
Un ive rsity of Wat e r loo STAT 332 – W. H. Che rry

#2.11 3

Figure 2.1 5. UNSTRATIFIED POPULATIONS: Estimating the Rat io of Two Ave rage s or Tot als
One- Stage EPSWOR of Indivi du a l Elements

Figure 2.3 of thes e Course Mat e ria ls deve lops the theor y fo r estim ating Y
−− (the respondent popula t ion aver age) and (the

cl osely rela ted theory for estim ating) TY− (the to t al) un d er equ iprobable selecting (EPS); thes e id e as are adapt e d in Fig ure 2.1 0 to
estim ating −P and −N−P (the respondent popula t ion pr oportion and freq uen cy). Thes e Figure s are con cer ned with on e re spons e
variat e (Y−) fo r popula t ion ele ments. This Fig ure 2.1 5 ex tends Fig ure s 2. 3 and 2.1 0 to estim ating −R = Y

−−/X
−−, the ra tio of the av-

er ages of two re spons e variat es but we shoul d re cognize from the beginning that:

• a ratio of popula t ion to t als is equivalent to the ratio of the cor responding two ave r age s; i.e., we als o have: −R = TY−/TX−;

• there is more than one type of ratio, whi c h we must learn to dis tinguis h.

1. Illustr ations: Sup pos e that n unit s (o r elem e n t s) are obtain ed by EPS from a respondent popula t ion of −N un its (or ele -
ments) to estim ate the fol low ing att rib u t es:

1. ave r age cig arette con sump tion per person:

estim ate from sample is 1
n Σ

j =1

n
yj (w here yj is the cig arette con sump tion for person j)

= y− so this case inv olves only univariat e estim ating unde r EPS;

2. ave r age fuel con sump tion per veh icle for a par ticular car model:

estim ate from sample is 1
n Σ

j =1

n yj

xj

(w here yj is the amou nt of fuel use d by veh icle j,
xj is the dist anc e cove red by veh icle j)

= v− (s ay) so this case als o involves only univariat e estim ating unde r EPS;

3. ave r age cig arette con sump tion per smoker:

estim ate from sample is
Σ
j =1

n
yj

Σ
j =1

n
xj

= y

x
(d ivi ding bot h the num erato r and the denominato r by n).

(w here yj is the cig arette con sump tion for smoke r j)

(w here xj is the number of smoke rs in the sample – e.g., xj = 1  for a smoke r,
0 for a non -sm oke r)

Our main con cer n in this Fig ure 2.1 5 is wit h ratios of the type in Illust r ation 3, whe re both the num erato r and the den ominato r
can be repre sent e d by distin ct ra n dom variables; we refe r to this case as inv olv ing bivariat e estim ating unde r EPS.

No tation is defi ned in Table 2.1 5 .1 at the rig ht
fo r the two respons e variat es Y− and X− of each
elem e n t of the respondent popula t ion; the
model random variable s are the es tim ator s of
the respondent popula t ion attributes and the
sample value s are their es tim ates . It is (of cou rse)
inve s tig a tors’ responsib i lity to dev elo p and exe cute a Pla n fo r an inv estig a t ion that makes it rea son able to take the (sample) data
y− and x− as (the model) y− and x− – recall Appendix 3 at the bottom of pag e 2.11 2 in Fig ure 2.1 4.

Ta ble 2.1 5.1: Re spondent Sample (Estimate) Mo del
Quantity Popul ation (= model va lue) (Esti mator)

Av erage Y
−− X

−− y− (= y−) x− (= x−) Y
−

X
−

To tal TY− TX− T
y = −Ny− (=

T
y) Tx = −Nx− (= Tx) TY TX

Ratio −R = Y
−−/X

−− ≡ TY−/TX− r = y−/x− ≡
T
y/Tx (= r) R

2. Statist ical Properties of R = Y
−/X− – Prel iminaries

We now der ive res ult s fo r the es tim ating bia s and the sta n dar d devi ation of R, a random variable that is the ra tio of two
random variable s which each repre sent an aver age. As a first step, we obtain an expre ssi on for the covarian ce of Y

−
and X

−
.

We hav e: Y + X = Y + X so that: [s. d.(Y + X)]
2

= [s. d.(Y+ X)]
2

= [s. d.(Y )]
2
+ [s. d.(X)]

2
+ 2cov(Y, X). -----(2.15.1)

Then, usi ng the two res ult s at the rig ht for S−V− and s. d.(V ),
which are base d on Table 2.3.5 and equ ation (2. 3.9) on
page s 2.40 and 2.41 of Fig ure 2.3, we hav e:

S−V− = 1
−N −1Σ

i =1

−N

(−Vi − −V)
2

s. d.(V ) = S−V−
1
n − 1

−N

S−Y−+X−
2

(1
n − 1

−N
) = [S−Y−

2
+ S−X−

2
+ 2S−Y−X−](1

n − 1
−N

) = S−Y−
2
(1
n − 1

−N
) + S−X−

2
(1
n − 1

−N
) + 2S−Y−X− (1

n − 1
−N

);

-----(2.15. 2)

-----(2.15. 3)

√ √

co mparing the rig htmos t thre e ter ms
of equation s (2.15.1) and (2.15. 3), we
obtain equation (2.15.4):

cov(Y, X ) = S−Y−X−(1
n − 1

−N
) whe re: S−Y−X− = 1

−N −1Σ
i =1

−N

(Y−i −Y− )(X− i −X− ). -----(2.15.4)

We int roduce addition a l ter min ology in equ ation (2.15. 5): ρ Y−X− = S−Y−X− /S−Y− S−X− and: −B1 = S−Y−X− /S−X−
2
,

where ρ Y−X− is the correlation coeffic ient of respons es Y− and X− in the respondent popula t ion,
and −B1 (r e pre sent e d by β1 in the model) is the slope of the least squ are s reg ression of Y− on X− in the respondent popula t ion.

-----(2.15. 5)

We then rewrite the first par t of equation (2.15.4)
in three equ ivalent for ms in equ ation (2.15.6): cov(Y, X ) = S−Y−X− (1

n − 1
−N

) = S−Y− S−X− ρ Y−X− (1
n − 1

−N
) = −B1S−X−

2
(1
n − 1

−N
). -----(2.15.6)

Different pre sent ation s of thes e id e as var y in whi c h of thes e thre e equivalent expre ssi ons for cov(Y, X ) they use; thes e Course
Ma ter ials use mainly the fir st on e involv ing S−Y−X−.
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NO TES: 1. We (relu ctantly) use the not ation ρ fo r co rrela t ion ove r leaf on pag e 2.11 3 in equation s (2.15. 5) and (2.15.6) becaus e
‘r’ is needed for a ratio (as −R, r, R and r) in this Fig ure 2.1 5 and els ewhe re in thes e Course Mat e ria ls. Orig inally, ‘c’
woul d have been a better choic e to denot e co rrela t ion but ‘r’ is now too wid e spre ad to change. [Conf usi on of ‘c’ for
co rrela t ion wit h the speed of lig ht in phy sics – as in E = mc2 fo r in stanc e – wou ld not be an issue.]

• This matt e r is like the unfor tun ate cur rent wid e spre ad use of P fo r probability; ou r us e of ‘Pr’ conve n iently leave s
‘p’ for a pro por tio n (a s −P, p, P and p) – recall Table 2.1 0.9 on pag e 2.88 in Fig ure 2.1 0.

• When provi ding backg rou nd for sim p le lin ear reg res sio n in thes e Ma ter ials – for exa mple, in Fig ure 13. 3 in STAT
220 and Fig ure 16.1 in STAT 231 – −Ri is the re sidual fo r elem e n t i of the study (or respondent) popula t ion. This
notation sel d o m aris es in thes e STAT 332 Course Mat e ria ls and, when it does (e.g., on pag e 2.138 in Fig ure 2.1 7),
the advant age of the evocative ‘R’ for bot h a ratio and a residu al outweighs the (slig ht) opportun ity for conf usi on.

2. Backg rou nd for −B1 and ρ Y−X− in equation s (2.15. 5) and (2.15.6) ov erleaf on pag e 2.11 3, and for −Ri, is availa ble in the
STAT 231 Cou rse Mat e ria ls in Fig ure 16.1 in dis cus sio n of equation (16 .1. 3) on pag e 16 .1 and the upper diagr am on
page 16.6, and in Fig ure 13. 3 of the STAT 221 Cou rse Mat e ria ls in equation s (13.3.3), (13.3.31) and (13.3.33) on
page s 13.1 7, 13.19 and 13. 20.

3. Statist ical Properties of R = Y
−/X− – Est imating Bias

To find an approxi mat e ex pre ssi on for the es tim ating bia s of R, den oted here e.b.(R), we use a biv ariat e Ta ylo r se rie s ex pan-
si on taken to se con d order, writt en as fol low s :

g(u,v) −−∼ g(a, b) + (u − a)
∂g

∂u
+ (v − b)

∂g

∂v
+ 1

2
(u − a)

2 ∂2g

∂u2
+ 1

2
(v − b)

2 ∂2g

∂v2
+ (u − a)(v − b)

∂2g

∂u∂v
,

where the five par tia l de riv ative s are evaluated at (a, b), the poi nt about which g(u,v) is exp ande d. If g(u,v) = u
v

, then:

∂g

∂u
= 1

v
,

∂g

∂v
= − u

v2
,

∂2g

∂u2
= 0,

∂2g

∂v2
= 2u

v3
,

∂2g

∂u∂v
= − 1

v2
.

