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Figure 2.14. UNSTRATIFIED POPULATIONS: Estimating an Ave rage or a Tot al
One-St age EPSWOR of Equ a l-Sized Clu sters

In this Fig ure 2.1 4, we ext end the idea of equ iprobable selecting (EPS) to situation s where the selected units are not in divid-
ua l re spondent popula t ion ele ments but rather col lectio ns (i.e., clu sters) of L such ele ments; the respons e of all elem e n t s in
each selected clu s ter is recorded . Thus, we are dealing wit h the case of eq uiprobable sel e cting of clu sters of equ al size but the
mo re us u al des criptio n is (the pos sib ly misle ading ) [on e-stage equ ipr obable (si m p le ra n dom)] clu ster sampling wit h eq ual-sized
clu sters; exa mples of such clu s ters are a car ton of cans or
pack age s in the food indust ry, a box of manufacture d co m-
ponents or article s and, more gen erally, a net ful of fish , a
page of a book, a cla s s of students or a hou seh old of peo -
ple. Not ation for, and rela t ion s hips among, numbers of ele-
ments and of clu s ters are show n in Table 2.1 4.1 at the rig ht.

Ta ble 2.14.1: Elements Clu sters Relationships

Re spondent popula t ion −N −M −N = −ML, L = −N/−M
Sa mple n m n = mL, L = n/m

Also: Y
−−i = 1

L
Σ
k =1

L

Y−ik is the ave r age respons e of the ith popula t ion clu s ter,

y−j
= 1

L Σ
l =1

L

yjl is the ave r age respons e of the jth sampled clu s ter,

Sele cting clu s ters is, in practic e, usually unde rtake n fo r re asons of conven ien ce, when a deci sio n is made that the gain in the
ea s e of car r ying out the sur vey more than compens ates for the com mon sta tis tical disa dvant age of higher impre cisio n fo r a
give n sample size. The practical advant age s of selecting clu s ters inclu de the fol low ing :

++ not havi ng to obtain a frame lis ting all the el ements of the study popula t ion – a frame (e.g., a list) of clu sters is suf fi cie n t ;

++ not havi ng (althou gh it may be desir able) to know −N, the total number of el ements in the respondent popula t ion, to be able
to estim ate Y

−−, the respondent popula t ion ave r age, and TY− , the respondent popula t ion tot al;

++ assuming that the re is complet e re spons e, gat her ing dat a fr om all the ele ments in the selected clu s ters may mean that a
large sample can be obtaine d rela t ive ly ea sily and cheaply;

++ if clu s ters are defi ned ge ogr aph ica lly, the re wou ld usually be lowe r trave l cos t s associat e d with dat a collection than woul d
be the case for the more disperse d sample of in dividua l elem e n t s repre senting the same sample size.

The main disadvant age of selecting clu s ters is:

−− fo r a giv en sample size, pre cisio n of estim ato rs is usually lo wer than EPS of units con sis ting of in dividua l elem e n t s; starting wit h
the dis cus sio n of efficie n cy in Section 2 on pag e 2.108 of this Fig ure 2.1 4, we find that gre ater impre cisio n beco m e s mo re pro-
noun ced as the in tra clu ster var iation in the res pon se bec omes smaller in rel ation to the overa ll res pon den t popu lation var iation.

1. Est imating Y
−−, the Respondent Popul ation Ave rage

Equation (2.14 .1) at the rig ht, for the sample ave r age unde r EPS of units each con -
si sting of on e elem e n t, inv olves the fol low ing matt e rs (re call Table 2.3.5 in Fig ure 2.3):

y− = 1
n Σ

j =1

n
yj -----(2.14 .1)

* the (−N
n) samples of size n are all equ ally probable;

* the div iso r is the sa m e as the upper lim it of the index of sum mation;

* yj is the respons e of a respondent popula t ion unit con sis ting of on e el ement sele cted from that popula t ion;

* EPS theor y sh ows that the standard dev iation of the sample ave r age unde r
EPS is giv en by equ ation (2.14 .2) [e quation (2. 3.9) in Fig ure 2.3] at the rig ht. s.d.(Y

−
) = S− 1

n − 1
−N

-----(2.14 .2)√
To dev elo p the theor y fo r on e-stage EPS of equ al-sized clu s ters (den oted ec), it is conve n ient to argue by analog y fr om thes e
id e as for EPS of in dividua l elem e n t s (d e not e d by a sub scr ipt in when appro priat e); to do so, we need to obtain, in an appro pri-
at e fo rm, an expre ssi on for the ave r age of a sample of m clu s ters of size L.

The ave r age respons e fo r m clu s ters, each of size L, obtaine d by EPS is giv en by:

y−ec = 1
mL Σ

j =1

mL

yj

= 1
mL Σ

j =1

m

Σ
l =1

L

yjl

= 1
mL Σ

j =1

m

T
yj

= 1
m Σ

j =1

m

y−j

[Equiprobable selecting theor y fo r in d ivi d ual ele ments does not ap ply to this expre ssi on becau se all the (−ML
mL)

samples of size mL are not equ ally probable; yj is the value of the respons e fo r the jth selected ele ment]

[Equiprobable selecting theor y fo r in d ivi d ual ele ments does not ap ply to this expre ssi on becau se it is not of the
ap pro priat e algebraic for m; yjl is the value of the respons e fo r the lth ele ment in the jth selected clu s ter]

[Equiprobable selecting theor y fo r in d ivi d ual ele ments does not ap ply to this expre ssi on becau se the divi sor (mL)
is not the same as the upper lim it of the index of sum mation;

T
yj is the to t al of the jth of the m selected clu s ters]

[Equiprobable selecting theor y fo r in d ivi d ual ele ments ca n be appli ed to this expre ssi on but the respons e is now
the aver age (y−j) of each of the m selected clu s ters] .

He n ce: whe re:s.d.(Y
−

ec) = S−ec
1
m − 1

−M
S−ec = 1

−M −1
Σ
i =1

−M

(Y−i −Y− )
2 ≡ 1

−M −1[Σ
i =1

−M

Y
2−i − −MY− 2), -----(2.14 .3)

√ √ √
and: Y

−−i is the aver age re spons e of (all L ele ments in) clu ster i in the respondent popula t ion [s ee equ ation; (2.14 .10) on pag e 2.111];

re call from Table 2.3.5 on pag e 2.40 in Fig ure 2.3 that,
when n in dividua l elem e n t s are obtaine d by EPS from
the −N elem e n t s of the respondent popula t ion, we defi ned:

S− = 1
−N −1

Σ
i =1

−N

(Y−i −Y− )
2 ≡ 1

−N −1[Σ
i =1

−N

Y−i
2 − −NY

−− 2], -----(2.14 .4)
√ √
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where: Y−i is the (in d ivi d ual) re spons e of el ement i in the respondent popula t ion.

