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Figure 2.1 2. UNSTRATIFIED POPULAIO NS Estimating the Diffe rence of Two Proportions
One-St age EPSWOR of Indivi du a l Elements

Tw o prev i ous figure s in thes e STAT 332 Course Mat e ria ls have pre sent e d the theor y of sur vey sampling inv olv ing equ iprobable
sele cting (EPS) fr om a respondent popula t ion of −N elem e n t s (o r un its).

• Figure 2.3 dev elo ped the theor y fo r estim ating Y
−− (t he respondent popula t ion aver age) and (the clo sely rela ted theory for esti-

mating) TY− (a to t al) unde r EPS for a quantit ative respons e variat e, Y−, of the ele ments (or units) whi c h ma ke up the popula t ion;

• Figure 2.1 0 adap ted the theor y of Fig ure 2.3 to estim ate −P (the respondent popula t ion pr oportion) and (the clo sely rela ted
theory for estim ating) −N−P (a number or freq uen cy) for a qu ali tative re spons e variat e in two catego rie s [w hich we den oted C
and

c
C (the complem e n t of C)] unde r EPS of the ele ments (or units) whi c h ma ke up the popula t ion.

In this Fig ure 2.1 2, we ext end the idea s of Fig ure 2.1 0 to a quali tative respons e in more than two catego rie s , C1, C2, C3, .....,
say; our par ticular con cer n is wit h estim ating the di ffere nce of two pro por tions, den oted −P1 − −P2, from among two or more such
propor tio ns. We dis tinguis h two cases:

* the two pro por tio ns of int e rest can rea son ably be model led as bei ng pr obabi lis tically indep enden t;

* the two pro por tio ns of int e rest cannot re asonably be model led as bei ng probabilis ti c a l ly independent.

Us ing equ ation (2.12.1) (e.g., from STAT 230)

at the rig ht for the standard dev iation of the
differenc e of two random variable s , P1 and P2

repre senting the two (sample) pro por tio ns, allow s us to estim ate the differenc e of interest; if P1 and P2 are probabilis ti c a l ly inde-
pendent, the cov arianc e ter m on the RHS of equ ation (2.12.1) is zero.

s. d.(P1 − P2
) = [s. d.(P1)]

2
+ [s. d.(P2

)]2 − 2cov(P1, P2
) -----(2.12.1)√

1. Case 1: Estimating −P1 − −P2 when −P1 an d −P2 Invo lve Differen t Po p u lat ions

An ins tanc e of Case 1 is whe re −P1 is the pro por tio n of adult fem ale s who are regular cig arette smoke rs in Cana da, and −P2 is
the cor responding pro por tio n of adult males; a sample wou ld be selected from ea ch gr oup. Due to facto rs like pos sib le sim i-
larities in beh aviout within coup les, the value s of −P1 and −P2 are likely not in d ependent but, for the two samples selected se p a-
ra tel y (by EPS), it is rea son able to model as probabilis ti c a l ly independent the random variable s P1 and P2 repre senting the sam-
ple pro por tio ns p1 and p2. In this Fig ure 2.1 2, we think of two such (re spondent) popula t ion s as Popula t ion 1 (of size −N1 ele-
ments) and Popula t ion 2 (of size −N2 elem e n t s); the cor responding samples are Sample 1 (of size n1) and Sample 2 (of size n2).
To obtain an expre ssi on for a confid e n ce int e rval for −P1 − −P2, we rea son as fol low s fr om the theor y pres ented in Fig ure 2.1 0:

−− The random variable P1 is an unbia s ed estim ato r of −P1, the pro por tio n of interest in Popula t ion 1 – the cor responding es tim ate
is Sample 1 pro por tio n p

1
; we den ote 1− p1 by q

1
.

−− The random variable P2 is an unbia s ed estim ato r of −P2, the pro por tio n of interest in Popula t ion 2 – the cor responding es tim ate
is Sample 2 pro por tio n p2; we den ote 1− p2 by q

2
.

−− The random variable P1 − P2 is an unbia s ed estim ato r of
−P1 − −P2

(Why?) – the cor responding es tim ate is p1 − p2.

−− The es tim ated st andard dev iation s of P1 and P2 are as
sh own in equ ation s (2.12.2) and (2.12.3) at the rig ht.

−− Us ing the res ult (2.12.1), the es tim ated st andard
devi a t io n of P1 − P2 is as shown in equ ation (2.12.4);
if −N1 >> n1 and −N2 >> n2, equ ation (2.12.5) can be
us ed as an approxi mation for equ ation (2.12.4).