We now exp and g(Y, X) = Y

X
abou t the poi nt (Y

−−, X
−−); we then take E(Y

X
), and find E(Y

X
) − −R, whi c h is e.b.(R);

Y

X
−−∼ −Y

−X
+ (Y

−− Y
−−)( 1

−X
) + (X

−− X
−−)(− −Y

−X2) + 1
2

(Y
−− Y

−−)
2⋅0 + 1

2
(X
−− X

−−)
2

( 2−Y
−X3) + (Y

−− Y
−− )(X

−− X
−−)(− 1

−X2),

... E(Y

X
) −−∼ −Y

−X
+ ( 1

−X
)E(Y

−− Y
−−) + (− −Y

−X2)E(X
−− X

−−) + ( −Y
−X3)E(X

−− X
−−)

2
+ (− 1

−X2)E[(Y
−− Y

−−)(X
−− X

−−)]

= −R + ( 1
−X

)⋅0 + (− −Y
−X2)⋅0 + ( −Y

−X3)[s. d.(X
−)]

2
+ (− 1

−X2)cov(Y, X );

henc e: e.b.(R) −−∼ 1
−X2

[−RS−X−
2 − S−Y−X−](1

n − 1
−N

) ≡ 1

(−N −1) −X2 Σ
i =1

−N

X− i(−RX− i − Y−i)(1
n − 1

−N
). -----(2.15.7)

Also, the rela tive estim ating bia s of R is giv en by: r.e. b .(R) ≡ e.b.(R)
−R −−∼ 1

−N −1Σ
i =1

−N X− i

−X
(X− i

−X
− Y−i

−Y
)(1

n − 1
−N

). -----(2.15.8)

To obtain an approxi mat e ex pre ssi on for the es tim ator of the estim ating bia s of R = Y
−/X−, we replace the respondent popula t ion

att rib u t es in equ ation (2.15.7) by their estim ato rs; the expre ssi on for the cor responding es tim ate is:

e.b.ˆ (R) −−∼ 1
x 2 (rsx

2 − syx)(1
n − 1

−N
) = 1

(n −1)x2 Σ
j =1

n
xj(rxj − yj)(

1
n − 1

−N
) = 1

(n −1)x 2
(rΣ

j =1

n
xj

2 − Σ
j =1

n
yj xj)(1

n − 1
−N

), -----(2.15.9)

where: sv = 1
n −1

Σ
j =1

n
(vj −v)

2
= 1

n −1
(Σ

j =1

n
vj

2 − nv2) and: syx = 1
n −1

Σ
j =1

n
(yj −y)(xj −x) = 1

n −1
(Σ

j =1

n
yj xj − ny x). -----(2.15.10)

√ √

We see from equ ation (2.15.8) that the estim ating bia s of R as an estim ato r of −R beco m e s sm aller rela t ive to the mag n itude of −R as:

* n (the sample size) becomes larger – the fun ction a l fo rm of the dependenc e is n−1;

−− decrea sing mag n itude of the estim ating bia s of R with increa sing sample size con trasts sharply wit h ot he r catetego rie s of (re a l-
wo r ld) in accur acy– studying, non -re sponding, selecting and measuring – whi c h do not ge t sm aller as sample size inc rea s es;

* the poi nts (Y−i, X− i) li e cl o ser to the lin e with slo pe −R throug h the origi n, whi c h ma kes the ter m (X− i/X
−− − Y−i/Y

−−) sm aller; the
in itia l X− i/X

−− mu ltiplyi ng this ter m means that dep arture s of the X− i fr om the lin e ma ke more cont rib u tio n to inc rea sing the
estim ating bia s of R than do departure s of the Y−i, and the large r the mag n itude of an X− i, the greater the effect of its depar-
ture from the lin e.

We see from equ ation (2.15.7) that the estim ating bia s of R is zero if all the X− i are eq ual (w hen X− i = X
−− fo r all i and −RX− i = Y

−−).

4. Statist ical Properties of R = Y
−/X− – Standard Dev iat ion

To find an expre ssi on for the approxi mat e sta n dar d devi ation of R, we use a biv ariat e Ta ylo r se rie s ex pansi on to fir st order:

Y

X
−−∼ −Y

−X
+ (Y

−− Y
−−)( 1

−X
) + (X

−− X
−−)(− −Y

−X2);
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Figure 2.1 5. UNSTRATIFIED POPULATIONS: Estimating the Rat io of Two Ave rage s or Tot als (c o ntinue d 1)
One- Stage EPSWOR of Indivi du a l Elements

henc e: s. d.(Y

X
) −−∼ 0 + ( 1

−X
)
2

[s. d.(Y )]2
+ (−−Y

−X2)
2

[s. d.(X)]2
+ 2( 1

−X
)(− −Y

−X2
)cov(Y, X )

= 1
−X2

[S−Y−
2 − 2−RS−Y−X− + −R2

S−X−
2](1

n − 1
−N

) ≡ 1
(−N −1) −X2 Σ

i =1

−N

(Y−i − −RX− i)
2
(1
n − 1

−N
) [becaus e Y

−− = −RX
−−].

√

√ √
-----(2.15.11)

Also, the co effici ent of var iation (c.v.) of R is: c.v.(R) ≡ s.d.(R)
−R −−∼ 1

−N −1Σ
i =1

−N

(Y−i

−Y
− X− i

−X
)

2
(1
n − 1

−N
). -----(2.15.12)

√
To obtain an approxi mat e ex pre ssi on for the es tim ator of the standard dev iation of R = Y

−/X−, we replace the respondent popula-
tion attributes in (2.15.11) by their estim ato rs; the expre ssi on for the cor responding es tim ate is:

s.d.ˆ (R) −−∼ 1
x 2 (sy

2 − 2rsyx + r2sx
2)(1

n − 1
−N

) = 1

(n −1)x 2 Σ
j =1

n
(yj − rxj)

2
(1
n − 1

−N
) [becaus e y− = rx−]

= 1

(n −1)x 2
(Σ

j =1

n
yj

2 − 2rΣ
j =1

n
yj xj + r2Σ

j =1

n
xj

2)(1
n − 1

−N
).

-----(2.15.13)√ √

√
We see from equ ation (2.15.12) abov e that the standard dev iation of R as an estim ato r of R beco m e s sm aller rela t ive to the
magnitude of R as:

* n (the sample size) becomes larger – this is the famili ar inc rea s e in pre cisio n of estim ating wit h in cre asi ng sample size but,
in con trast to the n−1 of es tim ating bia s, the fun ction a l fo rm of the dependenc e is now the usual n−½; i.e., inc rea sing sample
si ze decre ases the es tim ating bia s of R faster than it decre ases the sta n dar d devi ation (o r in cre ases the pre c isi on) of R.

* the poi nts (Y−i, X− i) li e cl o ser to the lin e with slo pe −R throug h the origi n, whi c h ma kes the ter m (Y−i/Y
−− −X− i/X

−−) sm aller.

NO TES: 3. Comparing equ ation s (2.15.8) and (2.15.12), we see that the expre ssi ons for the rela t ive mag n itude of the estim ating
bia s and the standard dev iation of R are si mil ar; this implie s that con d ition s which make one of thes e qu antit ies
sm aller (as is desir able statis ti c a l ly) wil l tend also to make the othe r sm aller.

• A fur the r advant age of large r sample sizes is that they improve the accur acy of the Tay lor ser ies approxi ma-
tion s becaus e, as n becomes large r, the value of (u, v) = (y−, x−) wil l us u ally become cl o ser to (Y

−−, X
−−), the poi nt

abou t which g(u, v) is exp ande d; thus, large r value s of n tend to improve the accur acy of our approxi mat e ex-
pres sio ns for the estim ating bia s and the standard dev iation of R.

• The der ivation on the facing pag e 2.11 4 of the approxi mat e ex pre ssi on (2.15.8) fo r the rela t ive estim atng bia s of R
sh ows that it origi nat es in the la st two (s econd -order) ter ms in the Tay lor ser ies exp ansio n ; this con trasts wit h
equation (2.15.12) fo r the approxi mat e coef fi cie n t of variation whi c h co m e s fr om only a fir st-ord er ex pansi on.

4. The co effici ents of var iation
of Y

−
and X

−
, mea s ure s of rel-

ative precisio n of thes e two
univariat e estim ato rs, are
sh own at the rig ht – Y

−
and

X
−

are the random variable s repre senting the ave r age of the sample yjs (= yjs) and the sample xjs (= xjs) unde r EPS.

c.v.(Y
−) ≡ s.d.(Y )

−Y
=

−S−Y

−Y
1
n − 1

−N
= 1

−N −1Σ
i =1

−N

(Y−i

−Y
− 1)

2
(1
n − 1

−N
)

c.v.(X
−) ≡ s.d.(X)

−X
=

−S−X

−X
1
n − 1

−N
= 1

−N −1Σ
i =1

−N

(X− i

−X
−1)

2
(1
n − 1

−N
)

-----(2.15.14)

-----(2.15.15)

√ √

√ √

• Comp aring the approxi mat e ex pre ssi on for the coefficie n t of variation of R in equation (2.15.8) [n ear the mid-
dle of the facing pag e 2.11 4] with the cor responding (ex act) ex pre ssi ons for Y

−
and X

−
give n at the rig ht above,

we not e that they differ mos t obviously in the secon d ter m in sid e the brack ets of the sig ma sig n.

