)}

and the mapping cylinder of pi* is
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py(ey) = g4(b) end
(Bi'b,o) z= (ei,b,o)}-

The sum Sk(gl*@l,..,gn*aan)=Jk(rl,'..,1?n)-->s_3>3

hag total space

5 = {(el,b,tl,,.,en,b,tn)gz{x oy

least k values of ip.

Sz:i). Hence S ={(el,t1,..,en,tn,b)eﬁlxlx. X B, xI xBl

gs(b)

ps(es) (-

Zi ' ={(ei,b,t)€Eix BxI

ti = 1 for at

1

ty = 1 for at least k values of i, pi(ei)

and (..,ei,o,..) = (oa’e’igogou) if pi(ei)
A].BO /p\(el’tl,.-’en'tn’b) = b.
Let 'I‘k(@l,..,@n) be the fibration

T (Fyyee g )—E BB x .. x3B)

and "mk(ﬁal,..,ﬂan) be

Jk(Fl’..’Fn)' "‘%T—E—)B.
Then B ={(elgt1,oc,en,tn)e le coxzn ti = 1 for at
leaat k values of #}.
{3.6) Therefore T =-[(el,t1,..,en,tn,b)e ZPK"inxBlti=1

for at least k values of 1 and pi(ei)zgi(bi}
and P (ey,t)yaesepn,b,4b) = Db
It 18 clear from the definition of the mapping

cylinder of p; end (3.5) and (3.6) that S =T end

‘3 = P» This proves the theorenm,
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We now give some examples of these constructions,

(3,7) The Whitney sum., If B3 g (1 =1,2) is the

sphere bundle assoclated tc a8 vector bundle Vi’ then
’ZBI»,Ea is the sphere bundle assoclated to %the
Whitney sum Vl @VZ of the vector bundles,

{(3.8) The tangent sphere bundle of a product manifold.
Let ?BMSDm*-——I‘ DM——}H be the unit disc bundle over a
manifold MM snd let 9@M=s‘“"‘- —>'aDM-—«pl>M be

the tangent sphere bundle, Similarly let @N andﬂaBN

be the unit disk bundle 2nd tangent sphere bundle over
s manifold NT,
Then the fibration QEMX’ D‘ZBN is equivalent %o
the tangent sphere bundle GUBMx N*
To see this, let the mapping cylinder of py be
2y :‘&m,?,t)é‘MXVEXI vl = 1 and (m,¥,0) = (m,5 ’,o)}
where VI is the m dimensioral vector space. Define
a map N\ 32)y—> Dy by N(m,¥,t) = (m,t¥). This is
clearly a homeomorphism wilth inverse
Wrha,® = J g 190 1 R 4o
(m,%,0) iz v =0,
Hence the total space of Qﬂﬁmx’b@m ig
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’aDMxDN W, ZIJM X'DDN =0 (DMx‘DN) and it will follow
that the fibration @Z@MXQ@N is equivalent to

28

MXN°

(%3.9) The fibration 2B x{(}B—>3{) B —>B,
Let '@:_QB—*PB—*B be the standard fibraetion in

which PB is the space of pathse im B starting at *,
Svare [32; Theoren 21] proves that the fibration /3 + (R
is homotopically equivalent to the fibration
1B QOB—>3 (B LI)-B studied by Barcus and Meyer [1].
The product 3xB 1is homotopically equivalent to
the fibration obtalned from the inclusion map
jsBvB—>Bx B; i,e, the fibration
B(BxB;BvB, % )—>E(BxB;BvB,BxB) —% sBxB.
To show this let the total space of
B xB ve E-{(x,T,, B To)E 2x2| Ty or T, - 1}
where 2 is the mapping cylinder of PB—3B, Define
a map /,L:E——-)E(BxB;BvB,BxB) by
fA-(o(,'L’l, (g,‘ra) = (R,'{E) where X (t) = o/(l-T+52))
and “F‘(t) = (3(1-fr?_+1: T5)s Since Qo,.uE ~5Bx B
is the same as the fibre map of Bx B, jo  induces
a map between the fibres p':fLB#ANB—E(BxB;BvB,x ).
By the srguments on p, 135 of [14], if B is simply
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connected, then PL is a homotopy equivalence., Hence
by the homotopy exact sequence for a fibration, the
5-lemma and Whitehead's Theorem [36;' Theorem l:l
BxB is homotopic to the fibration obtained from
j1By B——Bx B,

In this case it follows from Theorem 3.4 that
B+B = A'BxB). This is equivalent to the fact
that in the following commutative disgram

NB¥NB—570OB 2 > B
(eve)o‘>\ A
: v j
HDB%5LB——5ByB > BxB

the fibration [1B¥1B——>3 ()B——>B is induced
by /\ from the fibration obteined from the map
j:Bvﬁ—eBxB.

This can be generslized %o prove bthat @x..x@
(k+1 times) 1s equivalent to the fibration obtained
from the map jolk"'l ———ppk+l
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(3,10) Extending fibrations. In [-12; §1] Ganea

describes a process for extending a fibratiorn

: i
'3:1? _i > B P_5B to another fibration g

as follows.

B':F 1 5y B Y

L7
v -]

Fi
3P0 B yEUCF—X L B

Let EUCF be the cofibre of i, Then we can
extend p to a map rsEVCF——B by mapping CF to
the base point. Ganea [12, Theorem 1, 1] proves that
when r 18 converted into a fibration 5‘ its fibre
is weakly homotopy equivalent to F=x(lB,

We will show that tj" is equivalent to the
sum '3’-»@.

