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Figure 2.16. UNSTRATIFIED POPULATIONS: Estimating an Ave rage , a Tot al or a Proportion
One-Stage EPSWOR of Unequal -Sized Clu sters

In Fig ure 2.1 4, we int roduced the idea of eq uiprobable sel e cting (EPS) of cluster s of equ al size, sometimes called (the pos si-
bly misle ading) [on e-stage simple random] clu ster sampling wit h eq ual-sized clu sters; in this situation, the units (obtain ed by
EPS from the respondent popula t ion) are not in dividua l popula t ion ele ments but rather are clu sters of L such ele ments; the re-
spon se of all elem e n t s in each selected clu s ter is mea s ure d. In this Figure 2.1 6, we ext end this idea to unequal-sized clu s ters
(a bbrev iat e d uc in the not ation shown bel ow), but with two not able differenc es:

* the theor y of eq ual-sized clu s ters is base d on clu s ter aver ages, that of unequal-sized clu s ters uses clu s ter to t als;

* un d er equ iprobable selecting, the unequal clu s ter sizes mu s t be model led as ra n dom variables, whi c h ne c essit ates bivariat e
estim ating – henc e the inv olvem e n t of Fig ure 2.1 5 .

The theor y fo r estim ating Y
−− (the respondent popula t ion aver age), TY− (the cor responding to t al) and −P (the respondent popu-

la t ion pr oportion) when selecting unequal-sized clu s ters is base d on the bivariat e theory dev elo ped in Fig ure 2.1 5 fo r estim at-
ing a ratio of ave r age s , but we approach the matt e r fr om a different perspective;

• in Fig ure 2.1 5 , we deal wit h two re spons es
Y− and X− which are of eq ual im por tanc e –
the main dis tin ction we make is that Y− oc-
curs in the numer ator, and X− in the denomi-
nator, of the ratio we wis h to estim ate;

• in this Fig ure 2.1 6, our primary con cer n is
with some (qu antit ative or quali tative) respons e Y−; the
clu ster size, repre sent e d by −L, is of only in ciden t al in -
terest but must be con sid ere d in the theor y.

Ta ble 2.1 6.1 at the rig ht above compare s the not ation use d in
the two situation s; ex pre ssi ons for the estim ating bia s and
the standard dev iation of R, and for the cor responding esti-
mates, from Fig ure 2.1 5 are als o give n at the rig ht as equ a-
tion s (2.16 .1) to (2.16 .4); the (model) random variable R fr om
Figure 2.1 5 repre sents the sample ratio unde r EPS. Table
2.16 .2 bel ow summarizes the (new) not ation for this Fig ure 2.1 6.
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Ta ble 2.16.2: ......QUA NTITY...... RESPONDENT POPULATION ................ SAMPLE [MODE L].................

Si ze: units ≡ clust e rs −M m

elem e n t s

Clust e r si ze −Li (i = 1, 2, ....., −M) l j (j = 1, 2, ....., m) [r.v. is Lj with value lj]
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From equ ation s (2.16 .1) to (2.16 .5) and Table 2.1 6.1
abov e, the expre ssi ons for EPS of unequ al-sized
clust e rs in this Fig ure 2.1 6 are equ ation s (2.16 .5) to
(2.16 .8) at the rig ht and ove r leaf on pag e 2.126.
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[Se e also Not e 10 at the
bott o m of pag e 2.130]

√ √
To estim ate TY− when
−N in known, we use: T

y = −Ny−uc and: s.d.ˆ (TY) −−∼ s.d.ˆ (−NY
−
uc) = −N×s.d.ˆ (Y

−
uc) -----(2.16 .9)

To estim ate TY− when
−N in unknow n, we use:
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NO TES: 1. Fig ure 2.1 5 is con cer ned with the ratio (or quotient) of the ave r age of two variat es; its focus is bivariat e estim at-
ing. When the theor y deve loped there is use d in this Figure 2.1 6 to deal wit h un equal-sized clu s ters, the different
cont ext bring s in statis ti c a l is s ues that are easily ove r looke d.

