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Assignment 1 Out line Solut ion

A1 –1. (a) A pos sib le frame fo r a sample sur vey car rie d ou t to estim ate the ave r age annual hyd ro bil l per family in the City
of Wat e r loo wou ld be a lis t of all the addre sses in the City prep are d fo r proper ty tax col lectio n purposes.

St rengt hs of this lis t woul d be:

• it has alrea dy been drawn up so that no fur the r ex penditure of resou rces wou ld be needed in this regard;

• it is likely to con tain essentia l ly all addres s es, becaus e the City requi re s su ch complet eness as the basis of its
proper ty tax col lectio n syst em.

We a knesses of this lis t woul d be:

• it is not cer tain that the City wou ld be prep are d to make such a lis t av a ila ble to a res earche r – it mig ht depend
on how compelling a case the res earche r coul d ma ke for the relea s e of the lis t ;

• there wou ld probably be diffic ulty identifyi ng hyd ro con sump tion of in dividua l un its in mul t i-unit building s ,
su ch as apartment block s.

Be cau se the respons e is a pro per ty of the househ ol d, the re is no need for a pr obabi lis tic proces s fo r sele cting a
person wit hin each hou seh old – the requi rement is for the person to hav e acces s to the infor mation abou t hy dro
cons ump tion for that hou seh old .

(b) (i) The target popu lation: all students (cur ren tly enrolled?) at the Unive rsity of Wat e r loo;

(ii) the study popu lation: students tak ing the first-year accou nting cou rse;

the sampling frame: the cla s s li st for the accou nting cou rse;

(iii) the resp onden t popu lation: the students in the study popula t ion who woul d re spond to the que s tionnaire
un d er the inc entiv es for respons e prov ide d in the sampling protocol;

the sa m p le: the students who respond from among the 100 selected;

(iv) a resp onse: a student’s deg ree of satisfactio n with the Co-op. Progr am;

a popu lation attribute: the aver age degree of satisfactio n with the Co-op. Progr am fo r all students; OR :

the pr oportion of all students who are satisfie d with the Co-op. Progr am;

(v ) two catego rie s of error that impos e li mit ation s on the sample sur vey answe r are:

• study er ror – it seems unli kely that the study popula t ion of students in the large first-year accou nting
course wou ld adequ ately ove r lap the targe t popula t ion of all Un ive rsity of Wat e r loo students;

• non-res pon se er ror – the sample att rib u t e value obtaine d fr om the students who respond, from among
the 100 students selected, may not be clo se enoug h to be useful to the att rib u t e value of the respondent
popula t ion (le t alon e to the att rib u t e value s of the study popula t ion or the targe t popula t ion).
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(d) Unde r the met hod of randomized respons e, on ly the respondent answe ring the que s tion knows wh ich of the two
qu estio ns he or she answe red; this confid e n tia lity ext ending eve n to the inv estig a tor(s) is believe d both to reduce
non-re spons e and to promo te truthful answe rs among respondents, par ticularly to que s tion s on sensit ive issues.

Confid e n tia lity wit h regard to the inv estig a tor(s) is los t in direc t qu estio ning, whi c h may res ult in a lowe r re spons e
rate and/or a lowe r propor tio n of truthful answe rs to a que s tion like D; this wou ld increa s e the lim itation im-
pose d on the sur vey Answe r by this sou rce of error.

A1 - 3. (a) The answe r is giv en in the stat ement of the que s tion; start by mul t i p lyi ng out the squ are d ex pre ssi on in brack ets
() insid e the sig ma sig n.

(b) Show that E(S2) =  S−2, as is dem ons trated near the bottom of pag e 2.41 in Fig ure 2.3 of the Cou rse Mat e ria ls.

A1 - 4. (a) Lis t the (6

4
) = 15 pos sib le samples of size 4, unde r equiprobable selecting, from this popula t ion.

(b) The probability fun ction of a random variable con sis t s of two components:

• the value(s) that the random variable can take on;

• the cor responding probabilit ies.

(c ) Us e the appro priat e re sul ts from STAT 230 to find the mean and standard dev iation of this dis cret e random
variable; the answe rs are: E(Y

−
) = 13; s. d.(Y

−
) = 1.9 −−∼ 1. 378 405.

(d) If you do cor rectly the calcula t ion s in d i c ated in the que s tion, you wil l se e a par ticular illust r ation of each of the
two gen eral res ult s st ated in the que s tion.
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Assignment 1 Out line Solut ion (continue d 1)

A1 – 4. (e )
(c o nt.)

This par t of the que s tion repeats for the sample sta n dar d devi ation id e as like those for the sample aver age that
are illust r ated in par ts (a) , (b) and (c) ; if you do the calcula t ion s co rre ctly, you wil l ag ain see a par ticular illust r a-
tion of the gen eral res ult stated in the que s tion.

(f) The popula t ion media n is MY− = 12½.

(g) We find that: E(MY) = 12. 3; s. d.(MY) = 2.193
.

−−∼ 1.480 991.