Let E’ and E be the total spaces of :j"' and
‘3‘1-'03 with projections P tE —> B  and p'zE"-—>B.
Let Zl and 2, be the mapping cylinders of
p:BE—>B and FB—B,
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1

A 1
N

%

1 t2

0
0

2
1 7

Then E CExXZ, u % XPB end
B~ {(re, p) € B U CRxB| p(1) - sCo)
Let )z{(e,?)e ExBI, FS(O) = p(e)} —>E' be a
path 1ifting map for & [10]. Define a map -

E—>E b t.0,t = -
where th("t‘) = (3(1:2'5) and F is s path in FB
which ends at *,
Then —p_(tle,tap) = p(e) -_—P(O) and
!

Bence p'w = psE——>B,

Now the map w 1induces s map between the fibres

/
of :3"-:- B and 3‘ which is precilsely the map Wyo Wy
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in the proof of Theorem 1.1 of [12]. It is proved

there that the wmap 1ls 2 homobtopy equivalence and

hence by the homotopy sequence for a fibration, the

S-lemma and Whitehead's Theorem [36; Theoren 1] the
. _

fibrations :j’ and 3"-&&3 are equivalent,
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4, GANEA'S DEFINITION CF CATEGORY

Again let 03:QB >PB >B  be the standard
fibration snd, for k>0, let :}ksz >E, P > B
be the fibration defined by -:j"k =@+?8+..+B (k+1 copies).
Then F, = (QB*QBx¥,.x{QB (k+l coples)., Alternstively
'3“]: could be defined inductively by letting 3’ =ZB
and then obtaining B’k by extending ‘?‘k-l (8ee (3.10)).

The following definition of category is due to
Ganea {See Definition 6,1 of [12] for the dusl definition).

Definition 4,1, G-cat B 1is the least integer k2 O

for which there exists a wap rtB-——E_ such that

ppo T = 13 1f no such integer exists G-cat B = pO.

When pszk~—}B is converted into 2 cofibre map
let C, be 1ts cofibre end q :B—>C_ be its

induced map.

Definition 4.2. G-wcat B is the least integer k=0

for which Q. 22 0; if no such integer exists
G-wcat B =00,

It is clear that G-cat B 2> G-wcat B,

The following theorem is also proved in
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[:13; Proposition 2.2] directly from the classical
Lusternik-Schnirelmann definition of category, instead

of from G, W, Whitehead's definition used here.

Theorem 4.3, Gecat B - cat B,
Proof. By Theorem 3.4 T =B Fout 3 -_-A-(Bw..xE)
and hence by (3.9) is induced by A:B——)Bk*'l from

k+l ,Bk-rl.

the fibration obtained from :T Hence

1
there exists a map u:Ek—~——>T1k"'1 such that the

middle square in the following diagram is homotopy

commutative.
. Pk . e
F‘k > Ek > B > Ck
f
) A A
L 4 A L 4
B —— T, 1 J__ 5 pk+l g p(k+l)

Suppose G-cat B<Lk and so lek has 8 cross—

section rsB—>E . Let ¢=uomB—-——>le+1

and then jotp:.‘..j cllor Aopka rﬁA. Hence cat Bxk.
Conversely suppose cat B<k snd there exists a

map (P:B——-—)le'*l and & homotopy @tzB—-—aBk‘*l
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such that \Ijo=A and LPl = ;]a(ﬂ. Define the map
rsB—— BB AB,T ) by p(b(6) = P (b).

This is a cross-section to the flbration induced by A
from Jj. Hence it induces a cross-section of f}k

and so G-wcat Bk,

Theorem 4.4, G-wcat B > wcat B,

Proof, Since Jjo u:.‘..-'Aopk there is sn lnduced

map A’:Ck-——)-B(k"']‘) between the cofibres of
P opd [29; (2.2)] such that quﬁA‘oqk.

Now suppose G-wcat B - k, then Qe = 0 and so
qo[}:‘_‘o. Hence wcat B k.

We c¢ollect together, from the above two theorems
and (1.8), the results on the relationships between

the various invsrisnts in the following theoremn,

Theorem 4,5, Lett B have the homotopy type of a

gimply connected CW—complex, then
cat B=G.cat B2 G-wcat B2 wcat B2weat e2conil B2U~long B

end furthermore all the inequalities cam occur,

Bxamples 2.7, 2.6, and 1.12 show that the last three
ineguelities can occur end Exemples 5.6 and 5,7 in the

next chapter will show that the first two can occur,
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5., WEAK CATEGORY ARD THE COMPOSITE HOPF INVARIANT

In this chapter we recall the properties of the
various Hopf invarients that we will need and give a
criterion for Gewcat BL1 in terms of a composite
Hopf inverient. We will then find examples of spsces
which distinguish G-wcat B from wcat B sand cat B,

Throughout this chapter we will take B %o be the
cofibre of a map o(:Sn"'l—-)Y. We are interested
in the fibration 3‘1, which by (3.9) is equivealent
to the fibration S2Bx2B — > INB—2 5B where
e’ is the evaluation map,

We will now define s composite bigher Hopf
invariant in order %o use it to approximste X (1B

by a simpler space,

Let D be the infinite wedge i\/l gila~1+l  4p4
>

let ’I,’kzD -—>Sk(q"1)+1 be the projection onto the

k-th factor, Let D’ = i\/ sila-1)+1 g4 o sp—1/
P

be the map which shrinks 8% to the base point.