• The focus is univariat e – estim ating the ave r age or tot al of respons e variat e Y−; biv ariat e es tim ating is involved
becaus e the fixe d number (m) of clu s ters selected res ult s in a var ying number (n) of el ements in the sample.

−− This is our first encou nter in thes e STAT 332 Course Mat e ria ls of the sample size not bei ng a fixe d qu antity.

• When estim ating the popula t ion tot al TY−, the two situation s where the popula t ion (elem e n t) si ze −N is known or
unknow n involve di ffere nt theory – the latt e r situation (surprisingly) inv olves the univariat e theory of Section 5
on pag es 2.40 and 2.41 in Fig ure 2.3 to der ive equ ation (2.16 .11) abov e.

−− This con trasts wit h the bivariat e theory from Fig ure 2.1 5 ne e ded for equ ation (2.16 .9).

−− Be cau se E(TY
−

) = Σ
i =1
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−LiY
−−i•

1
−M

= TY
−−, −MTY

−
is an unbia s ed estim ato r of TY− (unli ke −NY

−
uc). -----(2.16 .12)

• Tw o situation s fo r estim ating TY− im p lie s (the often ign ore d) two situation s fo r estim ating Y
−−.

−− When −N in unknow n, the relev a n t estim ato r is Y
−
uc (us u ally tre ated as the defau lt situation).

−− When −N in known, the relev a n t estim ato r is (−M/−N)TY
−
; as pursued in Not e 3 and Table 2.1 6.4 at the bottom

of pag e 2.128, its sa m p le ve rsi on, (m/n) TY
−
, is Y

−
uc becaus e it has num erato r Σ

j =1

m

TYj and denominato r Σ
j =1

m

Lj.

The seeming rev ersal of the −N know n and unknow n situation s when estim ating Y
−− and TY− aris es from for tuitous

canc ellation of −N in num erato r and denominato r in the −N-unknow n estim ato r fo r TY−.

• From Fig ure 2.1 5 , we recall the fol low ing matt e rs about biv ariat e estim ating.

−− The dange r of es tim ating bia s is the lim itation it impos es on answe rs by mak ing the actual cove r age proba -
bility (or confid e n ce lev el) of a confid e n ce int e rval for a popula t ion attribute lo wer than its sta ted cove r age
probability (or confid e n ce lev el); this lim itation is made les s seve re by a stronge r rela t ion s hip between the
two variat es – here, the clu s ter size bei ng a (good) predicto r of the clu s ter tot al re spons e; we can check the
st rengt h of such a rela t ion s hip with an appro priat e scatt e r diag ram of the sample dat a.

A secon d che ck on the lim itation impos ed on an answe r by estim ating bia s is an (estim ated) value bel ow 0.1
(o r 10 %) fo r the coefficie n t of variation of the denominato r variat e av erage – here, the ave r age clu s ter size.

−− Decrea s ed impre c iso n of bivariat e estim ating is likew ise fav o ure d by a rela t ion s hip between the two variat es
– this aga in involves vis u al assessment of the scatt e r diag ram of sample dat a.

Us ing the rela t ion s hip in equation (2.16 .13) at the rig ht and the
notation in equation s (2.16 .14) and (2.16 .15) [w hich are
li ke equ ation s (2.15. 2) and (2.15.4) on pag e 2.11 3 in
Figure 2.1 5], rea son ing as for equ ation (2.15.11)
near the top of pag e 2.11 5 in Fig ure 2.1 5 ,
we can write the standard
devi a t io ns of the bi- and
un ivariat e estim ato rs of TY−
as the respectiv e equation s
(2.16 .16) and (2.16 .17) at the rig ht.

Comp aring the ter ms in
thes e two equ ation s, we
se e that s. d.(−NY

−
uc) will be sm aller than s. d.(−MTY

−
) (i.e., the biv ariat e estim ato r will be more precis e) if the

thre e equivalent inequ ali tie s (2.16 .18) hold, whe re −B1 = S−
ı-Y−X− /S−L−

2
and ρ

ı-Y−L− = S−
ı-Y−X− /S−

ı-Y− S−L−;
−B1 (r e pre sent e d by

β1 in the model) is the slope of the least squ are s reg ression of clu ster tot al re sponse on clu ster size
in the respondent popula t ion and ρ Y−X− is their correlation coeffic ient [r ecall equ ation (2.15. 5) near the bot-
tom of pag e 2.11 3 in Fig ure 2.1 5]. The (si mplest) middle versi on of the three inequ ali tie s in equation
(2.16 .18) is usually the mos t conv enient to use when comparing the pre cisio n of different estim ato rs.