(h) We see that unde r equiprobable selecting, unli ke the sample ave r age, the sample media n is a bi ase d estim ato r of
the popula t ion media n, becau se E(MY) ≠ MY−;

in this somewhat specia l ca s e of a sm all popula t ion and a high sampling fractio n, the median is the more variable
of the two estim ato rs; more gen erally, the sample media n is usually less variable than the sample ave r age be-
caus e it is les s sensit ive to ext rem e value s of the respons e variat e of the units in the sample.

NO TE: You mig ht like to repeat par ts (a) to (d) for samples of size 2 and compare them wit h thos e fo r samples of
si ze 4 (no useful comparison of the ave r age wit h the media n can, of cou rse, any longe r be made) .
The res ult s are: E(Y

−
) = 13; s. d.(Y

−
) = 7.6 −−∼ 2.756 810 .

√

√

A1 – 5. Let the random variable Yj repre sent the jth obs ervation; we use the model: Yj ∼ N(µ, 8) and Y
−∼ N(µ, 8/√n);

henc e, standardizing and using the N(0, 1) table: Pr(−1.64485 ≤ Y − µ
8/√n

≤ 1.64485) = 0.90,

so that: 1. 64485 ×8

√n
= 1  whi c h give s: n = 173.1 54 −−∼ 174 ;

i.e., a sample size of about 174 obs ervation s is needed to meet the con d ition s specifie d.

A1 – 6. This que s tion provi des an oppor tun ity for each student to actually perform thei r ow n se rie s of equiprobable and othe r
sele cting exe rci ses; thes e exerci ses are conc e rne d with illust r ating the fol low ing matt e rs:

• the use of a table of equ iprobable dig its to implem e n t equiprobable selecting;

• different samples gen erally yield di ffere nt estim ates of the sa m e popula t ion attribute;

• precisio n im prove s with inc rea sing sample size: we expect in (h) to obtain a narrower confid e n ce int e rval – i.e.,
re d uce d li mit ation on the Answe r – from the sample of size 16 in (d) than from the samples of size 4 in (c) ;

• haphazard sel e cting [in (e)] is bia s ed towards the larger ci r cle s in this situation (becaus e sele ction probability is pro -
portio nal to are a) and the re is a tendenc y to choos e ci r cle s nearer the ce ntre of the pag e; it is easy to mis take hap-
hazard selecting for equ iprobable selecting;

• judg ement sel e cting [in (f)] yields Answe rs wit h se ver e li mit ation – it often seems to overestim ate the true value of
the popula t ion attribute in situation s li ke the pre sent one;

• pr obabi lity sel e cting is a necessar y but not a suf fi cie n t condition for agreement of the actual and sta ted confid e n ce
le vel s of confid e n ce int e rvals – confid e n ce int e rvals calcula ted unde r the sampling protocols use d in (e) and (f) hav e
no basi s in statis ti c a l theory, inc rea sing the sev erity of the lim itation imposd on Answe rs by this sou rse.

Tw o fur the r co mments are:

−− In (c) (i), the re is quite a hig h probability [viz. 1 − 80(16)/8016 = 0.7996 −−∼ 0.80 or about 80%] of choosing the
same circle more than onc e.

−− The met hod of selecting the sample in (g), as in (e) , tends to choos e the larger trees prefe rentia l ly; this may be
accep table in the case of a woodlo t, becau se it may be the large r trees that are of gre ater com me rcia l in terest
(e.g., becau se they usually con tain a large r amou nt of useable lumber) .

A1 – 7. (a) Thes e re sul ts are obtain ed by straig ht-for ward alg ebraic manipula t ion from the expre ssi ons for an ave r age and a
(d ata) standard dev iation; rem ember the res ult s fo r the sum , and the sum of the squ are s , of the first −N in tege rs
(e.g., see Questio n A10 - 4).

(b) This que s tion allow s you to practis e de riv ing a speci fi c ca s e of the gen eral res ult s fo r the mean and (probabilis ti c)
st andard dev iation of (n tim e s) the sample ave r age unde r equiprobable selecting. The rea son ing can be base d on
that shown on pag es 2.40 amd 2.41 in Fig ure 2.3 of the Cou rse Mat e ria ls; as wel l as the two res ult s fr om (a) ,
the res ult for each of the n(n−1) covarianc e ter ms that you wil l ne e d to establi sh is − (−N +1)/12.

(c ) When the equ iprobable selecting is with replacement, the differenc e fr om (b) is that the cov arianc e ter ms are all
zero (Why?); thu s , (c) is a sim p ler versi on of (b) .

Si mplifyi ng alg e graically the secon d ex pre ssi on for s.d.(Tn) le ads (unhelp f ully) in the direction of a spur iou s ‘popu-
la t ion standard dev iation’ wit h divi sor −N, a matt e r discus s ed in Statis ti c a l Highlig ht #94 on pag e HL94.9 and in
St atis ti c a l Highlig ht #100 on pag es HL100.7 anf HL100.8.
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