5. Usi ng equation (2.15. 2) [o n page 2.113] fo r S−V− and equ ation
(2.15.10) [o n page 2.114] fo r sv, and by analog y with S−Y− and S−X−

[in trodu c e d in equation (2.15. 3) on pag e 2.11 3] and wit h sy and
sx [in trodu c e d in equation (2.15.13) abov e], equ ation s (2.15.11)
and (2.15.13) sugg est defin ing respondent popula t ion and sample
mea s ure s of variation, S−R− and sr, as in equ ation s (2.15.16) and
(2.15.17) at the rig ht. Equation (2.15.18) is for calcula t i ng sr fr om
sample dat a; this can be use d as a value for sr un d er an appro priat e inve s tig a t ion Pla n.

• In the real world, the infor mation needed to calcula te S−R− woul d rarely (if eve r) be availa ble.

S−R− = 1
−N −1

Σ
i =1

−N

(Y−i − −RX− i)
2

sr = 1
n −1Σ

j =1

n
(yj − rxj)

2

s r = 1
n −1Σ

j =1

n
(yj − rxj)

2

-----(2.15.16)

-----(2.15.17)

-----(2.15.18)

√

√

√

5. Con fide nce Int ervals for −R and the Effect of Est imating Bias

The effect of estim ating bia s of R on the accur acy of an answe r (e.g., expre sse d as a confid e n ce int e rval for −R) depends on
the mag n itude of the bia s rela t ive to that of the standard dev iation of R; we deal wit h this matt e r as fol low s :

1995 -04 -20
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fr om equ ation (2.15.7): e.b.(R) −−∼ [c.v.(X
−)]

2(−R − −S−Y−X

−S−X
2
) (base d on a se con d-order approxi mation) -----(2.15.19)

and from equ ation (2.15.10): [s. d.(R)]2 −−∼ (−S−X

−X
)

2(−R2 − 2−R
−S−Y−X

−S−X
2

+
−S−Y

2

−S−X
2)(1

n − 1
−N

) (base d on a fir st-order approxi mation)

= [c.v.(X
−)]

2(−R2 − 2−R
−S−Y−X

−S−X
2

+
−S−Y

2

−S−X
2); -----(2.15. 20)

in trodu cing a mul t i p lie r of ρ Y−X−
2 ≤ 1 [fr om equ ation (2.15. 5)] in t o the last ter m on the rig ht-hand sid e of (2.15. 20) give s:

[s. d.(R)]2 ≥ [c.v.(X
−)]

2(−R2 − 2−R
−S−Y−X

−S−X
2

+
−S−Y−X

2

−S−Y
2 −S−X

2⋅−S−Y
2

−S−X
2
) = [c.v.(X

−)]
2(−R − −S−Y−X

−S−X
2
)

2
. -----(2.15. 21)

Divi ding equ ation (2.15.19)
by the squ are root of
equation (2.15. 21) le ads to:

|e.b.(R)|
s.d.(R)

≤ c.v.(X
−) (the eq uality holds when ρ Y−X−

2 = 1). -----(2.15. 22)

Us e of the res ult (2.15. 22) is dis cus s ed bel ow, after the confid e n ce int e rval expre ssi ons (2.15. 23) fo r estim ating −R.

NO TE: 6. The res ult (2.15. 22), whi c h prov ides an upper bou n d on the mag n itude of the estim ating bia s of R in rela t ion to its
st andard dev iation, appears to be only an appr oximate re sul t base d on the respectiv e se con d- and fir st-order ap-
prox imation s fo r thes e two quantit ies; surprisingly, as shown by the alter native der ivation in Appendix 2  on pag e
2.123 of this Fig ure 2.1 5 , it is actually an exact re sul t.

On the basis of the approxi mat e no rma lity of R as a con seque n ce of the Cent r al Li mit Theorem , and arguing in a gen eral
way from the use of the t dist rib u tio n in nor mal theor y when the respondent popula t ion standard dev iation is estim ated by the
sample standard dev iation, the theor y deve loped on the pre c e ding three
si des of this Fig ure 2.1 5 le ads to an int e rval inv olv ing random variable s: I = [R − αt*n−1 s. d.ˆ (R), R + αt*n−1 s. d.ˆ (R)],

su ch that Pr(I −R) −∼100(1−α)%, whe re αt*n−1 is the 100(1−α/2)th perc entile of the tn −1 dist rib u tio n. For calcula t i ng an approxi-
mate 100(1−α)% confidence inter val fo r −R, we use:

r ± αt*n−1 s. d.ˆ (R) = [r − αt*n−1 s. d.ˆ (R), r + αt*n−1 s. d.ˆ (R)]. -----(2.15. 23)

The fol low ing diagr ams illust r ate why the ratio of the mag n itude of the estim ating bia s of R to its standard dev iation [as ex-
pres s ed in equ ation (2.15. 22) abov e] is useful for assessing the likely accur acy of the stat e d confid e n ce le vel (the cov erage prob-
ability) of a confid e n ce int e rval for −R.

A 95% CI for −R

r−R

E(R)

e.b.(R)

A 95% CI for −R

r−R

E(R)

e.b.(R)

A 95% CI for −R

r−R

E(R)

e.b.(R)

In each diagr am , the 95% confid e n ce int e rval for −R is cent red on r, and the horizont al dist anc e between −R and E(R)] re-
pres ents the estim ating bia s of R; becau se E(R) is to the righ t of −R, the estim ating bia s is shown as bei ng posi tive in thes e il-
lu s tration s and, for graphical conve n ienc e, the r value at the cent re of the confid e n ce int e rval is likew ise to the rig ht of E(R).
Also, the diag rams hav e been con str ucted with the ratio e.b.(R)/s. d.(R) taking successiv ely the value s 0. 2, 0.6 and 1.8 from left
to rig ht across the pag e. We see that the displacem e n t between the posit ion s of E(R) and −R means that the cov erage probabil-
ity (or confid e n ce lev el) of a confid e n ce int e rval decrea s es prog res siv ely as this ratio inc rea s es – the sma l l ef fect on the left
when the ratio is 0.2 wou ld likely not usually be of practical impor tanc e, but the sub stantia l ef fect on the rig ht when the ratio
is 1.8 wou ld likely often impos e a sev ere lim itation on the answe r prov ide d by the confid e n ce int e rval.

In practic e, to try to ens ure that the actual confid e n ce lev el of a confid e n ce int e rval for −R is cl ose to its sta ted leve l, a com mon
requ irement is that the mag n itude of the estim ating bia s of R be les s than on e-ten t h (o r 10 %) of the standard dev iation of R;
this is usually che cke d by calcula t i ng the estim ate of c.v.(X

−) base d on the data for the sample xjs. Another illust r ation of the ef-
fe ct of estim ating bia s on cov erage probability of a confid e n ce int e rval is giv en in Appendix 3 whi c h st arts at the bottom of
page 2.1 23 of this Fig ure 2.1 5 .

NO TE: 7. In que s tion s involv ing int e rval estim ating of −R, we proceed as fol low s :

* if the indivi d ual sample yjs and xjs are giv en in the que s tion statement, we plo t them as a scatt e r diag ram , to as-
sess how clo se they lie to a lin e throug h the origi n with slo pe r (e s tim ating −R);

* we als o estim ate c.v.(X
−) fr om the sample dat a – if its value is less than 0.1, we proceed with estim ating −R;

* if the value fou nd for the estim ate of c.v(X
−) in the previous check is gr eater than 0.1, we use equ ation (2.15.9) [o n the

lowe r half of pag e 2.11 4] to estim ate the estim ating bia s of R – the previous check only inv olves an upper bou n d fo r
the mag n itude of the ratio e.b.(R)/s. d.(R), and we may find it is actually le ss than 0.1 from this last calcula t ion.

• The upper lim it of 0.1 or 10% in the foregoi ng dis cus sio n sh oul d be recog n ized as a conve n ient work ing guid e-
li ne, not a rig id standard; in this regard, it is like the value of 0.05 that is conve n tio nally use d to sep arate
what is, or is not, statis ti c a l ly sig n ific a n t (but not to deci de what is, or is not, practically impor tant).

1995 -04 -20
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Figure 2.1 5. UNSTRATIFIED POPULATIONS: Estimating the Rat io of Two Ave rage s or Tot als (c o ntinue d 2)
One- Stage EPSWOR of Indivi du a l Elements

Example 2.1 5.1: To inv estig a te the change in assesse d home value s in a (re spondent)
popula t ion of 1,000 homes, twenty homes were obtaine d by equ i-
probable selecting. From tax records, the home value s two years
earlie r (xj) and at pre sent (yj) were obtaine d; the nume rical sum-
maries of thes e data are as shown at the rig ht. Find an approxi-
mate 90% confid e n ce int e rval for −R, the ratio of ave r age pre sent-to-past home value s.