It is not ewo rthy that the rela t ion s hip in the respondent popula t ion bet ween clu s ter tot al and clu s ter size, as
vi suali zed by their (sample) scatt e r diag ram , is involved in assessing:

++ the effect of estim ating bia s on the accurac y of the stat e d confid e n ce lev el of a confid e n ce int e rval
us ed to answe r a que s tion abou t a respondent popula t ion attribute, AND:
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Figure 2.16. UNSTRATIFIED POPULATIONS: Estimating an Ave rage , a Tot asl or a Proportioon (c o ntinue d 1)
One-Stage EPSWOR of Unequal -Sized Clu sters

NO TES:
(c o nt.)

1. ++ the rela t ive pre c isi on of bi- and uniev ariat e estim ating of a respondent popula t ion attribute.

Howeve r, the focus of the two assessments differs: for estim ating bia s, con cer n is wit h scatt e r abou t the lin e (q uan -
tifie d, for ins tanc e, by correl ation) whe rea s, fo r precisio n, the sim p lest con cer n [in equation (2.16 .18)] is wit h sl ope.

The foregoi ng dis cus sio n of the secon d matt e r can be thoug ht of as sup ple menting that of pre cisio n of selecting
in d ivi d ual ele ments or clu s ters in Section 2 on pag es 2.1 08 to 2.111 in Fig ure 2.1 4.

2. To estim ate Y
−−, we mig ht think of usi ng the ave r age of the clu s ter ave r age s ,

y−− of equation (2.16 .19) at the rig hr, but we not e the fol low ing :

• Unli ke y−uc, y−− is not exactly cor rect when m = −M unle ss the clu s ter sizes are all equ al (all the −Li = L).

• Un d er EPS, the random variable Y
−−

is an unbia s ed estim ato r, not of Y
−− but of 1

−M
Σ
i =1

−M

Y
−−i, so y−− is not

re commende d fo r us e un d er EPS.

• Y
−−

is an unbia s ed estim ato r of Y
−− if clu s ters are not selected eq uiprobably but rather with probabilit iy

propor tio nal to their size −Li, becau se we then have:

E(Y
−
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−M 1
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TY−i•
−Li
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= Y

−− so that: E(Y
−−) = E[ 1

m Σ
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Y
−
j ] = 1

mE[Σ
j =1

m

Y
−
j ] = 1

m Σ
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E(Y
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j) = 1

m mY
−− = Y

−−.

-----(2.16 .19)

-----(2.16 .20)
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Example 2.16.1: Inter vie w s we re con duct e d in each of 25 city block s obtain ed by equ iprobable selecting from a city map di-
vi ded into 415 such block s; one purpose of the sample sur vey was to obtain an estim ate of the ave r age and
the tot al in come for all adult males in the city. The data obtaine d we re as fol low s – the data on the number
re n ting, in the fou rth and eig hth lin es of Table 2.1 6.3, are for Exa mple 2.1 6.2 on pag e 2.129:

Ta ble 2.16.3: Bl ock number (j) 1 2 3 4 5 6  7 8 9 10 11 12
Number of adult males (lj) 8 12 4 5 6 6  7 5 8 3  2  6
To tal income $000 (

T
yj) 96 121 42 65 52 40 75 65 45 50 85 43

Number renting (Tvj) 4 7 1 3 3 4  4 2 3 2  1  3

Bl ock number (j) 13 14 15 16 17 18 19 20 21 22 23 24 25
Number of adult males (lj) 5 10 9 3 6 5  5 4 6 8  7  3  8
To tal income $000 (

T
yj) 54 49 53 50 32 22 45 37 51 30 39 47 41

Number renting (Tvj) 2 5 4 1  4  2 3 1 3 3  4  0  3

fo r thes e data: Σ
j =1

m

lj = 151, Σ
j =1

m

lj
2 = 1,047; Σ

j =1

m

T
yj = 1, 329,000, Σ

j =1

m

T
yj

2 = 82,039,000,000; Σ
j =1

m

T
yjlj = 8,403,000, m = 25;

