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#0.17 -1

Assignment 1

A1 – 1. (a) An exper iment e r wish e s to estim ate the ave r age annual hyd ro bil l per family in the City of Wat e r loo. Sugge s t a
possib le frame(s ) fo r a sur vey car rie d ou t to obtain the requi red estim ate, and briefly dis cus s the strengt h(s) and
we a kness(e s) of you r sugg estio n.

(b) A Un ive rsity of Wat e r loo adm inist r ato r wish e s to inv estig a te attitudes towards the Unive rsity’s Co-op. Progr am
among Unive rsity of Wat e r loo students. To con duct a sample sur vey, the adm inist r ato r take s the cla s s li st for a
large first-year accou nting cou rse at the unive rsity and obtains , by equ iprobable selecting (EPS), 100 of the 340
students on the lis t. For this inve s tig a t ion, des cribe brief ly:

(i) the target popu lation;

(iii) the resp onden t popu lation and the sa m p le;

(v ) two catego rie s of error that wil l im pos e li mit ation s on the att rib u t e estim ates obtaine d fr om the sur vey.

(ii) the study popu lation and the frame(s );

(iv) a resp onse and a popu lation attribute;

A1 – 2. A res earche r wish e s to estim ate the pro por tio n (−P) of
people in a large popula t ion who have eve r us ed narco tic

Questio n B: We re you bor n in July or August?

Questio n D: Ha ve you ever use d narcot i c drugs?
dr ugs. She prep are s a box con taining 100 cards , 20 of whi c h
cont ain Que s tion B and 80 Que s tion D. Each person who is int e rvie wed obtains a card by equ iprobable selecting
with replacement from the box and answe rs the que s tion it con tains. Sin ce only the person bei ng in ter vie wed knows
which que s tion he or she is answe ring, confid e n tia lity is assure d and so the res earche r ho pes that the answe rs wil l be
tr uthful. It is known that one-si xth of bir thd ays fall in July or Aug u s t.

(a) Fin d an expre ssi on for the probability that a person answe rs‘ye s.’

(b) If y people of n obtaine d by equ iprobable selecting answe r ‘yes,’ find an expre ssi on for estim ating −P.

(c ) Find the pro por tio n of the people who answe r‘yes’ that are respon d ing to Que s tion D.

(d) Brief ly compare and con trast this ra n domized res pon se method for obtaining infor mation on a sensit ive issue wit h
direc t qu estio ning of the people selected from the respondent popula t ion abou t narcotic drug use.

A1 – 3. The respondent popula t ion standard dev iation S− is defi ned as shown in the first ex-
pres sio n at the rig ht.

(a) Show that this first expre ssi on is equ ivalent to the secon d ex pre ssi on at the rig ht;
the latt e r is usually more conve n ient for manu al calcula t ion of S− (o r S−2).

(b) In nearly all sample sur veys, S− is unknow n and is es tim ated by the sa m p le st an-
dard dev iation (s), defi ned in the thi rd expre ssi on at the rig ht. Show that the ran -
dom variable S2 is an unbi ase d es tim ator of S−2

un d er EPS of the sample.
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A1 – 4. A respondent popula t ion con sis t s of −N = 6  units wit h
the fol low ing value s fo r a quantit ative respone variat e Y−:

9, 15, 8, 11, 21, 14.

(a) Lis t all the pos sib le samples of size 4, unde r equiprobable selecting (EPS), from this popula t ion.

(b) Tab ula te the value (y−) of the aver age fo r each sample, tog ether with the pr obabi lity of sel e cting the sample.

(c ) Us e the probability fun ction in (b) to find the mean and the sta n dar d devi ation of the random variable (Y
−

) repre -
senting the sample ave r age unde r EPS.

(d) Ver ify that the value s obtain ed in (c) are, respectiv ely, Y
−−, the popula t ion ave r age, and S− 1

n − 1
−N

, the sta n dar d devi-
ation of the sample average un d er equ iprobable (or ‘si mple random’) selecting, s.d.(Y

−
).

(e ) Fo r each sample, calcula te the sa m p le sta n dar d devi ation (s), as defi ned in que s tion A1 – 3(b). Usi ng the proba -
bilit fun ction tab ula ted in (b) , ve rify that the mean of the random variable S

2
is S−2

.

(f) For the respons e variat e Y−, the popula t ion aver age (Y
−−) is one att rib u t e that des cribes the location (or ‘cent re’ ) of

the dis tributio n of that respons e variat e; an alt e rnative is the popula t ion medi an. Fin d the media n re spons e (MY−
say) of the popula t ion of six units lis ted above.

(g) For each sample of fou r un its in (a) , fin d the sample medi an (My). Then repeat par ts (b) and (c) to find the mean
and the sta n dar d devi ation of the random variable (MY) repre senting the sample media n un d er EPS.

(h) Use you r fin d ings in (c) and (g) to compare and con trast the bi as and the variability of the sample ave r age and the
sample media n as estim ato rs of Y

−− and MY− un d er EPS.