−− Finally, a 100 (1− α)% confid e n ce int e rval for −P1 − −P2

is as shown in equ ation (2.12.6).

s. d.ˆ (P1
) = n1 p1q1

n1 −1
( 1
n1

− 1
−N1

)

s. d.ˆ (P2
) = n2 p2q2

n2 −1
( 1
n2

− 1
−N2

)

s. d.ˆ (P1 − P2
) = n1 p1q1

n1 −1
( 1
n1

− 1
−N1

) + n2 p2q2

n2 −1
( 1
n2

− 1
−N2

)

s. d.ˆ (P1 − P2
) −−∼ p1q1

n1 −1
+

p2q2

n2 −1

p1 − p2 ± z*α × s. d.ˆ (P1 − P2
)

-----(2.12.2)

-----(2.12.3)

-----(2.12.4)

-----(2.12.5)

-----(2.12.6)

√

√

√

√

2. Case 2: Estimating −P1 − −P2 when −P1 an d −P2 Invo lve the Same Po p u lat ion

A situation in whi c h it is not re asonable to model as probabilis ti c a l ly independent the random variable s P1 and P2 repre sent-
ing the sample pro por tio ns p1 and p2 is when the respondent popula t ion attributes −P1 and −P2 are defi ned ove r the ele ments of the
sa m e popula t ion; for ins tanc e, −P1 might be the pro por tio n of Cana dian vot e rs who are Liberal sup por ters in a federal ele ction,
and −P2 the cor responding pro por tio n of PC sup por ters; oth er catego rie s of vot e rs inclu de NDP sup por ters, Refor m suppor ters,
BQ sup por ters and unde cid ed vot e rs. In a situation like this , the pro por tio ns across all catego rie s of vot e rs are cons train ed to
add to 1  (or 100%), so a change in one pro por tio n re sul ts in a change in at lea st on e of the othe rs. In the sample, we model this
cons train t as probabilis ti c dependenc e of P1 and P2. We think of the (re spondent) popula t ion in this Case 2 as hav ing −N ele-
ments and the sample obtaine d by EPS from this popula t ion as hav ing n units (or ele ments).

To obtain an expre ssi on for a confid e n ce int e rval for −P1 − −P2, we ext end the rea son ing giv en above for the case of indepen-
dent pro por tio ns. We recall from Not e 12 on pag e 2.84 of Fig ure 2.1 0 that, to estim ate −P (the respondent pro por tio n of ele-
ments in one of only two catego rie s), we can use a binomial probability model; when the re are more than two catego rie s , the
co rre sponding model is multinomial. Becau se the margi nal dist rib u tio ns of the mul t i nomial dist rib u tio n are binomial, we deal
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with the two ter ms on the rig ht-hand sid e of (2.12.1) involv ing the standard dev iation of P1 and of P2 in the sa m e way as in the
independent case above; what di ffers is that we must now als o in clu de the covarian ce ter m.

The cov arianc e of the random variable s Yi and Yj of a mul t i nomial dist rib u tio n is −nπiπj, whe re πi and πj are the respectiv e
probabilit ies of outco m e s i and j among the k pos sib le outco m e s of each repetit ion of the process bei ng modelled by a mul t i-
in omial dist rib u tio n. Henc e, we can rea son intuit ive ly that, in our finit e popula t ion case, the es tim ated covarianc e of P1 and P2 is
−[np1 p2/(n −1)](1/n−1/−N). Thu s , the final expre ssi ons we need so we can deal wit h the dependent case are:

−− using equ ation (2.12.1) give n ov erleaf on pag e
2.91, the es tim ated st andard dev iation of P1 −P2

is as shown in equ ation (2.12.7) at the rig ht;
if −N >> n, equ ation (2.12.8) can be use d as
an approxi mation for equ ation (2.12.7).

−− a 100 (1 -- α)% confid e n ce int e rval for −P1 − −P2

is as shown in equ ation (2.12.9).

s. d.ˆ (P1 − P2
) = n

n −1
(p1q1

+ p2q2
+ 2p1 p2)(

1
n − 1

−N
)

s. d.ˆ (P1 − P2
) −−∼ 1

n −1
(p1q1

+ p2q2
+ 2p1 p2)

p1 − p2 ± z*α × s. d.ˆ (P1 − P2
)

-----(2.12.7)

-----(2.12.8)

-----(2.12.9)

√

√

NO TES: 1. Comparing the expre ssi onsxi (2.12.4) ov erleaf on pag e 2.91 and (2.12.7) abov e fo r s. d.ˆ (P1 − P2
), we see that for gi ven

value s of p1 and p2, the effect of la ck of independenc e is to br oaden the confid e n ce int e rval; i.e., dependenc e
tends to in cre ase (s a mpling) im pre cisio n, thu s im posing gr eater li mit ation on answe rs from this cat egor y of error.