Then D is homotopic to Z.(28% and ZS%:]' [25]
and we can fix a bomotopy equivalence
l.l)s(ZS%;l ,qu“l)—-—a(n,s‘l) which is the identity

on 89, This cen be done by using the James' maps
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- - -1

ol gD g 5. 28], Tes Gustl et
be the canonical weak homotopy equivslence of the
reduced product complex [21]. Denote the suspension

homemorphism by 2. and the Hurewicz isomorphism by
q q
[03 Myt (83 —— a1 _,(JL8%),

Definition 5.1. The composite higher Hopf invariants
B ¥ 1 (5D —5 77 (D) end Blimy, (8H— w1 (D)
are defined by H - 4/,02'09:113‘0 snd H- ploH,

For k>1, the bigher Hopf inverisnts
Hk=‘ﬁ’n_1(5q) ——-—)»7rn_1(5k(q"1)+1) are defined by

By = Tyeohs

In the next proposition we recsll from (3,10) and
Theorem (3.19) of [19] the properties of these Hopf

invarisnts we will require. We also state the
connections between these Hopf invsriants snd the crude
Hopf inverisnt H: Wn_l(sq)—-—>ﬂ'n(s‘1/\ 89  snd the
delicate Hopf invarlisnt j{z m_l(sq)a-n;(sqxsq,squq).
Part (1i1) follows from (3.14) of [19] and part (iv)
from the work of Barrett [2] who has found the
relationships between the higher Hopf invariants of
James and those of Hilton,
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Proposgition 5.2,
(i) H =1, the identity homomorphism.
(11) ¥( §°Zfz) = H(E )tol , where §E7Tm(sq) and
neE My (8" 1),
(111) H=- 2 K,
(1v) I FZ(X) = O then B(X) = O for k22.

-1 X
Proposition 5.3, Let 801 >y &

be a cofibration in which Y is (g=-1)-connected,

> B

(n=1)>q>3. Then there exists an (n+q-2)~connected
map m:ZQYuP en———-—)Z_O_B where ﬁ:Z&— and

X38h2 ——> Y 1s the adjoint of X,
Proof. Convert ‘y into a fibre mop, let F be

the fibre and j:¥-——>Y be induced from the inclusion
map of the fibre. Lift & to & mep d:SPl—— 5P
such that = jod; then by Lemms 3.1 of [12] 4 is

(n+g-3)~connected

Sn"'l

g &
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Let C be the cofibre of ‘ﬂj:ﬂﬂ‘-—-——ﬁ'ﬂf and
extend ﬂz to @ map usC ——3>{)}B, By Theorem L.l
of [12] the fibre of u 1is homotopic to J2F % 0°B;

hence u is (n+qu3)-connected.

g2 N F02B
a X
. ¥
(OLF 3 v »C
#
{3
0B

Le% P:Z&, then F.::'}:ﬂ:jﬂ 2d snd in the
following disgram the horizontal sequences are
cofibrations and v 1is induces from the maps

between these cofibrations [29; (2.2)].



gh-1 e > NY > Z'QYUE e
Zd 2 X v
v J
cnp . 30 L S0Y \>¢
0y 2u
\
ZNB

Since 2d 1is (n+g-3)-connected, by applying

the S5-lemma to the homology exact seguence of the

above c¢ofibrations we see that v 1is (n+qg-2)~-connected.
Let m= ZuoviZQY vg " ——>F LB and then

the proposition follows.

Remark S.4. If Y = 89 in the sbove proposition
so that B = 89 Vix e then the map '932‘5(‘51‘;"3_1(25).89‘).
But H(X) = ¥,ofc QT %= P.o(TO) &= Lp.ocze):IF
and W.”(ZQ):]'S‘TI’:\_I(EQSQ)—-—)ﬂ‘h__l(D) ig an’ |

lsomorphismn., Hence in the above proposition we can

consider F to be H{O() and m to have domain DU,Q en.
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Theorem 5,5, If B - 8% uofen, n~l2qg>3%, then
G-weat BS1 if and only if TH/() = 0 € 7 (D).
Proof, Let m:D UP et ——>5 0B be the map

refered to 1in the previous remark and le¥ C{ be the

cofibre of the map e'om,

) q !
n eomn - 1 .
m
D,
e’ q M

In the above diagram m induces a map of cofibres
mlsC;_—-éCl. By applying the 5-lemma to the homology
exact sequence of the above cofibrations we see that
m is (n+g-l)-comnected.

Now Cf = BUG(D Up &™)
= (83U M ua((sIv D) ug o)
and by homology considerations e’om maps S% onto
8% with degree 1, Therefore since the embedding
r

Sq'C'.Cl can be pulled back to the cofibre (-Sq‘\/D')uﬁ,an
it is nullhomotopic, Hence shrinking 89 to a point'
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' /
c{z Ce=82Ueltd uge) where §=phbp = H'(X)
and Cg is the cofibre of the map £1¢D Vg eh—> st
induced from e'om., Since e’om maps D inte 8%

when we shrink 52 to a point & maps 131‘r to the base

point,
n e'om Q n 9 /
D upe > 5% uye > C)
/ € . q M
Duge" > s° >C¢

We will now show that C ¢ and hence C{ is
homotopic -to z D, In dlmension n,
m.sﬁn-(nulg en)—>Hn(Zﬂ. B) 1is an isomorphism so
that &€ waps the n-cell onto S with degree 1.
Hence if the degree of & on the n-cell is +1, &
is homotopic to the map &' whieb occurs in the following
cofibration sequence for &:

- 4 !