To es tim ate the standard dev iation of Y
−

ec, S−ec is estim ated
by sec, the standard dev iation of the clu s ter sample, giv en
by equ ation (2.14 .5) at the rig ht; the estim ated standard
devi a t io n of Y

−
ec is then giv en by equ ation (2.14 .6).

Comp aring equ ation s (2.14 .5) and (2.14 .6) with equ ation s (2. 3.3) and (2. 3.1 7)
fr om the bottoms of pag es 2.37 and 2.41 in Fig ure 2.3, we see that EPS of units
consis ting of clu sters of ele ments is like selecting indivi d ual ele ments exc ept that:

−− m of −M clust e rs are selected rather than n of −N elm e n t s (a lthou gh bot h sam-
ples con tain the sa m e number of ele ments),

−− the aver ages of the selected clu s ters of L ele ments replace the indivi d ual ele ment respons es.

sec = 1
m −1

Σ
j =1

m

(yj −yec)
2 ≡ 1

m −1
[Σ

j =1

m

y−j
2 − my−ec

2]

s. d.ˆ (Y
−

ec) = sec
1
m − 1

−M

s = 1
n −1

Σ
j =1

n

(yj −y)
2

s. d.ˆ (Y
−

in) = s 1
n − 1

−N

-----(2.14 .5)

-----(2.14 .6)

-----(2. 3.3)

-----(2. 3.1 7)

√ √

√

√

√

Thus, on the basis of the approxi mat e no rma lity of Y
−

ec as a con seque n ce of the Cent r al Li mit Theorem , and arguing in a gen -
eral way from the use of the t dist rib u tio n in nor mal theor y when the respondent popula t ion standard dev iation is estim ated by
the sample standard dev iation, the theor y deve loped ove r leaf on pag e
2.105 and above lea ds to an in int e rval inv olv ing random variable s: I = [Y

−
ec − αt*

m −1 s. d.ˆ (Y
−
ec), Y

−
ec + αt*

m −1 s. d.ˆ (Y
−
ec)] ,

su ch that Pr(I Y
−−) −−∼ 100(1 − α)%, whe re αt*m−1 is the 100(1 − α/2)th

perc entile of the tm −1 dist rib u tio n. For calcula t i ng an approxi mat e 100(1 − α)% confidence inter val fo r Y
−−, we use:

y−ec ± αt*
m −1 s. d.ˆ (Y

−
ec) = [y−ec − αt*

m −1sec
1
m − 1

−M
, y−ec + αt*

m −1sec
1
m − 1

−M
]. -----(2.14 .7)

√ √

No tes 1, 2, 4, 5, 6, 7, 8 and 9 on pag es 2.41 and 2.42 in Fig ure 2.3, near the expre ssi ons [equation s (2. 3.1 8) and (2. 3.1 9)] fo r a
confid e n ce int e rval for Y

−− when the units con sis t of in dividua l elem e n t s , are als o ge nerally relev a n t to equ ation (2.14 .7) abov e.

NO TES: 1. Expre ssi ons for calcula t i ng a confid e n ce int e rval for TY−, the respondent popula t ion to t al, can be obtaine d by mul t i-
plyi ng those giv en above for Y

−− [in equation (2.14 .7)] by −ML (= −N).

2. It was est ablis hed in equ ation (2. 3.8) at the top of pag e 2.41 in Fig ure 2.3 that the random variable (Y
−

in) [r e pre senting
the sample ave r age for EPS of units con sis ting of in dividua l elem e n t s] is an unbia s ed estim ato r of Y

−−; it the refore
fo llows that the random variable Y

−
ec (r e pre senting the clu ster sample ave r age for EPS of units each con sis ting of L

elem e n t s of the respondent popula t ion) is als o an unbia s ed estim ato r of Y
−−, the respondent popula t ion ave r age.

Example 2.14.1: In a student resid e n ce whi c h hous es 160 people, the re are sep arate kitchen facilit ies for 40 groups of fou r
re sid e n t s. A sample sur vey was taken to estim ate, among other things, the ave r age amoun t spent per person
on food dur ing the week of Jun e 5-11 , 1994. For 8 of the groups of fou r re sid e n t s obtain ed by EPS, each
person was aske d to keep a diary of the amou nt they spent on food (ex penditure s to be inclu ded were care-
fully defi ned for the purposes of the sample sur vey); the res ult s (t o the neare s t dollar) were as fol low s :

Ta ble 2.14.2: Gr oup 1 2 3 4  5 6 7  8

Amount s 11 5 32 75 90 45 81 62 97
106 67 82 82 53 85 64 75
79 65 59 75 62 78 63 105
84 63 62 69 41 74 67 105

To tal 384 227 278 316 201 318 256 382
Av erage 96.00 56.7 5 69.50 79.00 50.25 79. 50 64.00 95.50.

(a) Fin d an approxi mat e 95% confid e n ce int e rval for the aver age amou nt spent on food per student in the
re sid e n ce dur ing the speci fi ed week.

(b) Fin d an approxi mat e 95% confid e n ce int e rval for the to t al amou nt spent on food in the resid e n ce dur ing
the speci fi ed week.

(c ) Describe brief ly the advant age(s) of the method of dat a collection (i.e., keepi ng a diary of food expen -
diture s), and also its disadvant age(s) in the ter ms of lim itation(s) on the sample sur vey’s answe rs.

Solution: (a) We have: −N =160, n = 32, −M = 40, m = 8, .05t*
7 = 2.36462 for 95% confid e n ce;

fo r the 8 ave r age s: Σ
j =1

m

y−j = 5,90.5, Σ
j =1

m

y−j
2 = 45,569.375,

so that: y−ec = 5,90.5/8 = $73.8125 (= y−ec), sec = $16 .831491 53 (= sec) [e quation (2.14 .5)].

Then: s. d.ˆ (Y
−

ec) = sec
1
m − 1

−M
= $16 .831492 1

8
− 1

40
= $5. 322 584 966.