2. The res ult s give n abov e fo r the dependent case can be der ive d by a method inv olv ing in dicator var iables – see
Questio n A3 – 6 of Assignment 3.

• The three -ter m sum in parent heses unde r the squ are root in equ ation s (2.12.7) and (2.12.8) abov e fo r the esti-
mated standard dev iation of P1 − P2 can also be writt en as: (p1 + p2) − (p1 − p2)

2
.

Example 2.1 2.1: In 1983, the Kitchener-Wa terlo o Re cor d repor ted the res ult s of two pre -fe deral ele ction pol ls taken about a
mont h ap art. On Sep tember 8, The Rec ord repor ted that a Gallup pol l in Aug u s t ha d fo und 50% of decid ed
vo ters said they wou ld vot e fo r the Progres siv e Cons ervative par ty fr om among 1,055 respondents; 26% of
the respondents said they were unde cid ed. Another Gallup pol l in Sep tember, repor ted by The Rec ord on
October 13, fou nd 62% PC sup por ters among decid ed vot e rs; the re were 1,039 respondents to this pol l, of
whom 34% said they were unde cid ed. [The relev a n t ar ticle s EM8302 and EM8303 are reprint e d in Ap-
pendic es 1 and 2 on pag e 2.96.] We assume that people were obtaine d fo r both pol ls by probability select-
ing from the popula t ion of elig ible Cana dian vot e rs.

(a) Was the re a re al in cre ase in PC sup por t between the two pol ls, or cou ld the repor ted differenc e re asonably
be due to chanc e?

(b) What assumptions un d erlie the calcula t ion s ne e ded to answe r (a) ?

(c ) Explain brief ly the meaning of the phrase in (a) ..... cou ld the rep orted dif fer ence rea sonably be due to chance?

Solution 1: (a) The two respondent popula t ion s att rib u t es of int e rest in this que s tion are the pro por tio ns of PC sup por t-
ers, −PA and −PS, in Aug u s t and Sept ember, 1983. It is rea son able to assume that the two pol ls were csr-
ried out in a way that allow s us to model the two sample pro por tio ns by pr obabi lis tically indep enden t
random varisbles, PA and PS, as in Case 1 ove r leaf on pag e 2.91.

Fo r deci ded vo ters, estim ated to be 74% in Aug u s t and 66% in Sep tember, the respectiv e sample sizes
are nA = 1,055 × 0.74 = 781 and nS = 1,039 × 0.66 = 686; als o, the data are pA = 0. 50 and pS = 0.62.

The newsp aper article s do not giv e the popula t ion sizes but we know they are much larger than the
sample sizes; we the refore approxi mat e (1/n−1/−N) by 1/n in the estim ated s.d. expre ssi ons.

Ta king pA = pA = 0. 50 and pS = pS = 0.62 and using equ ation (2.12.5), we hav e:

pS − pA = 0.12, s. d.ˆ (PS − PA
) −−∼ 0. 62× 0. 38

685
+ 0. 50 × 0. 50

780
= 0.025 777 013.√

With bot h sample sizes of aroun d 700, we hope we are justifie d in assuming rea son able nor mality for
PS − PA as a con seque n ce of the Cent r al Li mit Theorem; als o, becau se we are dealing wit h counte d data,
we use z*α = 1.95996 to find an approxi mat e 95% confid e n ce int e rval as:

0.12 ± 1.95996 × 0.025 777 013 = 0.12 ± 0.0505 ==> (0.0695, 0.1 705) or about (7, 17)%.

Be cau se zero lie s co mfo rtably ou tsi de the approxi mat e 95% CI, the answe r is that thes e poll data pro -
vi de eve idenc e of a real inc rea s e in PC sup por t fr om Aug u s t to Sept ember of 1983.

Solution 1: (b) The accur acy of the confid e n ce int e rval giv en above depends on five cat egor ies of error bei ng ade-
qu ately manage d in the Pla n and exe cutio n of the two pol ls.

• Study error: we assume that the frame used to speci fy the study popula t ion had adequate ove r lap
with the targe t popula t ion of ele gib le Cana dian vot e rs.
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Figure 2.1 2. UNSTRATIFIED POPULAIO NS: Estimating the Diffe rence of Two Proportions (c o ntinue d 1)
One- Stage EPSWOR of Indivi du a l Elements

Solution 1: (b) •
(c o nt.)