Σ
j =1

n
yj = 618 .2, Σ

j =1

n
yj

2 = 19,380.80;

Σ
j =1

n
xj = 516 .1, Σ

j =1

n
xj

2 = 13,497.73;

Σ
j =1

n
yjxj = 16 ,171.81, n = 20.

Solution: This que s tion involves int e rval estim ating of −R; we first assess the likely effect of the estim ating bia s of R
on the accur acy of the sta ted (he re, 90%) confid e n ce lev el of the confid e n ce int e rval for −R.

We are not giv en the indivi d ual sample yjs and xjs in the stat ement of the que s tion (only the usual five nu-
me rical data sum marie s), so we cannot make a scatt e r diag ram to assess how clo se they lie to a lin e throug h
the origi n with slo pe r (e s tim ating −R); howeve r, usi ng the two nume rical sum marie s of the sample x dat a
give n at the rig ht above, we ca n do the check inv olv ing c.v.(X

−).

We hav e: −N = 1,000, n = 20, x− = 25.805 (= x−), sx = 3.075 963 692 (= sx) [equation (2.15.10)],

so that: s. d.ˆ (X
−) = sx

1
n − 1

−N
= 0.680 893 588 [using equ ation (2.15. 2) on pag e 2.11 3],

and: c.v.ˆ (X
−) = 0.680 893 588/25.805 = 0.026 38611 −∼ 0.026 = 2.6% [se e No te 4 on pag e 2.11 5].

This estim ate is wel l belo w the conve n tio nal upper bou nd of 10% for the mag n itude of the ratio e.b.(R)/s. d.(R)
so the actual confid e n ce lev el of the confid e n ce int e rval for −R sh oul d not be too far below its stat e d leve l .
This implie s that the component of model error arisi ng fr om the estim ating bia s of R sh oul d not impos e un -
due lim itation of our answe r in this que s tion con tex t, so we now calcula te the 90% confid e n ce int e rval for −R.

√

We hav e: r = y−/x− = Σ
j =1

n

yj/Σ
j =1

n

xj = 618 .2/516 .1 = 1.1 97 829 878 (= r), .1t*
19 = 1.72 913 for 90% confid e n ce;

also: Σ
j =1

n
(yj − rxj)

2
= Σ

j =1

n
yj

2 − 2rΣ
j =1

n
yjxj + r2Σ

j =1

n
xj

2 = 19,380.80 − 2 ×1.1 97830 ×16 ,171.81 + 1.1 97830
2×13,497.73

= 38,7 47. 29463 − 38,7 42.1544 = 5.140 237 [= Σ
j =1

n
(yj − rxj)

2];

so that: s.d.ˆ (R) −−∼ 1

(n −1)x 2 Σ
j =1

n
(yj − rxj)

2
(1
n − 1

−N
) =

1

19×25.8052 (5.140 237)( 1
20

− 1
1, 000

) = 0.00 4 461788.

He n ce, an approxi mat e 90% confid e n ce int e rval for −R, the respondent popula t ion ratio of ave r age pre sent-to-
past home value s. is:

r ±1.72913 × s. d.ˆ (R) = 1.1 97830 ±1.72913 × 0.00 4 461788 ==> (1.1 901, 1.2055) or about (1.1 9, 1.21).

√ √

NO TE: 8. This approx imate 90% confid e n ce int e rval is nar row, repre senting a (surprisingly, in lig ht
of the sma l l sample size) pre cis e answe r; this may reflect pre sent-to-past home value ratios
that are less variable than the yjs and the xjs. This is con sis tent wit h the value s of the three
sample standard dev iation estim ates at the rig ht, whe re sr [e quation (2.15.18) on pag e 2.11 5]
is appreciably sma l ler than the (si milar) sy and sx value s [base d on equation (2.15.10) on pag e 2.11 4].

• We als o bear in min d li mit ation s on the answe r im pos ed by the Tay lor ser ies appr oximations in Section s
3 amd 4 in der ivi ng the relev a n t theory on pag es 2.113 to 2.116 .

sy −−∼ 3.78 5

sx −−∼ 3.076

s r −−∼ 0. 520

Exer cises: 1. Des cribe brief ly how the solutio n of Example 2.1 5 .1 woul d be affected if its last sent enc e we re: Fi nd an appro x-
im ate 90% con fidence inter val for the average ratio of prese nt-to-pa st hon e va lues.

2. Estimate the estim ating bia s of R and so estim ate the actual value of the ratio e.b.(R)/s. d.(R) [An swer: 0.003 321 −∼
0. 33%]; compare you r estim ate with the upper lim it provi ded by equ ation (2.15. 22) on the upper half of pag e 2.11 6.

Example 2.1 5.2: From an urban are a cont aining 270 block s , 20 block s we re obtaine d by EPS; for each chosen block, the
number of dwel lings it con taine d, and the number of thes e that were rent e d, were fou nd to be as fol low s :

Ta ble 2.1 5.2: Bl ock number (j) 1 2 3  4 5 6 7 8 9 10
Number of dwel lings (xj) 5 9 18 68 32 48 11 1 1 4
Number rent e d (yj) 3 5 5  52 21 34 3 0 0  0
Propor tio n re n ted (pj) 0.6 0.5

.
0. 27

.
0.7647 0.65625 0.7 083

.
0. 2

.
7
.

0 0  0

Bl ock number (j) 11 12 13 14 15 16 17 18 19 20
Number of dwel lings (xj) 29 31 5 2 4  102 20 15 1 29
Number rent e d (yj) 17 14 0 0 2  54 11 11 0 23
Propor tio n re n ted (pj) 0.5862 0.4516 0 0 0.5 0.5294 0.55 0.73

.
0 0.7931

1995 -04 -20 (cont inued overleaf )
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Example 2.1 5.2:
(c o ntinue d)

fo r thes e data: Σ
j =1

n
yj = 255, Σ

j =1

n
yj

2 = 8, 545; Σ
j =1

n
xj = 435, Σ

j =1

n
xj

2 = 22, 239; Σ
j =1

n
yjxj = 13,518, n = 20.

Σ
j =1

n
pj = 7.961018, Σ

j =1

n
pj

2 = 4.863 739.(a) Fin d an approxi mat e 95% confid e n ce int e rval for
the pro por tio n of rent e d dwel lings in the urban are a.

(b) Ign oring the actual sample sur vey Pla n and assuming that the same number of rent e d dwel lings had
been fou nd in 435 dwel lings obtaine d by EPS from the whole urban are a, find an approxi mat e 95%
confid e n ce int e rval for the pro por tio n of rent e d dwel lings in the urban are a.

(c ) Find an approxi mat e 95% confid e n ce int e rval for the ave r age pro por tio n of rent e d dwel lings per block
in the urban are a.

(d) Fin d an approxi mat e 95% confid e n ce int e rval for the tot al number of dwel lings in the urban are a.

(e ) Find an approxi mat e 95% confid e n ce int e rval for the tot al number of re nte d dwel lings in the urban are a.

Solution: (a) This que s tion involves int e rval estim ating of −R; we first assess the likely effect of the estim ating bia s of
R on the accur acy of the sta ted confid e n ce lev el of the confid e n ce int e rval for −R. [The que s tion in par t
(a) is pos ed as a pr oportion so it may be conve n ient here, and also in (b) and (c) , to think of −R as −P.]

The scatt e r diag ram of the
sample yjs and xjs is shown
at the rig ht; we see that
the poi nts lie fairly cl ose
to the lin e with slo pe r
(e s tim ating −R) throug h the
or igi n. Henc e, we seem to
have rea son ably fav o urable
condition s in this situation
fo r lowe r estim ating bia s
and hig her pre cisio n with
re spect to the rela t ion s hip
between Y− and X−. How-
ev er, the rela t ive ly sm all
sample size of 20 is likely
to have an adverse effect,
particularly on pre cisio n
with its n−½ dependenc e
(c omp are d with n−1 depen-
denc e fo r the estim ating bia s).

Scatt er Diagram of Rente d vs. Tot al Nu mber of Dwe llings in 20 Blo cks
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We can also do the check inv olv ing c.v.(X
−).

We hav e: −N = 270, n = 20, x− = 21.75 (= x−), sx = 25.932 858 65 (= sx) [equation (2.15.10)],

so that: s. d.ˆ (X
−) = sx

1
n − 1

−N
= 5.579 862 76 [using equ ation (2.15. 2) on pag e 2.11 3],

and: c.v.ˆ (X
−) = 5. 579 862 76/21.7 5 = 0.256 545414 −∼ 0. 257 = 25.7 % [s ee Not e 4 on pag e 2.11 5].

This estim ate is wel l above the conve n tio nal upper bou nd of 10% for the mag n itude of the ratio e.b.(R)/s. d.(R)
so we estim ate the actual value of the ratio usi ng equation s (2.15.9) and (2.15.13) on pag es 2.114 and 2.115.