He n ce, an approxi mat e 95% confid e n ce int e rval for Y
−−, the aver age amou nt spent on food per student in

the resid e n ce dur ing the speci fi ed week. is:

y−ec ± 2. 36462 × s. d.ˆ (Y
−

ec) = 73.81 25 ± 2. 36462 × 5. 322 585 ==> ($61. 23, $86.40) or about ($61, $87).

√ √
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Figure 2.14. UNSTRATIFIED POPULATIONS: Estimating an Ave rage or a Tot al (c o ntinue d 1)
One- Stage EPSWOR of Equ a l-Sized Clu sters

Solution: (b)
(c o nt.)

To conve rt the res ult in (a) for an aver age to that for a to t al, we mul t i p ly throu gh by −N =160 (not by
−M = 40), to obtain:

$11,810 .00 ± 2,013.7 4 == > ($9,796, $13 ,824) or about ($9,7 00, $13,900).

(c ) An adva ntage of keeping a diary is that, if don e cons cie n tiously, it reduces mis takes arisi ng fr om poor
re call of relev a n t activities, food pur c h ases in this inst anc e.

A disadvant age is that the act of recording beh aviour may cau se the beh aviour to change; this wou ld be
an exa mple of the measuring process altering the value of the variat e being mea s ure d.

Bo th matt e rs affect measurem ent er ror – the first makes it sma l ler, the secon d may make it large r, wit h
possib ly thes e same effects, respectiv ely, on mea s uring inccuracy and measuring impre cisio n.

Example 2.14.2: A newsp aper has 39,800 sub scr ibers ser ved by car rie r routes. A co mputer file con tains one record per sub-
scriber; the records of each car rie r are con secutiv e in geog raphi c a l order and neighbour ing car rie r routes
fo llow each other in the file. The number of sub scr ibers per car rie r varies bet ween about 50 and 200.

One que s tion in the sample sur vey is to estim ate how many sub scr ibers own thei r home. The re are re-
sour ces for a sample of size 400 and, to use int e rvie wer trave l time efficie n tly, clu s ters of 10 sub scr ibers ob-
tain ed by EPS wil l be sur veyed, becau se an int e rvie wer can gen erally complet e ten int e rvie w s in one neig h-
bourhood in half a day.

We hav e: number of el ements in the study popula t ion: −N = 39,800
number of el ements in the sample: n = 400 (assuming complet e re spons e)

number of clu sters in the study popula t ion: −M = 3,980, L =10
number of clu sters in the sample: m = 40 (obtain ed by EPS).

The dat a obtain ed for the number of people who own thei r home in each of the 40 selected clu s ters are:

Ta ble 2.14.3: 10 8 6 5 9 8 8 5 9 9  9 10 4 3 1  2 3 4 0 6
3 5 0 3 0  0 4 0 8 0  10 5 6 1 3  3 1 5 5 4.

To car r y ou t the calcula t ion s fo r clust e r sele cting for thes e data, it is conve n ient to sum marize them as fol low s :
To tal

Ta ble 2.14.4: Clust e r tot al 0 1  2 3 4 5 6  7 8 9 10
Clust e r si ze 10 10 10 10 10 10 10 10 10 10 10 --
Clust e r av erage (y−j) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 --
Freque n cy obs erved 6 3 1  6 4 6 3 0 4 4 3 40

0 0.3 0.2 1.8 1.6 3.0 1.8 0 3. 2 3.6 3  18. 5

0 0.03 0.0 4 0. 54 0.64 1.50 1.08 0 2. 56 3. 24 3  12.63

Σ
j =1

m

y−j

Σ
j =1

m

y−j
2

Estimate the to t al number of the newsp aper’s sub scr ibers ser ved by car rie r routes who own thei r home, and
fin d an estim ate of the standard dev iation of the estim ato r you use.

Solution: From the nume rical data sum marie s in the last two lin es of Table 2.1 4.4 above, we find:

y−ec =18 .5/40 = 0.4625 (= y−ec) , sec = 0.323 195 185 (= sec) [e quation (2.14 .5)].

so that: s. d.ˆ (Y
−

ec) = sec
1
m − 1

−M
= 0. 323 195 185 1

40
− 1

3, 980
= 0.050 844 205.

Multiplyi ng bot h estim ates by −N = 39,800, the answe rs for the number of the newsp aper’s sub scr ibers who
ow n thei r home is 18,407.5 −−∼ 18,408 with an estim ated standard dev iation of 2,023.599 −−∼ 2,024.

√ √

NO TES: 3. Each clu s ter ave r age (den oted y−j) in Table 2.1 4.4 above is, of cou rse, the pr oportion of sub scr ibers in a  clu s ter
who own thei r home. Thu s , what are actually counts have been tre ated as measurem ents so that the foregoi ng
theory of EPS of equ al-sized clu s ters can be appli ed to the situation in Example 2.1 4.2.

4. The sou rce of Exa mple 2.1 4.2 is Kis h, L. Su rve y Sa m p ling. Jo hn Wiley & Son s, New Yor k, 1965. [HN29.K5 1965],
page s 15 3-154, who com ments that :

• in the (li kely) situation whe re the popula t ion size −N is not an exact mul t i p le of the clu s ter size L, one pos sib le
conv enient solutio n is to rem ove equ iprobably from the file the fewer than L sub scr iber ent rie s that wil l ma ke
the number rem ain ing an exact mul t i p le of L;

• a stratifie d or a sys tem ati c sele cting process for the clu sers mig ht be prefe r able to EPS;

• in equali tie s in clu s ter sizes int roduced by non -re spons e coul d perhaps be manage d by sub stitution s.
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2. Efficiency

We now compare the standard dev iation of Y
−

ec with that of Y
−

in where the sub scr ipt in reminds us that the comparisi on is
EPS of indivi d ual ele ments wit h EPS of equ al-sized clu s ters of L elem e n t s. Such a comparison is usually refer red to as inv es-
tigating ef fici ency, and typically inv olves finding a ra tio or a di ffere nce of standard dev iation s (o r varianc es); we will use a dif-
fe renc e he re and we wil l wo rk wit h the squares of standard dev iation expre ssi ons to avo id alg ebraic complication s that are in-
troduced by the pre senc e of squ are roots.