No n-respons e er ror: we assume that cle ar que tion s we re aske d by pro perly train ed int e rvie wers so
as to provi de adequ ate inc entiv es for respons e and for truthful respons es (and so hopef ully to make
adequately clo se the value s of the relev a n t att rib u t es of the respondent and study popula t ion s).

• Sa mple error: we assume that the sample was sele cted by a probability selecting met hod so as to
prov ide the probabilis ti c basi s of the theor y which unde r lie s the confid e n ce int e rval calcula t ion s.

• Me asurement error: we assume that cle ar que s tion s and truthful respons es, toge the r with cor rect dat a
proces sing, manage d mea s urement error adequately.

• Model error: we assume that probabilis ti c in d ependenc e is an adequ ate model for the ‘in d ependenc e’
of vot e rs in different pol ls taken a mon th apart.

(c ) The phrase asks how likely is it that sample error cou ld be as large as the obs erved differenc e (12 per-
cent age poi nts in this inst anc e). [Zero lyi ng so far ou tsi de the 95% confid e n ce int e rval in this case
sh ows that a sample error of12 percent age poi nts is very unli kely (althou gh, of cou rse, not im pos sib le) .]

Solution 2: (a) Alt e rnative ly, ins tea d of usi ng a confid e n ce int e rval for the differenc e of the two relev a n t propor tio ns, we
can answe rs the que s tion more for mally usi ng a test of (sta tis tical) sign ifican ce.

We see from the stat ement of the que s tion that we are dealing wit h a situation involv ing two study popu-
la t ion s – elig ible Cana dian vot e rs in Aug u s t and in Sep tember of 1983.

Be cau se we are dealing wit h counte d data, we wil l us e a z-test for the differenc e of two pr oportions.

Mo del: The random variable PS is an unbia s ed estim ato r of −PS, the pro por tio n of PC sup por ters in the respon-
dent popula t ion; the cor responding es tim ate is pS which we take as the data pS = 0.62 fr om the 686 de-
ci ded re spondents in the Sept ember pol l.

The random variable PA is an unbia s ed estim ato r of −PA, the pro por tio n of PC sup por ters in the respon-
dent popula t ion; the cor responding es tim ate is pA which we take as the data pA = 0. 50 fr om the 781 deci-
ded re spondents in the Aug u s t poll.

A model for the random
variable PS − PA,
an unbia s ed esti-
mato r of −PS − −PA which is the differenc e of interest here, is giv en in equ ation (2.12.1 0) abov e, where −Q = 1− −P.

PS − PA ∼.. N[−PS − −PA,
−NS

−NS −1
−PS

−QS(
1
nS

− 1
−NS

) +
−NA

−NA−1
−PA

−QA( 1
nA

− 1
−NA

)] -----(2.12.1 0)
√

We assume that the method of selecting the samples con taining the 781 and 686 decid ed respondents was
su ch as to make the lim itation impos ed on the answe r by sample error accep table in the inv estig a t ion con tex t.

Ho:
−PS = −PA; i.e., the pro por tio ns of decid ed PC sup por ters is the sa m e in the two respondent popula t ion s.

Ha:
−PS > −PA; i.e., the pro por tio n of decid ed PC sup por ters is high er in the Sept ember respondent popula t ion.

[We use a on e-sid ed test becau se the stat ement of the que s tion is con cer ned with an
increa s e in PC sup por t in Sep tember. ]

Dis. meas.: By standardizing in the model for PS − PA in equa-
tion (2.12.1 0), we obtain the discrep anc y mea s ure
(2.12.11) at the rig ht, whe re the expre ssi on in the
den ominato r is now the approxi mat e es tim ated st an-
dard dev iation of PS − PA, base d on equation (2.12.5) when we are not give n the sizes, −NS and −NA, of the
re spectiv e re spondent popula t ion s but we know that −NS>> nS and −NA>> nA.

(PS − PA) − (−PS − −PA) ∼.. N(0, 1)
pSqS

nS −1
+

pAqA

nA −1

-----(2.12.11)

√

Obse rve d: pS − pA = 0.62 − 0. 50 =  0.1 2 (= pS − pA);

ex pected: −PS − −PA = 0  (un d er the null hypot hesis).

Va lue of dis crep anc y mea s ure: 0. 12 − 0

0. 025 777
= 4.655 310.

P-v alue: Pr[N(0, 1) ≥ 4.655 310] = 1.617 465 ×10
--6 −−∼ 0.000 002.