We hav e: r = y−/x− = Σ
j =1

n
yj/Σ

j =1

n
xj = 255/435 = 0.586 206 896 (= r), .05t*

19 = 2.09302 for 95% confid e n ce;

also: Σ
j =1

n
xj(r xj − yj) =  rΣ

j =1

n
xj

2 − Σ
j =1

n
yjxj = 0. 5862069 × 22, 239 − 13,518 = −481. 344 840 [= Σ

j =1

n
xj(rxj − yj)] ,

so that: e.b.ˆ (R) −−∼ 1

(n −1)x 2
(rΣ

j =1

n
xj

2 − Σ
j =1

n
yj xj)(1

n − 1
−N

) = −0.002 479 307 79;

fur the r: Σ
j =1

n
(yj − rxj)

2
= Σ

j =1

n
yj

2 − 2rΣ
j =1

n
yjxj + r2Σ

j =1

n
xj

2 = 8, 545 − 2 × 0. 5862069 ×13,518 + 0.5862069
2× 22, 239

= 16 ,187. 17717 − 15,848.68966 = 338.487 514 [= Σ
j =1

n
(yj − rxj)

2];

so that: s. d.ˆ (R) −−∼ 1

(n −1)x 2
(Σ

j =1

n
yj

2 − 2rΣ
j =1

n
yj xj + r2Σ

j =1

n
xj

2)(1
n − 1

−N
) = 0.001743 479 232 = 0.0 41754 99;

henc e:
|e.b.(R)|
s.d.(R) −−∼ 0. 002 479 308

0. 041754 99
= 0.059 3775 or about 5.9%.

This estim ate of about 5.9% is wel l belo w the conve n tio nal upper bou nd of 10% for the mag n itude of the
ratio e.b.(R)/s. d.(R) so the actual confid e n ce lev el of the confid e n ce int e rval for −R sh oul d not be too far
below its stat e d leve l (he re, 95%). This implie s that the component of model error arisi ng fr om the estim a-
ting bia s of R sh oul d not impos e un due li mit ation of our answe r in this que s tion con tex t; the approxi mat e
95% confid e n ce int e rval for −R, repre sentung the pro por tio n of rent e d dwel lings in the urban are a, is:

r ± 2.09302 × s. d.ˆ (R) = 0.586207 ± 2.09302 × 0.041754 99 == > (0.4988, 0.6736) or about (49%, 68%).

√

√
√

ˆ
ˆ
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Figure 2.1 5. UNSTRATIFIED POPULATIONS: Estimating the Rat io of Two Ave rage s or Tot als (c o ntinue d 3)
One- Stage EPSWOR of Indivi du a l Elements

NO TES: 9. The expre ssi ons for the estim ate of the estim ating bia s and the standard dev iation of R us ed in estim ating
the mag n itude of the ratio e.b.(R)/s. d.(R) in the preli min ary che ck in par t (a) of Exa mple 2.1 5 .2 are only
appr oximate; we are the refore uns ure of the accur acy of the res ulting estim ate. Howeve r, the ra tio is
li kely to be more accur ate than the estim ate of eit her quantity con sid ere d by itself becaus e, as we see in
Se ction s 3 and 4 on pag es 2.114 and 2.115, the approxi mation s involved in the derivation s of the two ex-
pres sio ns are influe n ced by essentia l ly the sa m e two facto rs – recall Not e 3 on pag e 2.11 5 .

10 . Example 2.1 5 .2 inv olves selecting equ al-sized clu sters (bl ock s) so not ation con sis tent wit h that of Fig ure
2.14 wou ld (st rictly) inv olve usi ng −M and m rat her than −N and n. Howeve r, the latt e r have been use d in
the solutio n of par t (a) on the facing pag e 2.11 8 becaus e:

• ratios in this Fig ure 2.1 5 involve aver ages (a lthou gh Fig ure 2.1 4 does too) ;

• the theor y of this Fig ure 2.1 5 is dem anding enoug h withou t a secon d notation a l ve rsi on for clu s ter ing
that is not strictly necessar y.

The number of dwel lings (r ather than block s) in the (re spondent) popula t ion, whi c h we den ote −N*, is un-
know n but we can calcula te its approxi mat e value as −Nx− (o r −Mx−) = 5,872. 5 dwel lings by assuming that
m/−M −∼ n/−N, whi c h is usually likely to be a good approxi mation [se e part (d) below] .

11 . The dat a fo r Example 2.1 5 .2 are taken from L. Kis h: Su rve y Sa m p ling, 1965 (Jo hn Wiley & Son s); the
re ade r is refer red to this sou rce (e.g., pag es 42- 43, 71, 189 -190 and 205) fo r fur the r discus sio n.

Solution: (b)
(c o nt.)

When the clu s ter ing is ign ore d, this que s tion involves int e rval estim ating of a pro por tio n (o f re n ted
dwel lings) unde r EPS of a sample of 435 dwel lings from the urban are a which we infer con tains 2,872. 5
dwel lings – see Not e 10 above; we use equ ation (2.10 .6) fo r s. d.ˆ (P) on pag e 2.81 in Fig ure 2.1 0.

We hav e: −N*= 5,872. 5 n = 435, p = 255
435 −∼ 0. 586 207 (= p), q = 180

435 −∼ 0.41 3 793 (= q), z*α = 1.95996 for
95% confid e n ce,

so that: s. d.ˆ (P) = n
n −1

pq(1
n − 1

−N
) = 435

434
× 255

435
× 180

435
( 1

435
− 1

5,872. 5
) = 0.022 748 896.

He n ce, an approxi mat e 95% confid e n ce int e rval for −P, the respondent popula t ion pro por tio n of rent e d
dwel lings, is:

p ± 1.95996 × s. d.ˆ (P) = 0.586207 ± 1.95996 × 0.022 7489 ==> (0. 5416 , 0.6308) or about (54, 64%).

√ √

NO TE: 12. The ratio of the two estim ated standard dev iation s in (a) and (b) is 0.0 417 55/0.022749 −−∼ 1.835; the sub -
st antia l ly hig her value in (a) rem inds us of the inc rea s ed ‘cos t’ we pay for the conve n ienc e of selecting clu s-
ters – recall the discus sio n of efficie n cy on pag e 2.108 and Exa mple 2.1 4.3 on pag e 2.109 in Fig ure 2.1 4.

Solution: (c )
(c o nt.)

This que s tion involves int e rval estim ating of an aver age propor tio n which , in the con tex t of this Fig ure
2.15, we wou ld think of as an ave r age ra tio, eve n thou gh the relev a n t theory is that of Fig ure 2.3 for uni-
variat e estim ating, as in Illust r ation 2 on pag e 2.11 3. The desig n ation ‘per block’ in par t (c ) means that
the clu s ter ing is ign ore d [a s is als o the case in par t (b) above].

We hav e: −N = 270, n = 20, p− ≡ r− = 7, 961018
20

= 0.398 0509 (= p−), .05t*
19 = 2.09302 fo r
95% confid e n ce,

sp− = 4, 863739 − 7. 9610182/20
19

= 0.298 667 974 (= sp−),√

so that: s. d.ˆ (P
−) ≡ s. d.ˆ (R

−) = sp−
1
n − 1

−N
= 0. 298668 1

20
− 1

270
= 0.064 26311 6.

He n ce, an approxi mat e 95% confid e n ce int e rval for −P
−
, the ave r age pro por tio n of rent e d dwel lings per block, is:

p− ± 2.09302 × s.d.ˆ (P
−) = 0.39805 ± 2.09302 × 0.064 263 == > (0. 2635, 0.5326) or about (26%, 54%).

√ √

NO TE 13. The wid e (a bou t 28 perc ent age poi nts) confid e n ce int e rval in par t (c ) refle cts low pre cisio n fr om estim ating
an att rib u t e base d of a ver y variable variat e – in the sample, the re are five pjs of 0 and fou r of at lea st 0.7.

Solution: (d)
(c o nt.)

This que s tion involves int e rval estim ating of a to t al but where −N (the number of dwel lings in the respon-
dent popula t ion) is unknow n; we use an approxi mat e value −N*= 5,872. 5 – see Not e 10 above.

We hav e: −N*= 5,872. 5, −N (o r −M) = 270, s. d.ˆ (X
−) = 5. 579 862 76 [fr om par t (a)], .05t*

19 = 2.09302 for
95% confid e n ce,so that: −Ns. d.ˆ (X

−) = 270 × 5. 579 862 76 = 1,506.6 dwel lings.

He n ce, an approxi mat e 95% confid e n ce int e rval for TX− , the total number of dwel lings in the urban are a, is:

−Nx− ± 2.09392 × −Ns. d.ˆ (X
−) = 5,872. 5 ± 2.09302 ×1, 506.6 ==> (2,71 9, 9,026) or about (2,700, 9,1 00).
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NO TE 14 . The wid e confid e n ce int e rvals in par t (d) ove r leaf at the bottom of pag e 2.11 9 and in par t (e ) below are
ot he r in stanc es of the statis ti c a l is s ue des cribed in Not e 13 ove r leaf on paee 2.119.

15. Par ts (d) and (e) actually inv olve estim ating a tot al in unequal-sized clu s ters when −N (but not −M) is un-
know n, a matt e r pursue d in the fol low ing Fig ure 2.1 6.

Solution: (e )
(c o nt.)