Re membering that a posi tive differenc e of the (squ are d) st andard dev iation s of two estim ato rs means that the se con d estim a-
to r is more precis e, and that −N = −ML and n = mL, we hav e:

[s.d.(Y
−

ec)]
2− [s.d.(Y

−
in)]

2
= ( 1

m − 1
−M

)S−ec
2 − (1

n − 1
−N

)S−2
= ( 1

m − 1
−M

)[S−ec
2 − −S2

L
] = ( 1

m − 1
−M

)[S−ec +
−S ][S−ec − −S ]. -----(2.14 .8)

√/L √/L

Thus, equ iprobable selecting (EPS) of clu s ters of size L wil l be more precis e [i.e., (2.14 .8) is nega tive] when S−ec< S−/√/L (in the
rightmos t differenc e ter m). We recall that S−ec is the standard dev iation for the aver ages of clu s ters of size L, and S− is the stan-
dard dev iation for in dividua l elem e n t s; S−ec is the refore natur ally sma l ler than S− by a facto r of (cl ose to) √/L (a s s uming L<< −N).
Equation (2.14 .8) sh ows that, for s.d.(Y

−
ec) to be sma l ler than s.d.(Y

−
in), the variation among the clu s ter ave r age s mu s t be sma l l

en oug h fo r S−ec to be sma l ler than S− by more than its ‘natural’ decre ase of a facto r of (cl ose to) √/L.

NO TES: 5. The foregoi ng int e rpret ation of equation (2.14 .8) is a par ticular ins tanc e of the gen eral principle that increa s ed
precisio n of estim ating is fav o ure d by decrea s ed variation among the respons es of the popula t ion ele ments (or units).

6. If clu s ters are for med eq uiprobably (i.e., by EPS of groups of L respondent popula t ion ele ments), then, on ave r-
ag e, S−ec = S−/√/L and equ ation (2.14 .8) sh ows that, as expected, the re wou ld be no differenc e in pre cisio n between
in d ivi d ual ele ment and clu s tered sampling protocols.

7. The matt e r of fficie n cy when selecting clu s ters compare d with selecting indivi d ual ele ments is sometimes con sid-
ered from another perspective when we recog n ize that the re is a fixed amou nt of variation among the respons es
of the ele ments of the respondent popula t ion; as a con seque n ce, decrea s ed in terclust e r variation wil l re sul t in in-
crea s ed in traclust e r variation, and conve rsely. Thu s , the idea of selecting clu sters le ading to more precis e estim at-
ing unde r low in terclust e r variation can be equ ivalently expre sse d in ter ms of high intraclust e r variation; the sym-
boli c re sul t [c orresponding to equ ation (2.14 .8)] fo r this perspective is:

[s.d.(Y
−

ec)]
2− [s.d.(Y

−
in)]

2
= ( 1

m − 1
−M

)
−M(L −1)

L(−M −1)
[S− + S

−−][S− − S
−−] [w here: S

−− = 1
−M

Σ
i =1

−M

S−2

i]. -----(2.14 .9)
√

The quantity den oted S
−− is the square root of the average of the squ ares of the intra clu ster sta n dar d devi ations –

we refer to it as the aver age intra clu ster sta n dar d devi ation (aver age he re den otes the ro o t aver age squ are). Equ a-
tion (2.14 .9) is der ive d in Appendix 1 on pag es 2.111 and 2.112 of this Fig ure 2.1 4.

From this alt e rnative perspective, the pre cisio n of EPS of units whi c h are clu s ters of size L, compare d with the
precisio n of EPS of units whi c h are indivi d ual ele ments of the respondent popula t ion, is det e rmine d by the size of S

−−
(the ave r age intraclust e r st andard dev iation) rela t ive to the size of S− (the respondent popula t ion standard dev iation).
If S

−− < S− (w hich is com monly the case in practic e), s.d.(Y
−

ec) > s.d.(Y
−

in), meaning that EPS of clu s ters is less precis e.

• Equation (2.14 .9) abov e allow s, in principle, for the pos sib i lity that EPS of clu s ters is more precis e than EPS of
in d ivi d ual ele ments. Howeve r, con d ition s where this occurs (i.e., whe re the ave r age intraclust e r st andard dev ia-
tion is gr eater than the respondent popula t ion standard dev iation) sel d o m aris e in practic e. Rat her, it shoul d be
re cognized that a clu s tered sampling protocol usually yields lo wer precisio n, and one aim of a good sur vey
Plan shoul d be to try to defi ne the clu s ters in a  way that wil l ma ke their int e rnal variation as large as fea sib le
(to minimize the los s of pre cisio n) while exp l oit i ng, as effective ly as pos sib le, the adva ntage s of selecting clu s ters.
We say we want the Pla n to yield clu s ters that are as heteroge neous as is fea sib le in the respons e(s) of int e rest.

8. In this dis cus sio n of efficie n cy, the random variable Y
−
, repre senting the ave r age of n indivi d ual ele ments selected

by EPS from the respondent popula t ion, has a subs cript in to empha size its distin ction from Y
−

ec. In the same
ve in, near the bottom of the thi rd and at the top of the fou rth sid e of Fig ure 4.3 in thes e STAT 332 Course Mat e-
rials, the added sub scr ipt is un to distig uis h Y

−
fo r sele cing from an unst r atifie d popula t ion from a sampling proto-

col whi c h involves stratific ation. Such not ation a l adap tation s can produ c e greater clarity in par ticular con tex ts

9. An extension of the foregoi ng dis cus sio n of efficie n cy, and of its fur the r il lust r ation in Example 2.1 4.3 on the facing
page 2.1 09, is to compare the widths of con fidence inter vals (r ather than the value s of standard dev iation s) from
EPS of clu s ters and EPS of indivi d ual ele ments, aga in assuming for sim p licity the sa m e sample size of n ele ments
in bot h ca s es. Becau se the relev a n t t dist rib u tio n will have fe wer degrees of fre e dom (m −1 co mpare d with n −1)
when selecting clu s ters, this exacerbat es its usual los s of pre cisio n by decrea sing fur the r the pre cisio n of an an-
swe r ex pre sse d as a confid e n ce int e rval. The magn itude of the effect depends on the value of L – large r value s
(w hich mean that m is much sm aller than n) wor k mo re st rongly ag a inst precisio n when selecting clu s ters.
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Figure 2.14. UNSTRATIFIED POPULATIONS: Estimating an Ave rage or a Tot al (c o ntinue d 2)
One- Stage EPSWOR of Equ a l-Sized Clu sters

Example 2.14.3: A respondent popula t ion of −N = 25 ele ments has the fol low ing int ege r Y−-v a lue s fo r it s re spons e variat e:

1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 5  (so that: Y
−− = 3, S− −−∼1.4434);

a sample of ten ele ments is chosen eit her by EPS of n =10 in dividua l elem e n t s or by EPS of m = 2 clu sters

of size L = 5  [so that S−/√/L = 0.6455]. By defi ning the clu s ters in different ways , we illust r ate bel ow the com-
plim e n tar y ef fects of int e r- and int r aclust e r variation on the pre cisio n of Y

−
ec as an estim ato r of Y

−−, the respon-
dent popula t ion ave r age.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Sele cting clu s ters Selecting clu s ters Selecting clu s ters Selec ting indi- Sele cting clu s ters Selecting clu s ters

Clust e rs Clu s ters Clu s ters Clu s ters Clu s ters

(1, 1, 1, 1, 1) 1 0 (1, 1, 1, 1, 2) 1. 2 0. 2 (1, 2, 2, 2, 3) 2 0.5 (1, 2, 2, 3, 4) 2.4 1.3 (1, 2, 3, 4, 5) 3 2.5
(2, 2, 2, 2, 2) 2 0 (2, 2, 2, 2, 3) 2. 2 0. 2 (2, 3, 3, 3, 4) 3 0.5 (2, 3, 3, 4, 5) 3.4 1.3 (1, 2, 3, 4, 5) 3 2.5
(3, 3, 3, 3, 3) 3 0 (3, 3, 3, 3, 4) 3. 2 0. 2 (3, 4, 4, 4, 5) 4 0.5 (3, 4, 4, 5, 1) 3.4 2.3 (1, 2, 3, 4, 5) 3 2.5
(4, 4, 4, 4, 4) 4 0 (4, 4, 4, 4, 5) 4. 2 0. 2 (4, 5, 5, 5, 1) 4 3 (4, 5, 5, 1, 2) 3.4 3.3 (1, 2, 3, 4, 5) 3 2.5
(5, 5, 5, 5, 5) 5 0 (5, 5, 5, 5, 1) 4. 2 3. 2 (5, 1, 1, 1, 2) 2 3 (5, 1, 1, 2, 3) 2.4 2.8 (1, 2, 3, 4, 5) 3 2.5

S−ec 1. 5811 1.3038 1 0. 5477 0

S−− 0 0.8944 1.2247 [S− −−∼ 1.4434] 1.4832 1.5811

s.d.(Y
−

ec) 0.8660 0.7 141 0.5477 0.3 0

Y
−−

i S−2

i Y
−−

i S−2

i Y
−−

i S−2

i Y
−−

i S−2

i Y
−−

i S−2

ivi dua l el ements
from the res pon-
dent popu lation

[s.d.(Y
−

in)

[S−/√/L −−∼ 0.6455]

−−∼ 0.3536]

in terclust e r variation sm alles tlarges t

in traclust e r variation (‘heterog eneity’) larges tsm alles t

precisio n of estim ating Y
−− high estlo wes t

S−ec is the standard dev iation for the aver ages of clu s ters of size L, and S− is the standard dev iation for in dividua l

elem e n t s; S−ec is the refore natur ally sma l ler than S− by a facto r of (cl ose to) √/L. The value s in Case 4 above apply
to this situation, whi c h prov ides a referenc e poin t fo r the other five cases. To the righ t in Cases 5 and 6, the
clust e rs are heteroge neous en oug h (w ith high value s of S

−−) to make the rem ain ing in terclust e r variation (S−ec)

sm aller than S−/√/L and so thes e two clu s tered sampling protocols hav e high er precisio n than Case 4. To the
le ft in Cases 1, 2 and 3, the clu s ters are homoge neous en oug h (w ith lo w value s of S

−−) to make the rem ain ing
in terclust e r variation (S−ec) larger than S−/√/L and so thes e thre e clust e red sampling protocol hav e lo wer precisio n.

As wel l as illust r ating the discus sio n of efficie n cy on the facing pag e 2.108, lo oking at the clu s ters in the five
ca s es sh ows us num erical illust r ation s of what is meant by clu s ter homog eneity and clu s ter het e rog eneity.

Example 2.14.4: In a student resid e n ce, the re are sep arate kitchen and bat hroom facilit ies for eve ry six resid e n t s; in tot al, the
re sid e n ce con tains 65 groups of six people who share such facilit ies. Dur ing midt e rm week, a sample sur-
ve y is taken to estim ate the pro por tio n of resid e n t s who hav e ha d a col d in the pre c e ding two weeks; the
inve s tig a t ion Pla n involves col lecting this infor mation (with a cle ar defi nit ion of what is meant by a col d)
fr om 13 of the groups chosen by EPS. The data (as the number of people in each selected group who had a
cold dur ing the two-week per iod) we re as fol low s :

6, 0, 2, 1, 0, 4, 5, 3, 0, 5, 1, 3, 0.

(a) Fin d an approxi mat e 99% confid e n ce int e rval for −P, the pro por tio n of resid e n t s who had a col d du ring
the two -we ek per iod.

(b) Compare and con trast the answe r obtain ed in (a) wit h an approxi mat e 99% confid e n ce int e rval base d
on the same data but assuming they came from 78 resid e n t s chosen in dividua lly by EPS.

Solution: (a) This que s tion involves finding a CI for a pro por tio n un d er EPS of equ al-sized clu s ters (L =  6); we con -
ve rt the counte d data in the que s tion to pr oportions which we tre at as measured data in the calcula t ion s.

Su m Su m sq.

Ta ble 2.14.5: Clust e r frequ enc y 6 0  2 1 0 4 5 3 0 5 1  3 0 30 126
Clust e r propor tio n (ave r age) 1 0 1/3 1/6 0 2/3 5/6 1/2 0 5/6 1/6 1/2 0 5 3. 5

We hav e: −N = 390, n = 78, −M = 65, m =13, y−ec ≡ pec= 5/13 −−∼ 0. 3846 (= y−ec), .01t*
12 = 3.05454 for
99% confid e n ce,

sec
2 = 3. 5 − 5

2/13
12

= 0. 362 505 5265
2 = 0.131410 256 (= sec

2 ), z*
.01 = 2. 57583 for 99%

confid e n ce.Then: s. d.ˆ (Y
−

ec) = sec
1
m − 1

−M
= 0. 362 5055 1

13
− 1

65
= 0.089 926 553.