By [29: Batz 5] Cg is homotopic to 3D’ and the
inclusion mep q$SE———>C¢ is homotopic to =&, 1If

the degree on the n-cell ig -1 then E:Sn—>0g is homotopic
1?0 -ES [
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Let &J be the characteristic map of the n-cell
/
in B, Pactor q through Gl by means of qf.

(Csn-l,snnl) > (B,Sq) > (C]_'*)

!
9 oy
( C'{ 2 %)

Let (pe’n'n(cl) and Q?’é‘?T’n(C{) be the elements
represented by g0 and gfoox respectively., Since
the inclusion map E:Sn——-——i' C¢ 1is obtained from the
map q{:Squ en-——}C.: by shrinking 52 to a point,

q is in the homotopy class Cpf. Hence
P'=T=:%8 -t T8 () ey

Now 99-_- B . (p' where m . is an isomorphism in
dimension n., If n~l2q23, 01 has no cells in
positive dimensions less than g+l and it follows that
q;= 0 if and only if ?9= 0.

Honce the following five statements are equivalent:

(i) G-wcat B

(11) g =0

(1i1) cp = 0. € Tr,(Cy)

(1v) @'= 0 g My(C) =M (T D)

(v) Z2E(x)=-0€m/(5D).
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18

Exsmple 5.6, Let B = 33\_;0(0 where

K= €30V 0V, e‘??‘w(S}) is an slement of order 2,
then cat B = 2 and G-wecat B = 1,
Proof, Recall from Chapter 6 of {531 that the

element 63 of order 2 is the generator of ’)T‘u(S})
and is defined by the secondary composition
{l’b. Z))',))7}1. The element Yy 67.";“3(5“) is the
generator of order 8 in the stable 3-stem, Sinee
'Ull and )"14 are both suspensions it follows from
Proposition 5.2 that H’(o{) = H'( 63) 02)1102)14.
Now H'(E5)e (8 87y 8%, 5') whicn by
Theorem A of [18] is isomorphic to the direct sunm
decomposition
T (5 eT7,(87) e T;,(8%) & T (sth) o T (5.
By the definition of E, the projections of H'( €3)
on the first snd third summands are H2(€5) 677‘11(85)
and 34(63)é‘f?11($9). The projections on the other
summands are zero since ‘TFH(S?) = O and ‘TI'H(S”‘) = 4,
Kow by (6.1) of [53] H2(€3) = VYgolg 2nd by a
proof similar %o that of [53; (2.3)] we see that
B(€5) C {8,175, TV} = 0

slnce the coset consists of a single element, Thus

!
the only non-zero conponent of H (K ) is



42

Hy(X) = l)so.pa 03')11’))146(’7’17(85)‘ From the
information on the 12-gtem obtalned in the proof of
(7.6) of [53:] we see that Z_He(o() = 0 and hence
by Proposition 5.2 (iv) we conclude that J;g(o{) If; 0
while Z H'(K) = O.

Therefore cat B = 2 by Theorem 2,1 while
G-wcst B = 1 by Theorem 5.5.

Bxample 5.7. TLet B - S5Uo{°15 where X = 0(5(3)

15 an element of order 3 in "lqu(SB), then G-wcat B = 2
and wecat B = 1.

Proof, The crude Hopf invarient B X) 1lies in

’fT'ls(Ss) which contains no elements of order 3. Hence
B(eX) = O and wecat B = 1 by Theorem 2,1,

But by (13.10) of [33] Hy() = x.&Xx(7) € Ty ,(87)
for some x# 0 (mod@ 3)., Therefore ZHB(O() = x.0(2(8)
which is non-zero, Hence ZH( <) 7{ 0 and by
Theorem 5.5 G-wcat B = 2,
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6. COUATEGORY

In this chapter we define the invariants cocategory
and weak cocategory which are duals, in the sense of
Bckmann-Hilton, t© Ge-cat sand G-wcat,

We find the relationships between these invariants
and the other dual invariants, nilpotency and Whitehead
product length. We glve examples of spaces which
distinguish all the invariants except cocat from wcocat,
In a later chapter Example 8.5 will distinguish these
latter two.

For any space A construct the ladder of cofibrations

k’A %k >Mk Tk > N,
as follows, Let @0 be the standard cofibration in
which M - C'A; the reduced cone over A end N =3} 4,
the reduced suspension of A, Suppose inductively that
ék has been defined, Let M’gd be the fibre of £,
snd let e'k+1sA——-—'>M'k+l 11ft e, . Convert °Ik+1
into a cofibre map ek+1:A ~——>Mk+1 where Mk+1 is
the reduced mapping cylinder of e’k+l' Let Nk+1 be
the cofibre of €l angd fk+1=Mk+1__—)Nk+1 the
identification map.