This que s tion involves int e rval estim ating of a to t al but where −N (the number of re nte d dwel lings in the
re spondent popula t ion) in unknow n; as in Not e 10 ove r leaf near the top of pag e 2.11 9, we can calcalat e
it s ap proxi mat e value as −Ny− (o r −My−) = 3,442. 5 re n ted dwel lings by assuming that m/−M = n/−N, whi c h
is usually likely to be a good approxi mation. [3,442. 5 is als o the value of −N*r. ]

We hav e: −N = 270, n = 20, y− =
255

20
= 12.7 5 (= y−), sy = 16.691866 91 (= sy) [equation (2.15.10)],

so that: −Ns. d.ˆ (Y
−) = −Nsy

1
n − 1

−N
= 969.7 09 8386 [using equ ation (2.15. 2) on pag e 2.11 3].

He n ce, an approxi mat e 95% confid e n ce int e rval for TY−, the total number of re nte d dwel lings in the urban are a, is:

−Ny− ± 2.09302 × −Ns. d.ˆ (Y
−) = 3,442. 5 ± 2.09302 × 969.7 ==> (1,41 3, 5,472) or about (1,400, 5,500).

√

Example 2.1 5.3: In a poli tical pol l of 1,1 00 Cana dian vot e rs, a sample was obtaine d by EPS con sis ting of vot e rs who were pre -
pare d to respond to a telephone int e rvie w; this sample con taine d 250 Liberal sup por ters and 325 unde cid ed
vo ters. Fin d an approxi mat e 99% confid e n ce int e rval for −P, the pro por tio n of Liberal sup por ters among deci-
ded vo ters in this (re spondent) popula t ion.

Solution: The situation in this que s tion is like Illust r ation 3 on pag e 2.11 3 becaus e, in the sample, the number of Lib-
eral sup por ters and the number of deci ded vo ters in the sample selected by EPS can be repre sent e d by dis-
tinct random variable s; henc e, the que s tion involves int e rval estim ating of −R (o r −P).
Re asoning as in Section 1 on page 2.81 in Fig ure 2.1 0, we defi ne two indicato r variat es as fol low s :

−Yi = 1  if respondent popula t ion ele ment i is a Liberal sup por ter,
−Yi = 0  if respondent popula t ion ele ment i is not a Liberal sup por ter;
−Xi = 1  if respondent popula t ion ele ment i is a decid ed vot e r,
−Xi = 0  if respondent popula t ion ele ment i is an unde cid ed vot e r;

the pro por tio n of Liberal sup por ters among decid ed vot e rs is then: −R (o r −P) = Σ
i =1

−N
−Yi/−N/Σ

i =1

−N

Xi/−N.

The que s tion does not giv e the value of −N. but we know that the number of Cana dian vot e rs exc e e ds 10
millio n ; with a sample size of aroun d 1,000, we can the refore take 1/n −1/−N as 1/n to a good approxi mation.

We den ote the random variable s , fo r the model base d on EPS of the sample of vot e rs, by Yj and Xj fo r un it
(o r elem e n t) j of the sample; R (o r P) is the random variable repre senting the sample ratio, whi c h is the esti-
mato r (a n d whos e value is the estim ate) of −P.

The sample infor mation in the que s tion is n =1,1 00 and it als o allow s us to calcula te:

y− ≡ p
y

=
250

1, 100
= 0. 227

. .
(= y− ≡ p

y
), x− ≡ p

x
=

775

1, 100
= 0.70 45

. .
(= x− ≡ p

x
), z*α = 2. 57583 fo r 99% confid e n ce,

r ≡ p =  y−/x− =
250

775
= 0. 322 580 645. (= r ≡ p).

Equation (2.10 .5) fr om the lowe r half of pag e 2.81 in Fig ure 2.1 0 is giv en bel ow as equ ation: (2.15. 24);

sv = 1
n −1

Σ
j =1

n
(vj −v)

2
= 1

n −1
[Σ

j =1

n
vj

2− nv2] = 1
n −1

[np
v
− np

v

2] = n
n −1

p
v
(1 − p

v
) -----(2.15. 24)

√ √ √ √
toge the r with equ ation (2.15.10) on the lowe r half of pag e 2.11 4, this enables us to calcula te:

sy = 1
n −1

Σ
j =1

n
(yj −y)

2
= n

n −1
p
y
(1− p

y
) = 0.17 5 779 634 = 0.419 260 819, -----(2.15. 25)

√ √ √

sx = 1
n −1

Σ
j =1

n
(xj − x )

2
= n

n −1
p
x
(1− p

x
) = 0. 208 350 566 = 0.445 454 342, -----(2.15. 26)

√ √ √

syx = 1
n −1

Σ
j =1

n
(yj −y)(xj −x) = 1

n −1
(Σ

j =1

n
yj xj − ny x) = 1

n −1
[np

y
− np

y
p
x
] = n

n −1
p
y
(1 − p

x
)

= 0.067 209 86;

-----(2.15. 27)

in equation (2.15. 27), Σ
j =1

n
yj xj = np

y
becaus e yj = 1 (a Liberal sup por ter) ent ails xj = 1 (a decid ed vot e r).

Then using equ ation (2.15.13) on the upper half of pag e 2.11 5 , we hav e:

s.d.ˆ (R) ≡ s.d.ˆ (P) −−∼ 1
x 2 (sy

2 − 2r syx + r2sx
2)(1

n − 1
−N

)

−−∼ 1

0.7045
. .

2 (0.17 5 780 −2 × 0. 322 581× 0.067 2099 + 0. 322 5812 × 0. 208 351)
1

1, 100
= 0.016 799 432.

√

√
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Figure 2.1 5. UNSTRATIFIED POPULATIONS: Estimating the Rat io of Two Ave rage s or Tot als (c o ntinue d 4)
One- Stage EPSWOR of Indivi du a l Elements

Solution:
(c o nt.)

He n ce, an approxi mat e 99% confid e n ce int e rval for −P ≡ −R, the pro por tio n of Liberal sup por ters among de-
ci ded vot e rs, is:

p ± 2. 57583 × s. d.ˆ (P) = 0.322581 ± 2. 57583 × 0.016 7994 ==> (0. 2793, 0.3658) or about (28, 37%).

NO TE 16 . As in Examples 2.1 5 .1 and 2.1 5 .2, we can assess the likely effect of the estim ating bia s of R on the accur acy
of the sta ted (he re, 99%) confid e n ce lev el of the confid e n ce int e rval for −P ≡ −R.

From equ ation (2.15.15) on the lowe r half of pag e 2.11 5:

c.v.ˆ (X
−) =

s.d.^ (X)

x
=

sx

x
1
n − 1

−N
−−∼ 0. 455454

0.7045
. .

1

1, 100
= 0.019 063 289 −−∼ 1.9%;

this estim ate is wel l belo w the conve n tio nal upper bou nd of 10% for the mag n itude of the ratio e.b.(R)/s. d.(R)
so the actual confid e n ce lev el of the confid e n ce int e rval for −P ≡ −R sh oul d not be too far below its stat e d
leve l (he re, 99%). This implie s that the component of model error arisi ng fr om the estim ating bia s of R
sh oul d not impos e un due li mit ation of our answe r in this que s tion con tex t.

√ √

Howeve r, from equ ation (2.15.15) on the lowe r half of pag e 2.11 4, we hav e: e.b.ˆ (R) −−∼ 1
x 2 (rsx

2 − syx)(1
n − 1

−N
),

which is zero in this situation, as we see from the expre ssi on r ≡ p =  y−/x− =
250

775
(= r ≡ p) and the symboli c

ex pre ssi ons in equ ation s (2.15. 26) and (2.15. 27) near the bottom of the facing pag e 2.120; we can confi rm,
of cou rse, that the relev a n t value s of r, sx and syx give n on the lowe r half of pag e 2.120 make (rsx

2 − syx) zero
to wit hin the lim its impos ed by rou nding errors – here, it is zero to 8 or 9 decim al places.
Thus, it seems that, in the con tex t of Example 2.1 5 .3, estim ating bia s actually impos es no li mit ation on the
answe r fo r −P prov ide d by the confid e n ce int e rval.

NO TES: 17. Con cer n with the estim ating bia s of R in this Fig ure 2.1 5 supple ments the discus sio n in Not e 21 at the top of pag e
2.48 in Fig ure 2.3 and in its Appendix 7  on pag es 2.48 and 2.49. We are reminde d of the fol low ing key idea s.

* In thes e Ma ter ials, the word er ror ha s it s st atis ti c a l meaning of th e di ffere nce fro m th e true value, not it s ordi-
nary Englis h meaning of mis t ake; error arises in the con tex t of an in dividua l ca s e (e.g., in a particular inve s ti-
ga stion), not un d er repetit ion.

* Un d er con cep tual or actual repetit ion, the two charact e ris ti cs of the sign and magn itude of (nume rical) er ror
le ad to what we call inaccurac y and impre c isi on; the inverses of thes e two idea s – accur acy and pre cisio n –
prov ide more famili ar ter min ology, but we must rem ember that statis ti c a l methods (tr y to) manage the (un d e-
si rable) fo rmer to achieve needed lev els of their (desir able) inv erses.