Answer: Us ing a one -si ded z-test for the differenc e of two pro por tio ns, the null hypot hesis is rej ect e d at the 1%
(a n d also at the 0.001%) leve l (P −−∼ 0.000 002); thu s , the dat a prov ide ver y highly statis ti c a l ly sig n ifi-
cant evi denc e of a real inc rea s e in PC sup por t among decid ed vot e rs in Sep tember compare d with Au-
gust of 1983.
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NO TES: 3. When testing for the eq uality of two pro por tio ns [involv ing eithe r equa-
tion (2.12.4) or (2.12.5)], it is customar y, in the denominato r of the dis-
crep anc y mea s ure, to replace the in dividua l sample pro por tio ns, p

1
and p

2
,

by the co mbi ned propor tio n (pc) calcula ted as shown in equ ation (2.12.1 2) at the rig ht above. Howeve r, this refi ne-
ment has no practically impor tant effect on the answe r fr om the test in Solutio n 2 above of Exa mple 2.1 2.1.

pc =
n1 p1 + n2 p2

n1 + n2

-----(2.12.1 2)

4. The stat ement of the que s tion in Example 2.1 2.1 giv es no indication that the re was rea son to suspect an inc rea s e
in PC sup por t pr ior to obtain ing the Sept ember pol l re sul ts. The on e-sid ed test we hav e perfor med may the re-
fo re be base d on data snooping and so not be justifie d; ins tea d, a two-si ded test woul d av oid this pos sib le mis-
us e of sig n ific a n ce testing.

• In the situation of Example 2.1 2.1, a two-sid ed test woul d si milarly provi de ver y highly statis ti c a l ly sig n ific a n t
ev idenc e (P −−∼ 0.000 003) of a di ffere nce in the lev el of PC sup por t among decid ed vot e rs in the Aug u s t and
Sept ember respondent popula t ion s.

Example 2.1 2.2: In the first of the two pol ls refer red to in Exa mple 2.1 2.1, the standing s of the three main poli tical par tie s in
that ele ction, among the 74% of decid ed respondents pol led, were repor ted as fol low s : 50% PC sup por ters,
28% Liberal sup por ters and 20% NDP sup por ters. The number of respondents was 1,055 in the pol l – see
the article EM8302 reprint e d on the upper half of pag e 2.96.

(a) Do thes e data provi de evi denc e of a re al le ad in Liberal sup por t ov er that of the NDP, or cou ld the re-
ported differenc e re asonably be due to chanc e?

(b) What assumptions un d erlie the calcula t ion s ne e ded to answe r (a)

Solution 1: (a) The situation in this que s tion differs from that in Exa mple 2.1 2.1 in that we are now dealing wit h the dif-
fe renc e of two dependent pro por tio ns – the pro por tio ns of Liberal and NDP sup por ters in the sa m e pop-
ulation of vot e rs. We the refore use the theor y fo r Ca s e 2 dev elo ped in this Fig ure 2.1 2 on pag e 2.91.

We wor k with deci ded vo ters – here, 74% of the sample of size 1,055 – so we hav e:

n = 1,055 × 0.74 −−∼ 781; als o, the data are p
L
= 0. 28 and p

N
= 0. 20.

−N, the size of the respondent popula t ion, is not giv en in the stat ement of the que s tion but we know that
that −N >> n and so we wil l us e the appr oximate re sul t of equation (2.12.8) near the top of pag e 2.92
when calcula t i ng s. d.ˆ (PL − P

N
); tak ing p

L
= p

L
= 0. 28 and p

N = p
N
= 0. 20, we hav e:

p
L
− p

N = 0. 28 − 0. 20 = 0.08,

s. d.ˆ (PL − PN) −−∼ 1
n −1

(p
L
q

L
+ p

N
q

N
+ 2p

L
p

N
) −−∼ 1

780
(0. 28×0. 72 + 0. 20×0. 80 + 2×0. 28×0. 20) =  0.024 641.

With a sample size as large as 781, we hope we are justifie d in assuming rea son able nor mality for PL − PN

as a con seque n ce of the Cent r al Li mit Theorem; als o, we estim ated the respondent popula t ion pro por-
tion s (−PL and −PN

) by the sample pro por tio ns (pL
and p

N
) and, becau se we are dealing wit h counte d data,

we wil l us e z*α = 1.95996 to find approxi mat e 95% confid e n ce int e rvals for −PL − −PN (the differenc e in the
suppor t fo r the Liberals and the NDP among decid ed vot e rs) as:

0.08 ±1.95996 × 0.024 641 = 0.08 ± 0.0483 ==> (0.0317, 0.1 283) or about (0.032, 0.1 28).