He n ce, an approxi mat e 99% confid e n ce int e rval for Y
−− ≡ −P, the respondent popula t ion pro por tio n of resi-

dents who had a col d du ring the two-week per iod, is:

y−ec ± 3.05454 × s. d.ˆ (Y
−

ec) = 0.3846 ± 3.05454 × 0.08993 ==> (0.1099, 0.6593) or about (11 %, 66%);

OR : y−ec ± 2. 57583 × s. d.ˆ (Y
−

ec) = 0.3846 ± 2. 57583 × 0.08993 ==> (0.15 30, 0.6163) or about (15 %, 62%).

√ √
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Solution: (a)
(c o nt.)

The confid e n ce int e rval can be calcula ted usi ng the t dist rib u tio n (base d on our tre atment of the pro por-
tion s as measured re spons es) or usi ng the normal dist rib u tio n (go ing back to the origi nal counte d data);
eit her CI is accep table but the secon d is more useful to compare wit h (b) bel ow. Their sub stantia l
widt hs (arou nd 50 percent age poi nts) means that their differenc e is likely not practically impor tant.

Solution: (b) This par t of the que s tion involves finding a CI for a pro por tio n un d er EPS of in dividua l elem e n t s using
the same data as in (a) ; we use equ ation (2.10 .6) on pag e 2.81 in Fig ure 2.1 0. Our main interest is to
co mpare the answe rs from (a) and (b) , to see the effect of clu s ter ing on pre cisio n.

We hav e: −N = 390, n =78, p = 5/13 −−∼ 0. 3846 (= p), z*
.01 = 2.57583 for 99% confid e n ce,

so that: s. d.ˆ (P) = n
n −1

pq(1
n − 1

−N
) =

78

77
(5/13 × 8/13)( 1

78
− 1

390
) = 0.049 589 105.

He n ce, an approxi mat e 99% confid e n ce int e rval for −P, the respondent popula t ion pro por tio n of resid e n t s
who had a col d du ring the two-week per iod, is:

p ± 2. 57583 × s.d.ˆ (P) = 0.3846 ± 2. 57582 × 0.049 5891 ==> (0. 2569, 0.5123) or about (25%, 52%).

√ √

We see that the widt h (27 perc ent age poi nts) of the CI in (b) , where the clu s ter ing is ign ore d, is much
sm aller that the widt h (47 percent age poi nts) in (a) ; thus, the clu s tered sampling protocol giv es appre ci-
ably lo wer precisio n.

A pos sib le exp lanation is that col ds are in fec tious and so are more likely to sprea d within the groups of
people who share kit chen and bat hroom facilit ies than to sprea d among thes e gr oups of 6 people. A bi-
nomial model wit h n = 6 and π = 5/13 give s an expected frequ enc y of abou t 0.71 for 0 col ds in 13 trials,
co mpare d with a much higher ob ser ved frequ enc y of 4 in the data; sim ilarly, the expected frequ enc y fo r
5 or 6 col ds is about 0.45 compare d with 3 obs erved . This shows how the clu s ters are more homoge-
neous than the popula t ion and so accou nts for the lowe r precisio n un d er the clu s tered sampling protocol.

NO TES: 10 . Anticip ating res ult s fr om Par t 4 of thes e Course Mat e ria ls , there is a not ewo rthy con trast bet ween clu stere d sam-
pling protocols (i.e., EPS of units whi c h are clu s ters of ele ments from an unst r atifie d re spondent popula t ion) and
stra tified sampling protocols (i.e., EPS of indivi d ual ele ments from a stratifie d re spondent popula t ion) – inc rea s ed
precisio n of estim ato rs is fav o ure d by heteroge nei ty of clu sters but by homoge nei ty of stra ta.

11 . This Fig ure 2.1 4 deals wit h EPS of clu s ters of eq ual si ze; the more complicated theory of unequal-sized clu s ters
is pre sent e d in Fig ure 2.1 6 of the Cou rse Mat e ria ls. Howeve r, idea s fr om this Fig ure 2.1 4 (e.g., the advant age s of
clust e r sele cting, the effect of int r aclust e r variation on pre cisio n) are stil l ap plicable.

12. The distin ction bet ween measured data (repre sent e d by re al numbers) and counte d data (repre sent e d by in teg ers)
is impor tant in statis ti cs; pr oportions prov ide a link bet ween the two situation s. Some aspects of this matt e r are
involved in Exa mples 2.1 4.2 and 2.1 4.4 of this Fig ure 2.1 4; addit ion a l aspect s are encou ntered in a dis cus sio n of
ra tios in Fig ure 2.1 5 – see par ticularly Not e 7 on pag es 2.118 and 2.119 – als o re call the schema near the top of
page 2.88 in Appendix 1 in Fig ure 2.1 0.

13. An es sent ial part of any dat a set is how
it was gen era ted, becau se the method
of analysis depends on the method of
collection. This matt e r is illu s trated at
the rig ht by the schema comp aring of
EPS of units con sis ting of:

* in dividua l elem e n t s of the respon-
dent popula t ion (the left sid e);

* clu sters of L ele ments of the res -
pondent popula t ion (the rig ht sid e).

The differenc es among the two set s of
ex pre ssi ons refle ct the differenc e be -
tween indivi d ual ele ment and clu s-
tered sampling protocols.

Re spondent Popul ation

−N un its of 1 ele ment ≡ −M un its of L ele ments
(−N = −ML)

n of −N m of −M

(n = mL)

EPS

y− = 1
nΣ

j =1

n
yj

s.d.(Y
−

) = S− 1
n − 1

−N

S− = 1
−N −1

Σ
i =1

−N

(Y−i −Y− )
2

y−ec = 1
mΣ

j =1

m

yj

s.d.(Y
−

ec) = S−ec
1
m − 1

−M

S−ec = 1
−M −1

Σ
i =1

−M

(Y−i −Y− )
2

√

√

√

√

In Exa mple 2.1 4.1 (on the secon d si de of this Fig ure 2.1 4, pag e 106), find an approxi mat e 95% confid e n ce int e rval for the av-
erage amoun t spent on food per student in the resid e n ce dur ing the speci fi ed week, ig nor ing the clu s ter ing and assuming the
data had been obtaine d fr om 32 resid e n t s chosen in dividua lly by EPS. [An swer: ($67.0555, $79.3095) or about ($67, $80).]