−− In the cla s sroom , we can do actual repetit ion (repeating ove r and ove r) to dem ons trate, for exa mple, the sta-
tis ti c a l behaviour of the value s of sample att rib u t es (e.g., ave r age s) and of the value s which arise from mea-
suring processes;

−− Ou tsi de the cla s sroom , actual repetit ion is usually not a viable optio n – we use ins tea d hypoth etical repeti-
tion base d on an appro priat e st atis ti c a l model (fo r the selecting and measuring processes, for exa mple) .

We help maint ain the distin ction bet ween the real world and the model by usi ng bia s and variability as the
model qu antit ies whi c h repre sent inaccur acy and impre cisio n in the real world.

* Un d er EPS, the random variable s Y
−

[r e pre senting the sample ave r age (in Fig ure 2.3)] and R [r e pre senting the
sample ratio of ave r age s (in this Fig ure 2.1 5)] are consistent estim ato rs, meaning that as the sample size approaches
the popula t ion size, the algebraic for m of each estim ato r is such that it approaches the cor responding popula-
tion attribute (so that when the sample con sis t s of the whole popula t ion, the ‘estim ate’ is eq ual to the att rib u t e).

−− This idea ove r laps that of estim ating bia s de cre asi ng in mag n itude wit h in cre asi ng sample size, beh aviour
qu ite unli ke that of real-world inaccur acy.

18 . No te 13 on the lowe r half of the sixth sid e (page 2.110) of Fig ure 2.1 4 co mpare s sele cting processes inv olv ing
EPS of indivi d ual ele ments (on the left) and EPS of equ al-sized clu s ters (on the rig ht, ec) when estim ating an av-
erage; Table 2.1 5 .3 ove r leaf on pag e 2.122 broadens this comparison to inclu de unequal-sized clu s ters and
change s the att rib u t e being estim ated to a pr oportion rather than an ave r age. As in Not e 13, we see aga in in Ta-
ble 2.1 5 .3 how the expre ssi ons for the estim ates and for calcula t i ng thei r estim ated standard dev iation s change in
re spons e to the different methods of dat a collection repre sent e d by the different unit composit ion s (a s specifie d in
the relev a n t sampling protocol, den oted 1, 2  and 3 in Table 2.1 5 .3). The re are fou r co mments about Table 2.1 5 .3.

* The change from ave r age s to pro por tio ns means that mos t ‘y’s become ‘p’s.

* The vj in the nume r ato r of the expre ssi on for pin are in dicator var iates .

* The clu s ter pro por tio ns (pj) in the nume r ato r of the fir st ex pre ssi on for pec are calcula ted for each clu s ter by
the met hod of protocol 1, thu s prov iding a link bet ween protocols 1 and 2; the se con d ex pre ssi on for pec is
analog o us to that for puc, thu s li nking protocols 2 and 3. Thes e li nks sugge s t that we can regard the model s
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NO TES:
(c o nt.)

18 . * fo r protocols 2 and 3 as successiv e adap tation s of the basic model for protocol 1.

* Be cau se of its origi n in the theor y fo r estim ating a ratio, equ ation (2.15.13) [o n the upper half of the thi rd sid e
(page 2.115) of this Fig ure 2.1 5], whi c h is the basis for model ling protocol 3, uses n to den ote sample size;
this has been change d to m (and, likew ise, −N change d to −M) in the thi rd row of Table 2.1 5 .3 to agree with
the more usual not ation for selecting clu s ters – recall also Not e 10 near the the top of pag e 2.11 5 .

Ta ble 2.1 5.3: Samp ling pro toco l Estimate of −P Estimate of standard Re fer e nce
devi ation of est imator

1. EPS of n in d ivi d ual ele ments Figure 2.1 0
[(e quation (2.10 .6)]

2. EPS of m clust e rs of size L ele ments Figure 2.1 4
[(e quation (2.14 .6)]

3. EPS of m clust e rs of unequal sizes Figure 2.1 5
[(e quation (2.15.13)]

p
in

= 1
n Σ

j =1

n
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p
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m Σ

j =1
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= Σ
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1

(m −1)x 2 Σ
j =1
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2
(1
m − 1

−M
)

√

√

√

19. The occur renc e of (mea s ure d) y and x in the last lin e of Table 2.1 5 .3 (protocol 3) reminds us that ave r age s , pro-
portio ns and ratios:

• are sim ilar math ematically in bei ng the quotient of two numbers, BUT:

• differ sta tis tically depending on how the nume r ato r and denominato r of the quotient need to be model led (un-
de r EPS of the sample, for exa mple) – recall the three Illust r ation s on pag e 2.11 3.

−− Us ing an indicato r variat e to enable a pro por tio n to be tre ated like an ave r age is dis cus s ed in Fig ure 2.1 0 –
se e Se ction 1 on page 2.81, for exa mple.

−− A pro por tio n and a ratio are equ ivalent in, for ins tanc e, par t (a) of Exa mple 2.1 5 .2 on pag e 2.11 8.
The con tex t of Example 2.1 5 .2 als o allow s fo r an aver age pro por tion [in par t (c ) on pag e 2.11 9], whe re it
is tre ated as an aver age ratio (and inv olves univariat e estim ating).

• Expres sing pro por tio ns as percen t age s in trodu c es two fur the r co mplication s:

−− the need to dis tinguis h perc ent fr om percent age poi nts – for ins tanc e, a change from 35 percent to 38 percent
in a par ty’s sup por t among vot e rs in a poli tical pol l is an inc rea s e of 3 percen t age poi nts, not 3 percen t.

−− a ratio expre sse d (perhaps for gre ater-sou nding imp act) as ... an incre ase of 500 per cen t woul d be cle are r
if des cribed as ... a 6-fol d in cre ase.

It is als o li kely that such wording is often misus ed and/or misun d erstood to mean a 5-fol d in cre ase.

20. Hav ing complet e d Example 2.1 5 .3, it is useful to sum marize the different unit com posit i ons (a matt e r specifie d in
the sampling protocol in the Pla n at the Desig n st age of the FDEAC cycle) we hav e encou ntered so far in STAT
332; as par t of this sum mar y, we learn more about uni- and bivariat e estim ating.

* On the upper half of pag e 2.6 in Fig ure 2.1, we lis t fiv e popula t ion attributes we may wis h to estimte – ave r-
ag es, totals, ratios , propor tio ns and frequ encie s. Associating thes e att rib u t es wit h thei r co rre sponding dat a
type (mea s ure d or cou nted) and con sid ering als o EPS at three different lev els of agg regation of the respondent
popula t ion (in d ivi d ual
elem e n t s , clust e rs of
eq ual si ze, clu s ters of
unequal sizes), Table
2.15.4 at the rig ht sum-
marizes how the Ex-
amples in various Fig -
ure s of thes e Course
Ma ter ials cov er the
different unit composi-
tion s (n ume rical table
ent rie s in the last three
colu mns are Example
number s fr om Fig ure s
2. 3, 2.1 0, 2.1 4 and 2.1 5).

Ta ble 2.1 5.4 Equ iprob abl e sele c ting of

indivi du a l clusters of clu sters of
elements equ a l size unequal sizes

Av erage 3.1, 3.2, 15. 2c 14.1a se e Figu re 2.16

Me asure d To tal 3.3, 3.4 14.1b se e Figu re 2.16

Ratio 15.1

Propor tio n 10 .1, 10. 2, 14.4b, 15. 2b, 15. 3 14 .4a 15. 2a

Freque n cy 10. 3, 10.4 14. 2 15. 2d, 15. 2e

Ty pe of
Data

Ty pe of
At tribute

No t consider ed in STA T 332

Coun ted
(in 2 cat egor ies)

No tew orthy matt e rs about Table 2.1 5 .4 are as fol low s .

* Examples 14.4b and 15. 2b rem ind us of the effect on pre cisio n of EPS of in dividua l el ements as compare d
with EPS of clu sters fr om the respondent popula t ion.

* Example 15. 2 involves three oth er situation s which differ in the types of att rib u t es bei ng estim ated .

−− Examples 15. 2a and 15.1 inv olve the sa m e (bivariat e) situation, alt hou gh for mally the for mer is estim ating a
pr oportion and the latt e r a ra tio; the link bet ween them is the equ ivalenc e of a ratio of ave r age s and a ratio
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NO TES:
(c o nt.)

20. * −− of tot als [se e Ta ble 2.1 5 .1 of not ation on the first sid e (page 2.113) of this Fig ure 2.1 5].

−− Example 2.1 5 .2c is con cer ned with a ra tio but it inv olves only univariat e estim ating (cf. Illust r ation 2 on
page 2.113 of this Fig ure 2.1 5). [The equ ivalent calcula t ion in Example 2.1 5 .1 woul d be estim ating the ave r-
ag e ratio of pre sent-to-past home value s if this (different) qu estio n ha d been pos ed.]

The essentia l differenc e between par ts (a) and (c) of Exa mple 2.1 5 .2 lie s in the or der of the two opera -
tion s of tak ing an aver age and tak ing a ra tio – (a) inv olves a ratio of ave r age s and (c) an ave r age of ratios.