Be cau se zero lie s co mfo rtably ou tsi de this approx imate 95% confid e n ce int e rval, the answe r is that thes e
data do prov ide evi denc e of a real lea d in Liberal sup por t ov er that of the NDP; i.e., the repor ted differ-
enc e cannot re asonably be con sid ere d to be due merely to sample error.

√ √

Solution 1: (b) Error management to try to att ain accur acy for the confid e n ce int e rval in (a) is gen erally as dis cus s ed
on pag es 2.92 and 2.93 in Solutio n 1 of Exa mple 2.1 2.1 but with two addit ion s.

• An answe r abou t a di ffere nce in popula t ion attributes (li ke that bet ween two pro por tio ns of par ty
suppor t in a pol l) may hav e le ss sev ere lim itation s than an answe r involv ing estim ating eit her att rib u t e
in d ivi d ually, becau se some components of some error cat egor ies – like an inaccur ate mea s uring
proces s – may tend to compens ate for each other – see als o No te 6 on the facing pag e 2.95.

−− This is sim ilar to the idea unde r lyi ng a cli nical trial like the Phy sicia ns Health Study, whe re the ef-
fe ct of tak ing aspir in on the risk of a heart att ack use d treatment and con trol groups each of
arou nd 11,000 male docto rs as par ticip ants. It is likely that docto rs in par ticular hav e a di ffere nt
risk of heart att ack from that of males in gen eral but it was hoped that the di ffere nce in heart at-
tack risk for male doctor s un d er aspir in and placebo wou ld be adequ ately clo se to this di ffere nce
fo r ma les in gen eral.

• Model error: we assume that the model for la ck of probabilis ti c in d ependenc e, whi c h involves in-
cluding cov arianc e, adequ ately des cribes the con strain t s on pro poortio ns of par ty suppor t among
vo ters in any pol l.
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Figure 2.1 2. UNSTRATIFIED POPULAIO NS: Estimating the Diffe rence of Two Proportions (c o ntinue d 2)
One- Stage EPSWOR of Indivi du a l Elements

Solution 2: (a) Alt e rnative ly, ins tea d of usi ng a confid e n ce int e rval for the differenc e of the two relev a n t propor tio ns, we
can addre ss the que s tion more for mally usi ng a test of (sta tis tical) sign ifican ce.

This que s tion involves two dependent pro por tio ns in on e study popula t ion – elig ible Cana dian vot e rs in
Au gust of 1983; the ‘dependenc e’ is the con strain t that the set of pro por tio ns ove r all catego rie s of vot-
ers must sum to one (or 100%) and so any change in value must inv olve at lea st two of the pro por tio ns.

The que s tion involves counte d data so we use a z-test for the differenc e of two dependent pr oportions.

Mo del: Let the random variable PL repre sent p
L
, the pro por tio n of Liberal sup por ters in the sample of size

n =781 deci ded re spondents obtaine d fo r the Aug u s t poll; it is an unbia s ed estim ato r of −PL, the pro por-
tion of decid ed Liberal sup por ters in the resp onden t popula t ion.

Si milarly, let the random variable PN repre sent p
N
, the pro por tio n of NDP sup por ters in the sample of

si ze n =781 deci ded re spondents obtaine d fo r the same Aug u s t poll; it is an unbia s ed estim ato r of −PN,
the pro por tio n of decid ed NDP sup por ters in the resp onden t popula t ion.

A model for the random
variable PL − PN, repre sen -
ting the di ffere nce p

L
− p

N

(a n d which is an unbia s ed estim ato r of −PL −−PN, the differenc e of interest here), is equ ation (2.12.1 3) abov e.

PL -- PN ∼.. N[−PL − −PN, −N
−N −1

(−PL
−QL + −PN

−QN + 2−PL
−PN

)( 1
n − 1

−N
)] -----(2.12.1 3)

√

We assume that the method of selecting the sample con taining the 781 decid ed respondents was such as
to make the lim itation impos ed on the answe r by sample error accep table in the inv estig a t ion con tex t.

Ho:
−PL = −PN; i.e., the pro por tio n of decid ed Liberal sup por ters is the sa m e in that of decid ed NDP sup por ters.

Ha:
−PL > −PN; i.e., the pro por tio n of decid ed Liberal sup por ters is high er than that of decid ed NDP sup por ters.

[We use a on e-sid ed test becau se the stat ement of the que s tion is con cer ned with high er
suppor t fo r the Liberals than for the NDP.]

Dis. meas.: By standardizing in the model (2.12.1 3)

abov e fo r PL − PN, we obtain the discrep -
anc y mea s ure (2.12.1 4) at the rig ht, whe re
the expre ssi on in the denominato r is now
the es tim ated st andard dev iation PL − PN, base d on equation (2.12.8) on pag e 2.92 when we are not give n
the sizes, −NL and −NN, of the respectiv e re spondent popula t ion s but we know that −NL>> nL and −NN>> nN.