√

A1 – 5. The random variable Y
−

repre senting the ave r age of a set of obs ervation s obtain ed by equ iprobable selecting, is to be
us ed as an estim ate of the mean µ of a nor mal dist rib u tio n whos e st andard dev iation is known to be 8 cm. What
sh oul d be the size, n, of the sample so that, wit h a probability of 90%, the estim ate (y−) wil l differ from the true value
(µ) by at mos t on e centim etre?
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A1 – 6. The att ache d page (#0.17 -3) cont ains a (study or respondent) popu lation of 80 circle s , which are to be use d fo r the sam -
pling inv estig a t ion des cribed bel ow. [If you wis h, think of the circle s as repre senting fish in a lake or tum ours rem ove d
du ring sur ger y.] Giv e a cle ar, det ailed pre sent ation of you r procedure and/or res ult s at ea ch st age of the inv estig a t ion.

(a) Label the circle s 00, 01, ...., 78, 79 in any order and use the table of equ iprobable dig its (‘r andom numbers’ ) pro-
vi ded (on pag e #0.17 -4) to obtain 4 ci r cle s by equ iprobable selecting (EPS). You cou ld start in the table at row
and colum n numbers provi ded by two sep arate rea ding s of the secon d hand on you r wa tch or wall clock.

(b) Mea s ure the diameter of each circle chosen; for conve n ienc e, the diameters are all mul t i p les of 3 mm, so you
sh oul d re co r d them as 3, 6, 9, etc., mm. Fin d the ave r age dia m eter of the fou r ci r cle s in you r sample (the sa m p le
aver age); for conve n ienc e, record this ave r age in one-fo urths of a mil lim etre.

(c ) Sele ct three more samples (to make fo ur in all) as in (a) , using different par ts of the equ iprobable dig it table, and
carry out the calcula t ion s des cribed in (b) for each sample.

(i) Was any circle selected more than onc e in you r fo ur samples? Dis cus s your answe r br ief ly.

(ii) Illu s trate the differenc es in you r fo ur sample ave r age s by showing them on an appro priat e se ction of the real
number lin e marked off in scale div isi ons of one -si xteent h of a mil lim etre.

(d) Usi ng an othe r part of the equ iprobable dig it table, select 16 ci r cle s by EPS and find the sample ave r age dia m eter
in sixteent hs of a mil lim etre. Com ment br ief ly on how this ave r age compare s with thos e fo und from the fou r
sm aller samples; add this ave r age, wit h a suitable label to dis tinguis h it, to you r re a l number lin e in (c) (ii).

(e ) An othe r sele cting process from the popula t ion of circle s is to clo se you r eyes and dro p your pen or pencil
poin t ‘a t random’ on pag e #0.17 -3; obtain a sample of size n = 4  by this process (haphazard sele cting).

(i) Exp lain brief ly whether this process is equ ivalent to EPS this situation.

(ii) Comment briefly on how the sample ave r age compare s with thos e fo und in (a) , (b) and (c) . Add this ave r age,
with a suitable label , to your real number lin e in (c) (ii).

(f) Yet another selecting process is to choos e what the inv estig a tor (you, in this inst anc e) con sid ers to be a ‘r e pre sen -
tative’ sample of the popula t ion ( judg ement sele cting). Use this process to select fou r ci r cle s and com ment on how
this sample ave r age compare s with thos e fo und previously ; add this ave r age, wit h a suitable label , to your real
number lin e in (c) (ii). In situation s li ke the pre sent one, the sample ave r age obtaine d un d er judgement selecting
us u ally overestim ates the popula t ion ave r age (Y

−− =12 mm in this que s tion).

(g) Sup pos e that we think of the circle s as repre senting the cross -se ction s of tre es at a speci fi ed height (e.g., chest
heig ht) above the grou nd. Forest e rs who wis h to estim ate the tot al amou nt of lumber in a woodlo t sele ct tre es for
mea s urement by a process equ ivalent to dro ppi ng a pen or pencil [as in (e) above]. Dis cus s br iefly the advant age s
and disa dvant age s of such a selecting process in this con tex t.

(h) Usi ng each of the five samples obtaine d by EPS in (a) to (d) above, find an approxi mat e 90% confid e n ce int e rval
fo r the true ave r age dia m eter (Y

−−) of the popula t ion of 80 circle s. If Y
−− is actually 12 mm, com ment br iefly on

your five int e rvals. Als o, if appro priat e, find an approxi mat e 90% confid e n ce int e rval for Y
−− fr om you r sample in

(e ) and in (f), and com ment br iefly on the meaning of thes e two int e rvals.

A1 – 7. (a) For a popula t ion of −N ti cke ts numbere d Y− =1, 2, ...., −N, show that the
av erage (Y

−−) and the standard dev iation (S−) are as giv en at the rig ht. Y
−− = −N +1

2
; S− =

12
−N(−N +1)

√

(b) If n ticke ts are selected equ iprobably wit hou t replacement (EPSWO R)

fr om the −N ti cke ts, and the random variable Tn is the to t al of the
numbers on thes e ti cke ts, establi sh the middle two res ult s at the rig ht.

E(Tn) = nY
−−; s.d.(Tn) = nS− 1

n − 1
−N√

(c ) If the n ticke ts in (b) are selected with replacement (EPSWIR),
est ablis h the lowe r two res ult s at the rig ht.

E(Tn) = nY
−−; s.d.(Tn) = nS− 1

n − 1
n−N√

(d) In lig ht of the different selecting processes in (b) and (c) , co mpare and con trast the res ult s fo r the mean and stan-
dard dev iation of Tn. [This comparison is aid ed by not si mplifyi ng alg ebraically the expre ssi on for s.d.(Tn) when
sele cting is with replacement.]
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