When e, is converted info 2 fibration let the

fibre be Dk with projection dkznk—"——&ﬁ.
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f e d
» -~ 0 < 0 ™ [¢]
@D'No < Mo‘ A « D,
A
if e 4
< 1 . 1 " 1
N

Definition 6,1, The cocategory of 4, cocat A,

is the least integer k>0 for which there exists a
map T —> 4  such that ree, >~ 1; 1if no sauch

integer exists cocat A - 0O,

Definition 6.2. The weak cocategory of A,

wcocat 4, is the least integer k>0 for which

GEEO; if no sach integer exists wcocat & = 00,

Since ale ————+M1 is bomotopic to the natursl
embedding esA————>()>A it follows from Theorem 1,8
of [21] that cocat A1l 41f and only if A is asn H-gpsce.
Let (Pk+lz(ﬂA)(k+1)‘—"—>ﬂA be the coummutator map
with respect to the loop space multiplication on (24,
as defined in [12;§6].
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Definition 6.3, The nilpotency class of the loop

space of A, nil 4, is the least integer k>0 for
whieh (pk+1l’0; if no such integer exists nril 4 =00,

Definition 6.4, The Whitehead product length of A,

W-long A, is the least integer k20 such that

[[..[[0(1,0(2],0(3] oo]’ °(I£+l] = 0 for E].L D(ieﬂﬂqi(ﬁ),
Qs> 13 1f no such integer existe W-long 4 =00,

We then have the following relationships between

thege invariants,

Theorem 6.5, Let 4 be a countable CW-complex

then cocat A > wecocat 42> nil 4 > Walong A4 ond

furthermore all the inequalitlies can occar,

This theorem follows from the definitioms,

Lemme 6.4 of [12] and Theorem 4.6 of[3]. The fact that
the inequalitles can occur will follow from Exsuples
8.5, 6.6 and 6.7.

Berstein and Ganes [3; 3.1.0] gshow that the space 4
obtained from the complex projective plene € P2 by
killing off the homotopy groups in dimensions > 6 is
not an H-gpace 2lthough nil A =1,
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Example 6.,6. Let A be defined by the 2-stage

Postnikov system
K(Z,5) > 4 >K(7Z,2)
where the k-invariant is u’e€ H6(3,2;?), u being
the fundamental class in H2(3,2;Z’). Then wcocat A - 2

and nil A = 1,

Proof. As we Just mentioned Berstein and Genea
proved nil 4 - 1, so it remains to be proved that
wcocat 4 -

By 'Ehee-laedtlt}%f [28] there is s non-trivial higher
order Whitehead product in 4, [b(,o{,o(] = % BIP
where o generates . 5(4) = 2 and f; generates
"T (4) = 2.

Consider the homotopy sequence of the fibration
D 2 A —éﬁlzﬂ

Me(D)—Le s (4) 22 aT(Q5 ),
By the naturality of the higher order Whitehead product
ou [Xy Xy &X] = [eacx,eun(seu ]
=0

since (12 A is an H-space and all Whitehead products
vanish in it, Hence by exactness there exists ’b'e 5(3)
such that d.('b’) - [o( 0(,0(] and in particular

a. ’l_ 0., Therefore by the definition wcocat 4A>1,
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Lemma 6.9 -
It follows from Propegition 6+6 of [igj that

weocst A = 2,

Example 6.7, Let A be defined by the 2-stage

Postnikov system

K(2,,4) >4 >R(2,,2)
where the k-invariant is u.Sqlu e‘Hs(Zé,2;ﬁé), u being
the fundamental class in H2( 22,2;3’ ). Then nil A =2

and W-long 4 = 1.

Proof, The space A has trivial homotopy groups
except in dimensions 2 and 4. Thus all Whitehead
products vanish and W-long 4 = 1.

The k-invariasnt is non-primstive, hence by
Theorem & of [BJ A 1is not an H-space and cocat A = 2,
But it also follows from Sugawara's Theorem [}1; Theoren
8.#] that f)lA is not homotopy-comnutative and hence
nil & = 2,

In the case of weak category we found two definitions
which gave different values on some spaces snd we used
Ganea's d€finition to dualize snd define wesk cocategory.
A patigfactory dual of Berstein and Hilton's definition of
woak eecategory has not been produced in gemeral. But

we could define B=H wcocat Aﬁ;l. if and only if
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Voi~0sAbA—2L 5aya Y 5 A, Then as noted
in [14] it would follow from Theorem 3,1 of [14]
that B-H wcocat 4 = 1 1s equivalent to nil 4 = 1,
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7. THE COHOMOLOGY RING OF (N ICP

Let CP be the complex projective n-space
and CP =<R(Z,2) be the infinite complex projective
space, In this chapter we will calculate the cohomology
ring of ()YCP which we will use in Chapter 8. We
also show that the same methods can be used to calculate
the cohomology ring of (ECP® ang (281,

Recall the definition of the reduced product complex
of a specisl complex X [21] + For lox{kgoo, let Qk(x)
be the disjoint union @Xn where X° - *' and define
the relation ~ on Qk?1=f§ by
(x19%5900y%,) N(xl,xa,..,’x\r,..,xn) it x,= *

Define the reduced product complex X = QECX)/N

and let V:1Q(X) ———X, be the identification map,
Let 1=xk-——axw be the map which embeds Xk in
the first k coordinates of Xp. It is proved in [21]
that there is a weak homotopy equivalence between X,
and (Q3X,

Let X be such that H‘(X) is 8 free Z-module.
In faet in the three cases we will consider
#(CP) - 2(u), B (CP) = #u) /u™! end
E'(8%) = /A(u), Then
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B (%) ~H (X0 + Zki @ T (X
- n=
and we will denote sn element of the n-fold tensor

1,0 1 i i
oroduct by <u !|u 2[ ..lu B> ghere u T € H(X).
Let q:xk—éQk(X) be the naturel inclusion

snd then define & map
gixt L (0T x 1 .x..
Consider the induced map in cohomology
@5E°(X) - B (X3  #'(Xe) = B () +Z@“n (D).
Denote an element of H (Xk) = kH (X) by

1, i ix o q "
X3 %, oo Xy where ir> an X, generates H (X)

in the r~th position of the temsor product.