−− Examples 15. 2d and 15. 2e als o involve univariat e estim ating; as we wil l se e in Fig ure 2.1 6 which deals
with selecting clu s ters of unequal sizes, bot h qu estio ns are conc e rne d with estim ating a tot al when the
number of el ements (but not the number of clu sters) in the popula t ion is unknow n.

The foregoi ng dis cus sio n il lust r ates the clo se rela t ion s hip between ratios and pro por tio ns in the con tex t of sample
surveys; it als o reminds us of how the processes for obtaining answe rs in thes e different con tex ts (he re, estim at-
ing a ratio of ave r age s fr om EPS of indivi d ual ele ments, estim ating a pro por tio n fr om EPS of unequ al-sized clu s-
ters) can have the sa m e mathem ati c a l st ructure.

6. Appendix 1  – Ap p roximat ions Based on Taylor Ser ies Expansions

The fol low ing infor mation is a rem inde r, in geometr ic ter ms, of what is inv olved in usi ng a truncated Tay lor ser ies to ap-
prox imate a fun ction, as is don e on the secon d and thi rd sid e s (page s 2.11 4 and 2.115) of this Fig ure 2.1 5 to obtain approxi mat e
ex pre ssi ons for the estim ating bia s and the standard dev iation of R.

* In on e di m ension (the univariat e ca s e), we hav e a polyn omial approxi mation to a fun ction of on e variable whi c h we graph
(a s a li ne) in two dimensi ons; the exp ansio n is car rie d ou t abou t a par ticular poi nt. [When this poi nt is 0, we hav e a
Ma cla urin se rie s.]

−− The fir st-ord er (o r li near) approxi mation is the tange n t straigh t li ne at the poi nt of exp ansio n, whi c h ag rees wit h the fun c-
tion in value (repre sent e d on its graph by the heig ht) and in slo pe (repre sent e d by the derivative) at the poi nt.

−− The se con d-ord er ap proxi mation is a tange n t para bol a at the poi nt of exp ansio n, whi c h ag rees wit h the fun ction in
value, in slo pe and in cur vature at the poi nt.

−− The thir d-ord er ap proxi mation is a cub ic polyn omial, and so on.

* In two dimensions (t he bivariat e ca s e), we hav e an approxi mation to a fun ction of two variable s which we graph (as a sur-
fa ce) in th ree dimensi ons; the exp ansio n is aga in carrie d ou t abou t a par ticular poi nt.

−− The fir st-ord er ap proxi mation is now the tange n t plane at the poi nt of exp ansio n, whi c h ag rees wit h the fun ction in
value (repre sent e d on its graph by the heig ht) and in the slo pes in two perpendicular direction s (r e pre sent e d by two par-
tia l de riv ative s) at the poi nt.

−− The se con d-ord er ap proxi mation is now a tange n t surface at the poi nt of exp ansio n, whi c h ag rees wit h the fun ction in
value, in the slo pes and in the curvature s at the poi nt; we see the six aspects of this agreement in the six ter ms of the
Ta ylo r se rie s ap proxi mation near the star t of Section 3 in the middle of the secon d si de (page 2.114) of this Fig ure 2.1 5 .

The so-called er ror term in the Tay lor ser ies exp ansio n, whi c h is usually more diffic ult to wor k with , is not needed in our use of
Ta ylo r se rie s in this Fig ure 2.1 5 . [This ter min ology is rem iniscent of our meaning of ‘er ror’ –  recall Not e 17 on pag e 2.121.]

7. Appendix 2 – Another Der ivat ion of the Est imating Bias of R = Y
−/X−

The res ult (2.15. 22) on the upper half pf pag e 2.11 6 is der ive d fr om appr oximate ex pre ssi ons for the estim ating bia s and the
st andard dev iation of R; the fol low ing alt e rnative der ivation shows it is actually an exact re sul t:

cov(R, X ) = E(R •X
−) − E(R) •E(X

−
) [defin ition of cov arianc e]

= E(Y

X
•X
−) − E(R) •X

−− [becaus e E(X
−

) = X
−− un d er EPS]

= Y
−− − E(R) •X

−− [becaus e E(Y
−

) = Y
−− un d er EPS]

... E(R) = −R − cov(R, X)

−X
[becaus e [−R = −Y

−X
],

so that: e.b.(R) ≡ E(R) − −R = − cov(R, X)

−X
= − ρ

R X •s.d.(R) •s.d.(X)

E(X)
= −ρ

R X •s. d.(R) •c.v.(X
−).

He n ce:
|e.b.(R)|
s.d.(R)

≤ c.v.(X
−) [becaus e | ρR X | ≤ 1]. -----(2.15. 22)

8. Appendix 3 – Effe c t of Est imating Bias on Cover age Prob ability

Appendix 3 illust r ates, for our dis cus sio n in this Fig ure 2.1 5 of estim ating a ratio of ave r age s , how (estim ating) bia s affe cts
the cov erage probability of a confid e n ce int e rval. The fol low ing incid e n tal backg rou nd infor mation may als o be of int e rest.

* The con tex t is that of repeated weig hing of the U.S. ten -gr am st andard NB 10, whi c h wa s acqu ire d by the U.S. Nation a l
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Bu r eau of Standards in about 1940 and has been weighed by them on approxi mat ely a weekly basis eve r si nce. A qu estio n
of interest is: what can be infer red about the true mass of NB10 fro m th e data set formed by the outco mes of these weigh-
ings? He re, we think in ter ms of a confid e n ce int e rval as a way of answe ring this que s tion.

* The diagr am at the rig ht bel ow sh ows res ult s fr om a computer simulation of one hun dre d 95% confid e n ce int e rvals for the
tr ue mass (µ) of NB10; the simulation is base d on N(405, 5) and N(405, 20) models repre senting 96% and 4%, respec-
tive ly, of the measurements of the mass of NB10.

* Each approxi mat e 95% CI is base d on a simulat e d sample of 100 mea s urements; the ave r age and the standard dev iation
vary from sample to sample (se e also Fig ure 2.5 on pag es 2.53 to 2.62), res ulting in CIs wit h different cent res and different
widt hs (ge nerated from relev a n t random variable s) but sub ject to the con strain t s of the nor mal model s ; the standard dev ia-
tion of the ave r age of a sample of 100 mea s urements is (0.96 × 52 + 0.04 × 202)/100 −∼ 0.632 mic r ogr ams.

* The units of the scale on the horizont al axis at the bottom of the diag ram are mi crogr ams bel ow ten s gr ams; this coding of
the weights has been ado pt e d to avo id the inconve n ienc e of wor king wit h numbers like 9.999 595 fo r the weights.

√

Computer Simul ation of One Hundre d Ap p roximat e 95% Con fide nce

Intervals for the True Mass (µ) of the U.S. ten-gram standard, NB 10

µ(n egative) bia s of 1 s.d. of the ave r age (posit ive) bia s of 0.1 s.d. of the ave r age
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Nu mber of microg rams below 10 grams

Fo r the purpose of this Appendix 3, the
diag ram at the rig ht shows that:

−− The confid e n ce lev el (ap proxi mat ely
95%) of the CIs means that about 95
of the 100 int e rvals shoul d cove r the
tr ue value of µ, set at 405 mic r orgams
below ten grams in the model s fo r the
si mulation and repre sent e d by the cen-
tral heavy ver tical lin e; we see in the
diag ram that actually 96 of the int e r-
vals cov er µ – the fou r marked with an
aster isk (*) do not.

−− 95 of the 100 int e rvals cov er the ver ti-
cal lin e ju s t to the rght of µ at 405.063
mic r ogr ams, whi c h repre sents a shift
(i.e., a bi as in the pre sent con tex t) of
0.1 standard dev iation s of the ave r age;
the one addiion a l in ter val that does not
cove r the lin e is the first (up per mos t)
on e, marke d with a bullet (•) on its
right. Thus, a bia s whos e magnitude is
only on e-ten t h of the standard dev ia-
tion of the estim ato r of µ (he re, the
sample ave r age) does not ap pre ciably
affe ct the cov erage probability. This is
why a value of 0.1 or 10% for c.v.(X

−) is
co mmonly taken as an accep table up-
per lim it for the mag n itude of the bia s
of R in rela t ion to its standard dev iation
[r ecall equ ation (2.15. 22) on the upper
half (page 2.115) of this Fig ure 2.1 5 and
also Appendix 2 ove r leaf on pag e 2.123].

−− Only 80 of the 100 int e rvals cov er the
ve rti c a l li ne to the left of µ at 404.368
mic r ogr ams, whi c h repre sents a shift
(a gain, a bi as in the pre sent con tex t)
of 1 st andard dev iation of the ave r age;
the 20 int e rvals that do not cov er this
li ne are marked with a bullet (•) on
thei r le ft. Thus, a bia s whos e magni-
tude is on e st andard dev iation of the
estim ato r do es affe ct (i.e., decrea s e)
subs tantia l ly the cov erage probability.

NO TE: 21. Infor mation abou t NB 10 has been taken from Fre e dma n, D., Pis a n i, R., Pur ves, R. and A. Adhikari: St atist i cs..
2nd edition, 1991 (W. W. Nor ton & Co. , Inc.), pag es 92 and 93; the rea de r is refer red to this sou rce (particularly
Chap ters 6 and 24) fo r fur the r infor mation.
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