Σ
j =1

m

Tvj = 72, Σ
j =1

m

Tvj
2 = 262, Σ

j =1

m

Tvj lj = 511; −M = 415.Find an approxi mat e 95% confid e n ce int e rval for:

(a) the aver age in come per adul t ma le in the city;

(b) the to t al in come of all adult males in the city if it is known that −N = 2,500;

(c ) the to t al in come of all adult males in the city if −N unknow n.

Solution: (a) This que s tion involves int e rval estim ating of Y
−−; we first assess the likely effect of the estim ating bia s of

Y
−
uc on the accur acy of the sta ted (he re, 95%) confid e n ce lev el of the confid e n ce int e rval for Y

−−.

The scatt e r diag ram of the
sample

T
yjs and ljs is shown

at the rig ht; we see that the
poin t s sh ow appre c iable scat-
ter about the lin e with slo pe
y−uc (e s tim ating Y

−−) throug h the
or igi n. Henc e, we do not
se em to hav e particularly
favou rable con d ition s in this
qu estio n fo r lowe r estim ating
bia s and hig her pre cisio n with
re spect to the rela t ion s hip
between TY−i and −L i. How-
ev er, the sample of 25 clu s-
ters, wit h an ave r age size
abou t 6 adult males and in-
volv ing a tot al of of 151 males,
is of modera te si ze and so it wil l
probably not ap pre ciably inc rea s e
the sev erity of the lim itation impos ed
on the answe r by model error (arising from estim ating bia s) and sample error (arising from impre cisio n).

Scatt er Diagram of Tot al Incom e vs. Number of Adult Males in 25 Blo cks
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We can also do the check inv olv ing c.v.(L
−

).
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Solution: (a)
(c o nt.)

We hav e: −M = 415. m = 25, l
−

= 6.0 4 (= l
−

), s l = 1
m −1

Σ
j =1

m

(lj − l)
2
= 2. 371356 855 (= sl),

so that: s. d.ˆ (L
−) = sl

1
m − 1

−M
= 0.459 764 214 ,

and: c.v.ˆ (L
−) = 0.459 764 214/6.04 = 0.076119 902 −−∼ 0.076 = 7.6%.

This estim ate is belo w the conve n tio nal upper bou nd of 10% for the mag n itude of the ratio e.b.(Y
−
uc]/s. d.(Y

−
uc]

so the actual confid e n ce lev el of the confid e n ce int e rval for Y
−− sh oul d not be too far below its stat e d

leve l . This implie s that the component of model error arisi ng fr om the estim ating bia s of Y
−
uc sh oul d not

im pos e un due li mit ation of the answe r in this que s tion con tex t, so we now calcula te the 95% confid e n ce
in ter val for Y

−−.

√

√

We hav e: y−uc = Σ
j =1

m

T
yj Σ

j =1

m

lj = 1, 329.000/151 = 8,801. 32 (= y−uc), .05t*
24 = 2.06 390 for 95% confid e n ce;

also: Σ
j =1

m

(
T
yj − y−uclj)

2
= Σ

j =1

m

T
yj

2 − 2y−ucΣ
j =1

m

T
yjlj + y−uc

2 Σ
j =1

m

lj

2

= 82,039,000,000 − 2 × 8,801. 3245 × 6,403,000 + 8,801. 3245
2×1,047

= 163,143,088,720 − 14 7,915,059,500 = 15, 228,029,220 [= Σ
j =1

m

(
T
yj − y−uclj)

2];

so that: s.d.ˆ (Y
−
uc) −−∼ 1

(m −1)l 2 Σ
j =1

m

(
T
yj − y−uclj)

2
( 1
m − 1

−M
) =

1

24×6. 04
2 (15, 228,029,220)( 1

25
− 1

41 5
) = 808.569 8477.