Then if ngk, .
S St

5* G 1| i
where the right hsnd side denotes the sum

i
E x 1 x 12 ve X in over all order preserving maps
ol o2 on

0~ :{1,2,.4,05 —> 41,2,..,k}. For example,
J* (ulul..]u} is just an elementary symmetric
funetion in Xy 9Xpr e 9 X e

Now q%e~* 18 a2 monomorphism and hence if
k>n J* maps the n-fold tensor product monomorphically.
We use this fact together with the known ring structure
of H (Xk) to calculate the ring structure of H (X )
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and H‘(Xgo). If the dimenzions of the generators
of H‘(X) are evern then the cup product of two
monomials in H*(Xk) 18 just given by ordinary
multiplication. Hence the next two theorems follow,

Theorem 7.1. The cohomology ring H‘((C‘P)k)

is iscmorphic to the ring of functions

{Z'Xlilx212¢ oxnin n s k}t
Also H'(QIECP) - H((CP)y) = Hu B'((TP),).
k

Theorem 7,2. The cohomology ring H‘(( dZPr)k)

is isemorphic to the ring of functions

iy 1 ip
{YX]_ 122 2.. n<k,xlr+1=x2r+1=. o=xnr+1= 0}.

Also H(_QZ(EPr) lm g'((CP)).
k

We csn slso prove the following well known
theorem [30; Proposition 18] in the same way.

-
Theorem 7.3, H (_QSn"'l) has generators

C. eHm(ﬂsn"'l) = & 2nd the ring structure is as

followa,

(1) If n is even, C O = Co+g)t ¢

ol al P+
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(11) If n is edd CC_ = 0 if p end g are odd

; q
]

p+q

Proof. The generators of H (182*1) . H'(SI;O)
are ulul..|u) = C_€EH (Sh0) where u is the
generator of H(S%), Then J*C, =Zx1z2..xr.

(i) If n 1is even, then Xy Xy = Xy% Tor all
i and j. Hemce (Y xl)r =* r!Exlxz..xr
so O, = -%;Glr end H (28%*l) ig an algebrs
with divided powers. Therefore
- (p+q)! .
0902 = \P+q Cp+q
' pl q!
(1i) If n 1is 0dd then XyX3 = —Xg%y for all

2 2
i and J. Hence (le) =0 end so G =0,

Now (X5 N(Exx50.%,,) =23:1x2..x2r+1 snd S0

C1Cop = Copyre Also

(xixj)(x ”Ai”?j”xal‘) = (-l)i"'j"l(xl..xar) and

2r-1 21 ( 3 e 2r-1 2r (- 1)1+; 1(
x x ..x o‘x -.X x ..
B P 8y By S B iy
2]
:El (xlo.xzr)
1 odd

op)
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I‘heref\ore (Exlxa)(leu spn) = r(le..xzr) and
80 cacerue = C,pe It follows by induction that

Hence if p and q are 044,

2

I£ p is 0dd and q even,

_ p+q-1)
cpcq' % ( 2 ! cp+q-1

(541 (2)
S

oENe

We get & similar expression if p is even end q odd

and finally if both p end q are even

Cpcq = (%l cp-n-q'
() (3)




54

8, H-SPACES AND WEAK COCATEGORY

In this chapter we find a condition for wecocat AL
when A 1is defined by s Postnikov system with one
non-primitive k-invariant, We then find en example
of a space 4 with wecocst 4 = 1 but which is not
ean Hegpace,

We use this same space to snswer a question

asked by I. M, James. We show that if in the fibration

04 B 8 f 5 A there is a retraction [o
such that ro-:g:-zl then it does not necessarily
follow that 4 1s an H-sgpace,

Throughout this chapter we will consider a space 4

glven by the fibration sequence
Qr —B 5 * ,y kg

where X 1is an Hespace with multiplication f..( .
K = K(Tr,n) 3is en Eilenberg-Maclane space 2nd
k € B(X; ) 1is the k-inveriant,

Tet D and D be the fibres of the natural
embeddings etd ——>()SA apd e’ X——(13X,
The multiplication P defines a retraction
rs QFX—-—X [21_] such that rce’~ 1, Hence
d'~ 0sD'— > X, Since L¢4 d"o,@ ~0 we can pull

d back to a mep f£:D—— (K,
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.y
D L p
£ a’
d
h 4 v
Nk 2 x
NX—=.>(K LAY > X >K
I
e a r
\ 4 W

Q3 A—ﬂ-ﬁ—; Q3

The map £ 48 not unique, but we will choose a

particular one as follows, obtained from the retraction r.




In the above diagram ro(D 5 {-e = ree'el &~ 4
and hence this homotopy induces a map f£:D——(OK
between the fibres of e snd . Let AuUCD be the
cofibre of 4 and from the Puppe sequence there is
a map t:AUCD— 2D, Since ecd =0 Ehere is a
map CD—> Q24 which we can use toi;f-b e toa
map 9tAuCD——5 (}TA, Alsc perform the same

construction for (K > A >X and obtsin the

maps usAyuCQEK— 57T 0QK and piduCHNE———aX,

Then if 8: 2 (QK——>X iz the evaluation map
and f 18 the adjoint of f it will follow from
naturselity and from Lemma 8,1 that the above diagrem
is homotopy commutative,

This lemma also follows from Lemma 14 of [26] .