(PL − PN) − (−PL − −PN) ∼.. N(0, 1)
1

n −1
(p

L
q

L
+ p

N
q

N
+ 2p

L
p

N)
-----(2.12.1 4)

√

Obse rve d: p
L
− p

N = 0. 28 − 0. 20 =  0.08 (= pL − pN);

ex pected: PL − PN = 0  (un d er the null hypot hesis).

Va lue of dis crep anc y mea s ure:
0. 08 − 0

0. 024 641
= 3. 246 620.

P-value: Pr[N(0, 1) ≥ 3. 246 620] = 5.839 212 ×10−4 −−∼ 0.0006.

Answer: Us ing a one -si ded z-test for the differenc e of two dependent pro por tio ns, the null hypot hesis is rej ect e d
at the 1% (and also at the 0.1%) leve l (P −−∼ 0.0006); thu s , the dat a prov ide hig hly statis ti c a l ly sig n ific a n t
ev idenc e of a real lea d in Liberal sup por t ov er that of the NDP in Aug u s t of 1983 – the repor ted differ-
enc e (o f 8 percent age poi nts) cannot re asonably be con sid ere d to be due merely to sample error.

NO TES: 5. As in Exa mple 2.1 2.1, the lack of evi denc e in the stat ement of Exa mple 2.1 2.2 that the Liberals were thoug ht to
have hig her sup por t than the NDP pr ior to the availa b i lity of the Aug u s t poll res ult s rais es con cer n abou t data
snooping; per for ming a two-sid ed test, rat her than the on e-sid ed test giv e abov e, woul d allev iat e this con cer n but
in this situation, as in Exa mple 2.1 2.1, make no practically impor tant differenc e to the outco m e fr om the test.

6. When estim ating the di ffere nce of two popula t ion attribute value s , li ke −P1 − −P2 in this Fig ure 2.1 2, the con seque n ces for
the Answe r of inadequate erro r ma n agement may for tuituously (occasio nally?) be somewhat mit igat e d. For exa mple:

• it is pos sib le that the di ffere nce in the att rib u t e value s of two sim ilarly ina dequ ate study popula t ion s is clo ser to
the di ffere nce in the cor responding targe t popula t ion attribute value s than are thes e co rre sponding att rib u t e val-
ue s to each othe r;

• it is pos sib le that the di ffere nce in two measure d value s fr om the same ina dequ ate mea s uring sys tem is clo ser to
the true di ffere nce than are the two measure d value s to their true value s.

Howeve r, dat a-base d inve s tig a t i ng is an are a not not e d fo r bestowing unm erited ben efit s on the carele ss or the ign orant.
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3. Appendix 1 – Newspaper Article for Examp les 2.1 2.1 and 2.1 2.2

The article EM8302 reprint e d below is a sou rce of the infor mation use d in Example 2.1 2.1 on pag es 2.92 to 2.94 and the
sour ce for Exa mple 2.1 2.2 on pag es 2.94 and 2.95.

EM8302: The Kit che ner-Wa ter l oo Recor d , Sept e mber 8, 1983

NDP gains while Tor ies sli p in pol l
TORONTO (CP) – Sup por t fo r the federal
Prog res siv e Cons ervative s is sli ppi ng among
co mmitt e d vo ters while the New Dem ocr a-
ti c Party is gaining favou r, a Gallup pol l re -
le ase d today sugge s t s.

The Aug u s t poll, con duct e d eight weeks
after Brian Mul ron ey was chosen the new
Cons ervative lea de r, said 50 per cent of de-
ci ded vot e rs wou ld sup por t the Con ser va-
tive s in an ele ction, a dro p of five percent age
poin t s fr om a July pol l.

At the same tim e, the pol l sugg ests, the
NDP inc rea s ed its share to 20 per cent
fr om 16 per cent a mon th earli er, while the
Li berals garnered 28 per cent, up one per-
cent age poi nt.

Tw enty-six percent said they were unde-
ci ded compare d with 23 per cent in July.

"Not hing much has change d," Con ser va-
tive par ty presid e n t Peter Elzinga said of the

re sul ts. "We’re stil l wel l ahea d, the Liberals
are stil l in ser iou s troub le and the NDP has
ju s t cli mbed up from rock bottom ."

NDP lea de r Ed Broadbent said the res ult s
"are a ver y good sig n fo r the New Dem o-
cr ati c Party rig ht across Cana da and it wil l
mean that our own members wil l be goi ng
in t o Parlia mant more det e rmine d than eve r".