He n ce, an approxi mat e 95% confid e n ce int e rval for Y
−−. the respondent popula t ion ave r age inco m e per adult

ma le in the city. is:

y−uc ± 2.06390 × s.d.ˆ (Y
−
uc) = 8,801. 32 ± 2.06390 × 808.570 ==> ($7.1 32. 51, $10 ,47 0.1 3)

or about ($7,1 00, $10 ,500).

√ √

Solution: (b) This que s tion involves estim ating a popula t ion tot al when −N is known and so uses res ult s fr om (a) .

We hav e: −N = 2,500, y−uc = 8,801. 324 503 (= y−uc), s.d.ˆ (Y
−
uc) = 808.569 8477;

so that: −Ny−uc = 22,003,311 .26, (= −Ny−uc), s.d.ˆ (−NY
−
uc) = −N × s.d.ˆ (Y

−
uc) −−∼ 2,021,424.62.

He n ce, an approxi mat e 95% confid e n ce int e rval for TY−, the respondent popula t ion tot al in come of all adult
ma les in the city. is:

T
y ± 2.06390 × s.d.ˆ (−NY

−
uc) = 22,003,311 .26 ± 2.06390 × 2,021,424.62 ==> ($1 7,831, 292.90, $26,1 75, 329.53)

or, in mil lio ns of dol lars, about ($1 7.8, $26.2).

Solution: (c ) This que s tion involves estim ating a popula t ion tot al when −N is unknow n.

We hav e: −M = 415,
T
y− = 1, 329.000/151 = 53,160 (=

T
y−);

so that: −M
T
y− = 22,061,400.00 (= −M

T
y−),

Σ
j =1

m

T
yj

2 − (Σ
j =1

m

T
yj)

2

/m = 82,039,000,000 − 1, 329,0002/25 = 11 ,389,360,000 [= Σ
j =1

m

T
yj

2 − (Σ
j =1

m

T
yj)

2

/m];

and: s.d.ˆ (−MTY
−

) = −M2

m −1
[Σ

j =1

m

T
yj

2 − (Σ
j =1

m

T
yj)

2

/m]( 1
m − 1

−M
) = 415

2

24
(11 ,389,360,000)( 1

25
− 1

41 5
) = 1, 752,792.018 .

He n ce, an approxi mat e 95% confid e n ce int e rval for TY−, the respondent popula t ion tot al in come of all adult
ma les in the city. is:

T
y ± 2.06390 × s.d.ˆ (−MTY

−
) = 22,061,400.00 ± 2.06390 ×1, 752,792.02 ==> ($18 ,443,812.55, $25,678,987.45)

or, in mil lio ns of dol lars, about ($18 .4, $25,7).

√ √

NO TE: 3. Table 2.1 6.4 below shows the value s (r oun d ed to the neare s t dollar) that produ c e d the confid e n ce int e rvals whi c h
are the three answe rs in Exa mple 2.1 6.1 above; a fo urth pair of ent rie s (in the secon d li ne of the Table) is for the
ca s e of estim ating the respondent popula t ion ave r age Y

−− when −N is known .

* As can be ver ifie d fr om the entries in Table 2.1 6.2 on pag e 2.125 for the ave r age clu s ter size and the ave r age,
y−uc is the sample analog ue of this fou rth estim ate, wit h m/n replaci ng −M/−N.

In the secon d colu mn of Table 2.1 6.4, we see that, in the case of the data for Exa mple 2.1 6.1, the clu s ter-to-elem e n t
ratios in the sample and the respondent popula t ion agree to wit hin abou t on e qu arter of one percent.

• As a con seque n ce, the differenc es between the two (poin t) estim ates of the respondent popula t ion ave r age and of
it s tot al are likely too sma l l to be practically impor tant – that is, whether or not −N is known has lit tle effect on
the value s of thes e estim ates in Exa mple 2.1 6.1.

Ta ble 2.16.4: . . RATIO OF SIZES . . . . . . . . . . . AVERAGE . . . . . . . . . . . . . . . . . . . . . . TOTAL . . . . . . . . . . . . .
Estimate Est imate d S.d. Est imate Est imate d S.d.