• Br ief ly compare and con trast the answe r you obtain wit h that from the analys is whi c h take s in t o accou nt the clu s tered
sampling protocol actually use d in the sample sur vey. [In Exa mple 2.1 4.1: Σyj = 2. 362; Σyj

2 = 18 5,365.]

1
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Figure 2.14. UNSTRATIFIED POPULATIONS: Estimating an Ave rage or a Tot al (c o ntinue d 3)
One- Stage EPSWOR of Equ a l-Sized Clu sters

In Exa mple 2.1 4.2 (on the thi rd sid e of this Fig ure 2.1 4, pag e 2.107), estim ate the to t al number of the newsp aper’s sub scr ib-
ers ser ved by carie r routes who own thei r home, and find an estim ate of the standard dev iation of the estim ato r you use, ig-
noring the clu s ter ing and assuming the data had been obtaine d fr om 400 sub scr ibers selected in dividua lly by EPS.
[An swer: 18,408 −−∼18 ,400 sub scr ibers wit h an estim ated standard dev iation of 988.4 −−∼ 990 sub scr ibers.]

• Br iefly compare and con trast the answe r you obtain wit h that from the analys is whi c h take s in t o accou nt the clu s tered
sampling protocol actually use d in the sample sur vey.

2

Enhanc e your unde rst anding of the relev a n t conc epts for EPS from an un-
st r atifie d popula t ion by ver ifying an appro priat e sele ction of the 69 num eri-
cal value s give n in Example 2.1 4.3 on the fifth sid e of this Fig ure 2.1 4, pag e
2.109. (Yo u may wis h to use res ult s give n at the rig ht for you r calcula t ion s.)

• Outlin e, in poi nt for m, the feature s of equation (2.14 .9) [n ear the middle of
page 2.1 08] that are illust r ated by the res ult s of Example 2.1 4.3 on pag e 2.109.

Y
−−i = 1

L
Σ
k =1

L

Y−ik

S−i
2
= 1

L −1
Σ
k =1

L

(Y−ik−Y−i)
2

≡ 1
L −1

[Σ
k =1

L

Y−ik
2 − LY

−−i
2]

-----(2.14 .10)

-----(2.14 .11)

3

Tw o protocols are defi ned for selecting a sample of n = 2  ele ments from a respondent popula t ion of −N = 6  ele ments:

* EPS of two in dividua l elem e n t s; * EPS of one of three clu sters of size L = 2.

Fo r each protocol, lis t all the samples that can be selected .

• Fo r each protocol, find the probability that any respondent popula t ion ele ment is selected for the sample.

−− Us e your answe rs to the previous par ts of the que s tion to exp lain brief ly why it is wr o ng to say that EPS of indivi d ual
elem e n t s is the selecting process unde r which all ele men t s of the res pon den t popu lation are equ all y li kel y to be se-
lec ted for the sample.

Comp are you r answe r with the dis cus sio n of EPS and sys tem ati c sele cting on the upper half of pag e 2. 39 in Fig -
ure 2.3.

4

In Exa mple 2.1 4.2 on pag e 107 of this Fig ure 2.1 4, sup pos e the dat a obtain ed had been such as to yield the fol low ing sum mar y:

Ta ble 2.14.6: Clust e r tot al 0 1  2 3 4 5 6  7 8 9 10 To tal

Clust e r si ze 10 10 10 10 10 10 10 10 10 10 10 --

Clust e r av erage (y−i) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 --

Freque n cy obs erved 0 0 0  7 11 12 10 0 0 0 0 40

0 0  0 2.1 4.4 6.0 6.0 0 0 0 0 18. 5

0 0  0 0.63 1.7 6 3.0 3.6 0 0 0 0 8.99

Σ
j =1

m

y−j

Σ
j =1

m

y−j

2

• Estimate the to t al number of the newsp aper’s sub scr ibers ser ved by car rie r routes who own thei r home, and find an esti-
mate of the standard dev iation of the estim ato r you use.
[An swer: 18,408 −−∼18 ,400 sub scr ibers wit h an estim ated standard dev iation of 660.3 −−∼ 660 sub scr ibers.]

• Ig nor ing the clu s ter ing and assuming the (revi sed) data had been obtaine d fr om 400 sub scr ibers selected in dividua lly by
EPS, estim ate the to t al number of the newsp aper’s sub scr ibers ser ved by car rie r routes who own thei r home, and find an
estim ate of the standard dev iation of the estim ato r you use.

• By calcula t i ng estim ates of S
−− (the ave r age intraclust e r st andard dev iation) and S− (the repon d e n t popula t ion standard dev ia-

tion), show that you r answe rs to the previous two par ts of the que s tion are in accordanc e with equ ation (2.14 .9) [n ear the
middle of pag e 2.108 in this Fig ure 2.1 4].

−− Outlin e the essentia l di ffere nce (s) between the two data set s [Ta ble s 2.14 .4 and 2.1 4.6, (on pag e 2.107 of this Fig ure
2.14 and above)] for Exa mple 2.1 4.2 that lea d to the sub stantia l differenc es in the pre c isi on of the two answe rs.

5

3. Appendix 1: Derivat ion of Equ ation (2.14.9)

To der ive equ ation (2.14 .9) near the middle of pag e 2.108 of this Fig ure 2.1 4, we first dev elo p a res ult base d on par tit ion ing
the sum of squ are s repre sent e d by (−N −1)S−2 ≡ (−ML −1)S−2

– recall equ ation (2.14 .4) at the bottom of pag e 2.105; this par ti-
tion ing illust r ates par t of a process that is usually (unhelp f ully) called analysis of var ian ce.