Lemma 8.1. kop =~ (~8)outAuC)Kk——>FK
_ Proof, TLet A - {(x,b')e'Xx PK, 3(1) = k(x)}
then AUCOK = 4 u{(x,y) & CARY.

(¥, y) ~ (y,1)

Now kap(x,}) k(x) =b/(1) for (x,5) e A
and kc-p(b',fr:) k(%) = » for (¥,v) € CIK,
Also (-"e')ou(x,al) = =e(¥) =% for (x,y)e& 4 and
(-8)euly,v) = -8 (),?> = y(1-T) for ((y,'v) € 0K,

Define & homotopy H,Gzﬁ JC2E——>»K by

Ht(x,af) =5(t) for (x,J) €A and
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H () ={J(1-'U+.t) 1 26| for ()& CAK.

* 1f 7<%
/\t
Then Ht is a well L
defined homotopy and
H = (=8)ou and b’(l) b’(t)
Hl = k =] po
y(1=T+t)
’t’\
0 y(1-) 1 7

Now consider the definition of the cohomology
suspension of the fibrastion D d_ s S s OTa,

BT Am) — o5 B(A, Dy ) <—8 — BL(D; )
A I I
EU( 4 o CD; ) [0;0.x]

| ]

v
[QsRir] —2 5 [avonE] =% [53:k]

In the above diagram all the vertical maps are

isomorphisms, S 1is the boundary homomorphism and
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8* ig induced from e. The left hand square is

comnutative by naturallty.

Lemma 8,2, The right hand@ square in the above

diagram is commutative,

Proof., Consider the following diampram,

53( 4y CD)

t* A
0w~

HY 3 D) —>H(4 0D, ) B2( 4y CD,CD)

I

R
%
-3
G
Q

“ﬂ

=

Then by the hexagonal lemma [é; Chapter I,
Lemna 15.{] the hexagon is anti-commutative. The
two extre trisngles on the left are commutative and

the result follows by chasing sround the outside of
the disgram,
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The cohomology suspension (¢~ is a homomorphism
from a subgroup of H( QT Y;7r) to a quotient group
of EHXD;m):

. f\‘-l . . g-l I -
0 1™ (Im &) —— 5 §7 (Im e*),
Im g*

Proposition 8.3. £ = g-(kor.(254).
Proof, We have |

" T — '
g (koro(Q5L) = koro{)Zlos
= =+t (by the commutativity of the

diagrem on p. 55)
= -t*(£).
Since, the isomorphism between [D;_Q.K] and [ZD;K]
is the adjoint isomorphism, it follows from Lemms 8,2
that &(£) = 8*(korafdZ ).
We have the following commutative diagram in which
the top line is psrt of the cohomology exact sequence

of a cbfibration.

1D, 1) <8 HR=L( Ay r)e~3"  BP=l(a,CD; 1)

S

Hﬂ"l(.fl}: A1)
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Now e* is epimorphic and hence go is v*,
Therefore 4d* = 0 and by the definition of the
o (kexraRT4).

suspension f

Proposition 8.4. wcocat ALl if end only if

there exigts a map w:D———>1X such that
Okew = £ = 0~ (koro 2L2) € B=1(D; M),

Thisg follows from the fact that d<mef and from

the homotopy exact sequence of & fibration.

Example 8,5, Let A be defined by the 2-stage

Postnikov system
X(2,,7) > A > K(7,2)
where the k-invariant is u4€Z 38(3,2;3 )s u belng

the fundamental c¢lass in 52(3,2;3 ). Then cocat A = 2
and wcocet A = 1.
Proof. There is essentislly only one multiplication
pr on K(%,2) and
,.t.(uq) -1@ut ®u® + ut® 1 (mod 4),
Hence %k 1is non-primitive and by [E; Theorem é] A is

+ 2u2

not an H-space, Since A4 1s a 2~stsge Postnikov
system cocat 4 = 2 ]:12; Lemma 6.3].
Since {1k = O, by Proposition 8.4 wcocat A =1
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if 2nd only if £ - - ((MZ2L)*r*k) = 0 € H7(D;3'4).
Now by Theorem 7.1
J*z*u = Tz € BA(X;3),

Hence :i‘:I:"“u4 = (le)q'
= > xlq + 22:121:22 < HB(Xk;Zh),
Therefore r*kt = r*u? '

(8.6) <u4> + 2 <u2|u2> .
Now f"ng(X;Z'u)-——).H'(A;Z ) is an isomorphism

in dimensions less that 7 and & monomorpbism in
dimension 7?7 2nd in dimension 8 ,E.k = 0, In dimensions
less that 8 we will use the sasme notation for the
elements of the cohomology of 4 as thosse of X,
Hence (NT4) r*k ,Q;,r"'k
| Oty 4 2R £
2 {u?|u?) .

(8.7) By Proposition 8.3 f =¢o-2 <u21u2> .