−N unknow n m/n = 25/151 −−∼ 0.165563 y−uc = 8,801 s.d.ˆ (Y
−

uc) = 809 −M
T
y− = 22,061,400 s.d.ˆ (−MTY

−
) = 1,7 52,792

−N know n −M/−N = 41 5/2, 500 = 0.1 66 (−M/−N)
T
y− = 8,825 s.d.ˆ (−MTY

−/−N) = 701 −Ny−uc = 22,003,311 s.d.ˆ (−NY
−

uc) = 2,021, 245
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Figure 2.16. UNSTRATIFIED POPULATIONS: Estimating an Ave rage , a Tot asl or a Proportioon (c o ntinue d 2)
One-Stage EPSWOR of Unequal -Sized Clu sters

NO TE:
(c o nt.)

3. Howeve r, the situation is different for the two pairs of estim ated standard dev iation s in Table 2.1 6.4 – both univari-
at e estim ato rs are more precis e.

−− The situation in Example 2.1 6.1 is unfavou rable to bivariat e estim ating becau se clu s ter size is a poor pre dicto r of
clust e r tot al, as reflected in the scatt e r abou t the lin e in the scatt e r diag ram on the lowe r half of pag e 2.127.

The vis u al assessment of scatt e r is (of cou rse) sup por ted by a low (sample) cor rela t ion of 0.303 143 78, calcu-
la ted from s

ı-yl = 15,660, s
ı-y = 21,7 84. 321 58 and s l = 2. 371 356 855.

Example 2.16.2: In the sample sur vey des cribed in Exa mple 2.1 6.1, dat a we re als o collected on the number of adult males in
the selected block s who were renting their accom modation. Fin d an approxi mat e 90% confid e n ce int e rval
fo r the pro por tio n of all adult males in the city who were renting their accom modation. [Us ing v ins tea d of y in

the three dat a summarie s fo r ma les who rent (on pag e 2.127) is only for conve n ienc e – we stil l thin k of v as a respons e y]

Solution: This que s tion involves counte d data but we apply the theor y of unequal-sized clu s ters to them as thoug h
they were measured data . Inter val estim ating of Y

−− ≡ −P is involved; we first assess the likely effect of the es-
timating bia s of Y

−
uc on the accur acy of the sta ted (he re, 90%) confid e n ce lev el of the confid e n ce int e rval for

Y
−− ≡ −P.

The scatt e r diag ram of the sam-
ple Tvjs and ljs is shown at the
right; compare d with Exa mple
2.16 .1, we see appre ciably less
scatt e r of the poi nts about the
li ne wit h sl ope y−uc ≡ puc (e s tim at-
ing Y

−− ≡ −P) throug h the origi n.
He n ce, we seem to hav e favour -
able condition s in this situation
fo r lowe r estim ating bia s and
lowe r im pre cisio n with respect
to the rela t ion s hip between Y−
and −L. In addit ion, the sample
of 25 clu s ters, wit h an ave r age
si ze of about 6 adul t ma les and
involv ing a tot al of 151 males, is
of modera te si ze and so wil l li kely
also not ap pre ciably inc rea s e the
seve rity of the lim itation impos ed
on the answe r by model error (arising
fr om estim ating bia s) and sample error (arising from impre cisio n).

Scatt er Diagram of Number Renting vs. Number of Adult Males in 25 Blo cks
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As in Example 2.1 6.1, we can also (re -)do the check inv olv ing c.v.(L
−

).

We hav e: −M = 415. m = 25, l
−

= 6.0 4 (= l
−

), s l = 1
m −1

Σ
j =1

m

(l j − l)
2
= 2. 371356 855 (= sl),

so that: s. d.ˆ (L
−) = sl

1
m − 1

−M
= 0.459 764 214 ,

and: c.v.ˆ (L
−) = 0.459 764 214/6.04 = 0.076119 902 −−∼ 0.076 = 7.6%.

This estim ate is belo w the conve n tio nal upper bou nd of 10% for the mag n itude of the ratio e.b.(Y
−
uc]/s. d.(Y

−
uc]

so the actual confid e n ce lev el of the confid e n ce int e rval for Y
−− ≡ −P sh oul d not be too far below its stat e d

leve l . This implie s that the component of model error arisi ng fr om the estim ating bia s of Y
−
uc sh oul d not

im pos e un due li mit ation of the answe r in this que s tion con tex t, so we now calcula te the 90% confid e n ce
in ter val for Y

−− ≡ −P.