Parlia m e n t reopens Mon d ay.

The pol l is base d on inter vie w s with 1,055
people and is accur ate to wit hin fou r perc en-
tage poi nts 19 tim e s ou t of 20, says Gallup.

This means Con ser vative sup por t coul d
rang e fr on 46 to 54 per cent of decid ed vot e rs,
the NDP’s bet ween 16 and 24 per cent and
the Liberals’ bet ween 24 and 32 per cent.

The pol l prov ides no pre cis e regio nal
breakdown becau se the sma l ler sample size
fo r each regio n in cre ases the margi n of er-
ro r. But it sugge s t s the NDP’s gains came

at Con ser vative expense in the Atlantic pro -
vi nces, Ont ario and the West.

Re ache d We dnesday nig ht in Liv erpool,
N. S., whe re he is att ending a federal cau cus
me eting, Broadbent said Cana dians are lis-
tening to the par ty’s mes sage on medicare
and unemplo ym e n t "a n d that’s encou rag ing ".

Fe deral Labou r Mi nis er And re Ouellet,
remarking on the app are n t dip in Con ser va-
tive sup por t, said "The situation seems to be
co m ing back to nor mal and the gap be-
tween the Con ser vative s and the NDP
sh oul d shrink in the coming mon ths.

Ouel let, att ending a Quebec Liberal cau-
cus meeting at a Quebec resor t, said he be-
li eve s the Liberal popularity wil l in cre ase as
anti-inflation mea s ure s and job cre ation
mea s ure s take effect.

"We’re stil l rela t ive y low but I’m not sur-
pris ed by the situation."

4. Appendix 2 – Newspaper Article for Examp le 2.1 2.1

The article EM8303 reprint e d below is a secon d sour ce of infor mation use d in Example 2.1 2.1 on pag es 2.92 to 2.94.

EM8303: The Kit che ner-Wa ter l oo Recor d , Octo ber 13, 1983

Poll giv es PCs 62%; Liberals only 23%
TORONTO (CP) – The federal Progres siv e Cons ervative par ty ha s
jumped to a record 62 per cent in popular sup por t while the Liber-
als hav e plunge d to an all-tim e low, a Gallup pol l rele ase d today in-
dicates.

The pol l said the Con ser vative s , un d er new lea de r Br ian Mul-
roney, had ris en 12 percent age poi nts from the 50-per-cent sup por t
they receiv ed in a si milar poll last mon th. The Liberals were the
choic e of 23 per cent of decid ed vot e rs pol led, while the NDP had
suppor t fr om 14 per cent.

With the lat est res ult, the Con ser vative s to pped the previous
re co r d sh owing of 60 per cent in the 10-ye ar-ol d his t ory of the
mont hly Gallup pol l. That mark was set in July, 1958, in the after-
math of John Diefe nbake r’s swe epi ng ele ction victo ry that March.

The lat est pol l, taken only days after Mul ron ey won an Aug. 29
byelection in the Nov a Scotia rid ing of Cent r al Nova and before he
ent e red the Com mon s, was base d on in-home int e rvie w s with 1,039
elig ible vot e rs.

Su ch pol ls are gen erally con sid ere d accur ate plu s or min u s fo ur
perc ent age poi nts 19 out of 20 tim e s , meaning Con ser vative sup por t
coul d be as hig h as 66 per cent or as low as 58 per cent and Liberal

suppor t as hig h as 27 per cent or as low as 19 per cent.

The res ult s woul d be affected fur the r with a shift eit her way in the
number of unde cid ed vot e rs pol led.

Gallup says the number of unde cid ed respondents inc rea s ed by
eight percent age poi nts to 34 per cent.

"The Gallup shows a massiv e rep u diation of the Liberal par ty", Mul-
roney said in an int e rvie w.

"I t is a histo ric situation. It shows growing confid e n ce in the Con -
se rvative s in all are as of the cou ntr y and in all linguis ti c gr oups and
it is an urgent appeal for a new gov ernment."

So massiv e wa s the sur ge, the Con ser vative s tied the Liberals
among those pol led in Quebec, whe re they won only 12 per cent of
the popular vot e in the 1980 federal ele ction.

The Con ser vative s held a 2-to-1 margi n ov er the Liberals in Ont ario
and were sup por ted by two of eve ry three of those pol led in the West.

Bu t Senato r Keit h Dave y, a senior Trudeau advis or, said he does
not believe the Gallup res ult s.

"I t is not what our pol l is showing ", he said, adding the Con ser-
vative s "hav e nowhere to go but dow n."
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