Now consider the cohomology spectral sequence
(mod 4) of the fibration
D > A >3 A,
We have Eépq:> Gr Hn(A;K’q_) where
Eapq = Hp(il'iﬁ.;ﬂq(nazq)). Since, for p<8,
BP( LT A) is isomorphic to Hp(ﬂfx), which is free
it follows that |

b



B, o EP(N T 4;3,) ® BUD;

Now RO(A; 7,)

m'u' =

2,).

is generated by u’ where

62

4J» ¥ being the generator of H?(zq’s?gzq’)

and is the Bocksteln homomorphism associated
4

with the sequence O >—34 4 >2, —> 0.
A Generators of Ezpq
|
{(u| eV
3 v 0| uyev| O <u2)®v
2 0 0 0 0 O 0
1 C e 0 0 0 0 o
{ufufuud>
Sujulu®>
al | |G <afufla)
uju | 'I.l>
ol 1 0 @ | 0 2 a®lup | o| <ulu
) (u)u®> Ca[u®<u®|ud>
€O u’ <u®[u?>
o 1 2 3 4 6 7 8 p

In this spectral sequence all the elements are

eventually killed off excep?t Hn(Agm'q_) C_En’g. Hence

there exists v 6320’5 such that dq_(v) = <ufud.
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<u'u>,<u[u> . But by
(lexa)z
= Zx12x22 + Ezlxlxax;a
+ 2211x22x3 + 22x12x2x5 + 6Zx1x2x3x4.
Hence d,( Lujudev) = <u2|u2) + 2{<u|ulu2}.+ <u|u2|u>
+ <u2|u|u> + <ulu|u|u>}.
So in

)
<u2lu2> = 2{(u|u|u2> + <u'u2'u> + (ualulu) + <u|u|u|u>}.
Therefore 2 <u2|ue> =0 (mod 4) in Eg’o and
so 2 <li2|'u2) does not belong to the image of the

Then a,( {u|wpev)
Theoren 7.1 3*( <u|u><' ulud)

1l

8,0

cohomology btransgression,
Hence by (8.7) £ = O € H/(D;2,) end d=~mof =0
end so wcocat B = 1,

This completes the proof of Example 8.5,

For eny space A there is a fibration
@1 g8 48 £ A where 4% 1ig the
space of free loops in A angd if A EAS 1s a free
loop then £{A) = A (0), the image of the base point

of the loop. Then we have the following known theorem

about the fibretion (¥, (TWJ,TJM mei,gj/qﬂ

Lpprruch bo the Enummakion Frcdleom 4 Nowsbubile Veetor Buanlle, /Th 23)
Proposition 8.8, If 4 1is an B-space and also a

countable CW-complex, then (Z has & retraction

F:AS————)_O;A such that ‘o;g:\_fl.
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Proof, Let ’w be a multiplication on A such

that r\('a,eé) = fk(*,a) = a for all ac A, This is
possible by Lemma 6,4 of [23] » Then by Theoren 1.1
of [22] there exists a map YiA———>4 such that
plux 1) =205 A D yaxA—2X1 axp B 5y,
Let Hg:A————>4 be a homotopy in which Hy= 0 and
H = an(vx 1) A,

- Define the retraction 3ﬂsﬁﬂﬂ by

(to.lxr.): By X) if 0£t<1/3
PO N0, N(36-1)) if L/3€6<2/3
Hy_5( ) if 2/3<t €1
where (X = ,L()?)\(O)D\(O))EA-
Then _(;,ga)(t) = X if 0<t<£1/3
N (3t-1) 1 1/3<6K2/3
% it 2/3<%<1

snd hence Fog:-_fl.

T. Ganea hss pointed out that Example 8.5 can be
‘used to show that the converse %o Proposition 8,8 is

not true,

Proposition 8,9, (Ganea) Let wcocat A1 then
the fibration (P:24—8 45 f 1 pasa

retraction F suach that (7»5::*.1.
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Proof, Congider the following commutati.ve

diagran,
S1p D
4=0 d=0
_QYA g > AS £ ;I
Tl | SLe | ° e
0 ;A p: & > (RE 1) N 31\;?&

r,,
Since £} 4 4is an H-space, by Proposition 8,8
g’ has a retraction fD'. Since weocat A €1, 420
end it follows from the fibration sequence that (le
has a retraction T:(225A——>Q0A such that
Tolle~l [20; Lemma 2.5].
Define (, :AS——-—)SLA by (0= 4~ a‘o'o O
Then (.:'og:::'rof’v’e‘vs
2T (o’, ghlle
= Fofle

=1,
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The following example now comes from Example 8,5

and Proposition 8.9.

Bxanple 8,10, Let A be the space defined in

Example 8.5, then ths fibration @: 024 ;As >A

hag a retraction, but A iz not an H-space,



1.

3.

4,

5.

B

7

.
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CORRECTIONS

Change 'Theorem 3' to 'Corollary 2',
Change 'Proposition 6.6' to 'Lemma 6.3'.
Theorem 7,1. The additive generators cf

H-((OP)k) are isomorphic to

{lei1x212”xnin | ngk} and the ring

stracture is given by the standard

multiplication of polynomials,

Mgo ' (QTCP) = H'((CP),,) -_-é;i‘ﬁ*((w)k).

Theorem 7.2, The additive generators of
H'((CPr)k) are isomorphic to

Iy 1 i
-{le lxa 2..xn n ngk,xlr"1=x2r"'1=..=xnr"'1= 0}

and the ring structure 1s given by the standard

- multiplication of polynomials,

13,

Mso H(QECPY) = %‘P_H'(('GPr)k)-

Change 'lift' to 'extend'.
In the diagram change T__()_iY;K] to [:IZZA;K].
Change ‘'wcocat Y' to ‘wcocat A',

4dd: (James, I.M, end Thomas, E.; An
approach to the ennumeration problem for
non-8table vector bundles; J. Math. Mech,
14 (1965) pp.485~506; Theorem 2,7).

Higher order Whitehead products and
Postnikov systems; Illinols J. Msth,
11 (1967) pp.4L14-416.
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