We hav e: (−ML −1)S−2
= Σ

i =1

−N

(Y−i −Y− )
2

= Σ
i =1

−M

Σ
k =1

L

(Y−ik−Y− )
2
= Σ

i =1

−M

Σ
k =1

L

(Y−ik−Y−i +Y−i −Y− )
2

= Σ
i =1

−M

Σ
k =1

L

(Y−ik−Y−i− )
2 + Σ

i =1

−M

Σ
k =1

L

(Y−i −Y− )
2 + 2Σ

i =1

−M

(Y−i
−Y− )Σ

k =1

L

(Y−ik−Y−i− )

= Σ
i =1

−M

(L −1)S−i
2
+ Σ

i =1

−M

L(Y−i −Y− )
2

[u sing equ ation (2.14 .11) abov e; als o: Σ
k =1

L

(Y−ik−Y−i− ) ≡ 0]

= −M(L −1)S
−−2

+ LΣ
i =1

−M

(Y−i −Y− )
2

[w here: S
−−2

= 1
−M

Σ
i =1

−M

S−2

i – as in equ ation (2.14 .9)] on pag e 2.108],
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3. Appendix 1: Derivat ion of Equ ation (2.14.9) (c o ntinue d)

so that: LΣ
i =1

−M

(Y−i −Y− )
2 ≡ L(−M −1)S−ec

2
= (−ML −1)S−2 − −M(L −1)S

−−2

[u sing equ ation (2.14 .3) on pag e 2.105]. -----(2.14 .12)

Then, rem embering that a posi tive differenc e of the (squ are d) standard dev iation s of two estim ato rs means that the se con d esti-
mato r is more precis e, we hav e:

[s.d.(Y
−

ec)]
2− [s.d.(Y

−
in)]

2
= ( 1

m − 1
−M

) 1
−M −1

Σ
i =1

−M

(Y−i −Y− )
2 − ( 1

m − 1
−M

) 1
L

S−2 [becaus e: n = mL, −N = −ML]

= ( 1
m − 1

−M
) 1

L(−M −1)
[LΣ

i =1

−M

(Y−i −Y− )
2 − (−M −1)S−2]

= ( 1
m − 1

−M
) 1

L(−M −1)
[(−ML −1)S−2 − −M(L −1)S

−−2 − (−M −1)S−2] [u sing equ ation (2.14 .12) abov e]

= ( 1
m − 1

−M
)

−M(L −1)

L(−M −1)
[S− + S

−−][S− − S
−−], whi c h is equation (2.14 .9) on pag e 2.108.

4. Appendix 2: St andard Dev iat ions

Four respon d e n t popula t ion (data) standard dev iation s aris e in this Fig ure 2.1 4; they are:

S−: the standard dev iation of the respons es of the −N in dividua l elem e n t s [e quation (2.14 .4)],

S−ec: the standard dev iation of the aver age re spons es of the −M clu sters (the in terclust e r s.d.) [e quation (2.14 .3)],

S−i: the standard dev iation of the respons es of the L ele ments wit hin clust e r i (the in traclust e r s.d.) [e quation (2.14 .11)],

S
−−: the squ are root of the aver age of the S−2

is (the aver age in traclust e r s.d.) [e quation (2.14 .9)],

Also, rearrangi ng the rig htmos t thre e ter ms of equ ation (2.14 .12) abov e, we obtain equ ation: (2.14 .13):

(−ML −1)S−2
= L(−M −1)S−ec

2
+ −M(L −1)S

−−2

, -----(2.14 .13)

which shows how the (fixed amou nt of) variation among the respons es of the ele ments of the respondent popula t ion can be
partit ion ed into two co mponents – the variation among the clu s ter ave r age s (q uantifie d by S−ec) and the variation wit hin the clu s-
ters (qu antifie d by S

−− or the set of S−is) . As Example 2.1 4.3 on pag e2.109 rem inds us, how much of the ove r all variation goes
in t o each component depends on how the clu s ters are for med .

Precisio n of estim ates from a clu s tered sampling protocol is fav o ure d ov er that of selecting indivi d ual ele ments by heteroge nei ty
of clu s ters – hig her in traclust e r variation – becau se the re mai ning variation – the in terclust e r variation – wil l be lo wer; we are
then selecting from a set of clu s ters wit h rela t ive ly si mil ar av erage s and so obtain hig her pre cisio n.

Un for tun ately, the facto rs whi c h favou r the for mation of clu s ters (li ke hou seh olds) in the real world hav e a tendenc y to promo te
homoge nei ty of clu s ters, whi c h wo rks ag a inst precisio n.
This is what is implie d when we say clust e red sampling
protocols are often used for conven ien ce – we can get
acces s to a clu s tered frame rela t ive ly ch eaply –
but at the the ‘cos t’
of lowe r precisio n.

A diagr am mati c summar y of thes e id e as
is shown in the schema at the rig ht:

Po p u lat ion struc ture Va riation .... Quantified
by ....

Re spondent popula t ion of −N Y−is

−N in d ivi d ual ele ments

−M clust e rs of size L

among the −N in -
divi d ual ele ments

among the −M
clust e r av erage s

within the
−M clust e rs

S−

S−ec

S
−−

5. Appendix 3: No tat ion – Man aging Falsehood

As dis cus s ed in Appendix 1 on pag e 2.44 in Fig ure 2.3, we help maint ain the key dis tin ction bet ween the real world and
the model by dis tinguis hing an ob ser ved (r oma n) y fron a model (it ali c) y; this lea ds us to dis tinguis h the obs erved sample ave r-
ag e and standard dev iation, y− and s, from the model quantit ies y− and s – see Table 2.1 4.7 at the rig ht bel ow. This dis tin ction in
turn rem inds us of the impor tanc e in the Desig n st age of the FDEAC cycle of dev elo ping a Pla n that makes it rea son able to
treat y− as y− and s as s. Fa ilu r e to obs erve the foregoi ng dis tin ction s ma kes it easie r to ove r look the que s tion to be aske d abou t all
data: Ho w were they gen era ted? If this que s tion is not aske d, it
beco m e s mo re li kely that statis ti c a l methods wil l be appli ed in sit-
uation s where their unde r lyi ng assump tion s (li ke probability se-
le cting, accur ate mea s uring processes, independent measuring,
dist rib u tio nal assump tion s) are viola ted, lea ding to answe rs wit h
su ch sev ere lim itation s that they are likely to embody falsehoods.

• Ta ble 2.1 4.7 als o sh ows the not ation for the (re spondent) popula -
tion we us e to help maint ain the popula t ion -sample dis tin ction.

• Ta ble 2.1 4.7 inclu des not ation for the con tex ts of Fig ure s 2.10 and
2.14 (as wel l as for 2.3) – see als o Ta ble 2.1 0.9 on pag e 2.88.

Ta ble 2.14.7: . . . . . . Figure . . . . . . .
2.3 2.10 2.14

Popula t ion Respons e Y−i Ci or
c
Ci Y

−−i

At tribute(s) Y
−−, S− −P Y

−−, S−ec

Si ze -N −N −M

Model Random variable(s) Y
−
, S P Y

−
ec, (Sec)

Va lue(s) y−, s p y−ec, sec

Sa mple Respons e yj Cj or
c
Cj y−j

At tribute(s) y−, s p y−ec, sec

Si ze n n m
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