√

√

We hav e: p
uc

= Σ
j =1

m

Tvj Σ
j =1

m

lj = 72/151 = 0.476 821 192 (= p
uc

), .1t*
24 = 1.64 485 for 90% confid e n ce;

also: Σ
j =1

m

(Tvj − p
uc
l j)

2
= Σ

j =1

m

Tvj
2 − 2p

ucΣ
j =1

m

Tvjl j + p
uc

2 Σ
j =1

m

lj

2

= 262 − 2 × 0.476 821 192 × 511 +  0.476 821 192
2×1,047

= 500.0 44 2963 − 487.311 2583 = 12.733 0380 [= Σ
j =1

m

(Tvj − p
uc
lj)

2];

so that: s.d.ˆ (Puc) −−∼ 1

(m −1)l 2 Σ
j =1

m

(Tvj − p
uc
lj)

2
( 1
m − 1

−M
) =

1

24×6. 04
2 (12.733 0380)( 1

25
− 1

41 5
) = 0.023 380 926.

He n ce, an approxi mat e 90% confid e n ce int e rval for Y
−− ≡ −P, the respondent popula t ion pro por tio n of adult

ma les in the city who were renting their accom modation. is:

p
uc ± 1.64485 × s.d.ˆ (Puc) = 0.476 821 ±1.64485 × 0.023 3809 == > (0.4383, 0,515 3)

or about (43%, 52%).

√ √
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NO TES: 4. The scatt e r diag ram ove r leaf on pag e 2.129 for Exa mple 2.1 6.2 has a (sample) cor rela t ion of 0.886 404129, calcu-
la ted from s

ı-vl = 3.1716, s
ı-v = 1. 508 862706 and s l = 2. 371 356 855. The hig h value (mu ch hig her than the cor rela t ion

of abou t 0. 303 in Exa mple 2.1 6.1) is (of cou rse) con sis tent wit h the sub stantia l ly reduced scatt e r of the poi nts
abou t the lin e throug h the origi n in the diag ram ove r leaf (co mpare d with the diagr am on pag e 2.127).

5. Exa mple 2.1 6.2 for mally inv olves estim ating a pr oportion but is actually estim ating a ra tio of tota ls using the bi-
variat e theory dev elo ped in Fiu r e 2.15 ; in this regard, it is like Exa mple 2.1 5 .2(a) and assig nment que s tion A4 - 3.
It rem inds us of the rela t ion s hip between pro por tio ns and ratios – recall Not e 19 on pag e 2.122 in Fig ure 2.1 5 .

6. Pursuing the idea from Exa mple 2.1 6.1(b) in the middle of pag e 2.128 of knowing that −N = 2,500, we hav e:

(−M/−N)
Tv− = (41 5/2, 500) × (72/25) = 0.478 08 [= (−M/−N)

Tv
−],

Σ
j =1

m

Tvj
2 − (Σ

j =1

m

Tvj)
2

/m = 262 − 722/25 = 54.64 [= Σ
j =1

m

Tvj
2 − (Σ

j =1

m

Tvj)
2

/m],

and: s.d.ˆ (−M
−N TV

−
) = −M

2

(m −1)−N
2
[Σ

j =1

m

Tvj
2 − (Σ

j =1

m

Tvj)
2

/m]( 1
m − 1

−M
) = 415

2

24×2, 5002 (54.64)( 1
25

− 1
41 5

) = 0.048 561 943.

Thes e value s are dis cus s ed in Not e 8 bel ow.

√ √

7. If we ig nore the clu s ter ing in Exa mple 2.1 6.2 and assume the data on males who were renting their accom moda-
tion had been obtaine d fr om 151 (in dividua l) ma les obtaine d fr om the respondent popula t ion by EPS, we hav e:

p
in

= 72/151 = 0.476 821 192 (= p
in
) [the sa m e poin t estim ate as in Exa mple 2.1 6.2 ove r leaf on pag e 2.129],

and, usi ng equation (2.10 .6) near the bottom of pag e 2.81 in Fig ure 2.1 0:

s. d.ˆ (Pin) = n
n −1

pinqin(1
n − 1

−N
) [w here qin = 1 -- pin = 0. 523 178 807]

= 151

150
(0.476 821× 0. 523 179)( 1

151
− 1

2, 500
) = 0.039 530 173.

Thes e value s , toge the r with thos e in Not e 6 above, are als o discus s ed in Not e 8 bel ow.

The calcula t ion of s. d.ˆ (Pin) he re inv olves knowing −N = 2,500, as is als o the case in the pre c e ding Not e 6.

√

√

8. Table 2.1 6.5 at the
right sum marizes rel-
ev a n t value s fr om the
thre e fo regoi ng ap-
proaches to estim a-
ting a pro por tio n.
Fo r the con tex t of the data for Exa mple 2.1 6.2, we see that :

Ta ble 2.16.5: Three Approache s to Est imating a Respondent Popul ation Proportion
Conte xt EPS of ... Estimating Est imate Est imate d S.d. Rat io

Ex. 2.1 6.2, p. 2.1 29 Clu s ters Biv ariat e p
uc

= 0.4768 s. d.ˆ (Puc) = 0.02338 ---

No te 7, pag e 2.130 Ele ments Univariat e p
in

= 0.4768 s. d.ˆ (Pin) = 0.03953 1.68

No te 6, pag e 2.130 Clu s ters Univariat e (−M/−N)Tv
− = 0.4781 s.d.ˆ (−M

−N TV
−

) = 0.0 4856 2.08

• the approach has no or lit tle effect on the value for the poi nt estim ate,

• the approach has a subs tantia l ef fect on the pre cisio n of the estim ate.

−− The most precis e is bivariat e estim ating base d on the theor y of unequal-sized clu s ters; this likely reflects
the fav o urable con d ition s sh own by the scattt e r diag ram ove r leaf on pag e 2.129 – see als o No te 4 above.

−− The le ast precis e (w ith an estim ated s.d. more than twice as large) is the univariat e clust e red value (which
involves a known value of −N); it rem inds us (as dis cus s ed in Section 2 on pag es 2.1 08 to 2.110 in Fig ure
2.14) that the conve n ienc e of a Pla n using a clu s tered frame may come at the ‘cos t’ of lowe r precisio n.

The int e rme diat e precisio n of the approach whi c h ig nores the clu s ter ing is con sis tent wit h this idea .

Ta ble 2.1 6.5 rem inds us that, throu ghout thes e Course Mat e ria ls , the not ation uses lowe r-case Roman letters (li ke
y, v and p) for dat a value s and the cor responding lowe r-case it ali c le tters (li ke y, v and p) for the value s of model
random variable s , which are repre sent e d by upper-case itali c le tters (li ke Y, V and P).

* It is (of cou rse) inv estig a tors’ responsib i lity to implem e n t a Pla n fo r an inv estig a t ion that makes it rea son able to
treat dat a value s as value s of random variable s , as the addit ion s in brack ets () to calcula t ion s of sample esti-
mates rem ind us in the solutio ns of Exa mples 2.1 6.1 and 2.1 6.2.

9. Equ ation s (2.16 .13), (2.16 .16) and (2.16 .17) (o n the lowe r half of pag e 2.126) sh ow that, when the clu s ters are all of
eq ual si ze (−L, say) [so (L− i − L− ) is zero] , the two standard dev iation estim ato rs s. d.(−NY

−
uc) and s. d.(−MTY

−
) are equ ivalent.

• The poi nt estim ato rs −NY
−
uc and −MTY

−
are sim ilarly equ ivalent, becau se: −NY

−
uc = −NΣ

j =1

m

TYj/m−L = (−N/−L)Σ
j =1

m

TYj/m = −MΣ
j =1

m

TY
−
. -----(2.16 .21)

10 . Equation (2.16 .8) at the top of pag e 2.126
can also be writt en as shown at the rig ht. s.d.ˆ (Y

−
uc) −−∼ 1

(m −1)l 2 Σ
j =1

m

lj

2(y−j − y−uc)
2
( 1
m − 1

−M
) -----(2.16 .8)

√
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