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Figure 2.10. UNSTRATIFIED POPULATIONS: Estimating a Proportion or a Frequ ency
One- Stage EPSWOR of Indivi du a l Elements

The theor y deve loped in Fig ure 2.3 is con cer ned with equ iprobable selecting (EPS) when the respons e, Y−, is the measured
value of some qu ant ita tive re spondent popula t ion respons e variat e, and we wis h to estim ate a respondent popula t ion attribute
su ch as an ave r age or tot al. In this Fig ure 2.1 0, we dev elo p the cor responding theor y fo r the pr oportion of respondent popula-
tion ele ments wit h so m e qu ali tative charact e ris ti c. Examples of pro por tio ns of practical int e rest are:

* the pro por tio n (o r perc ent age) of vot e rs who sup por t a giv en poli tical par ty (fo r a poli tical pol l);

* the pro por tio n of TV vie wers wat ching a par ticular progr am (fo r TV ratings);

* the pro por tio n of sales of an item of a speci fi ed brand (fo r market research);

* the pro por tio n of tre es in a forest wit h tr unks gre ater than 30 cm in dia m eter (fo r a lumber company).

With appro priat e change s in not ation, the theor y of EPS for a pro por tio n can be der ive d fr om the theor y fo r an ave r age giv en
in Fig ure 2.3. We deal here wit h a respons e in two catego rie s [C and

c
C (the complem e n t of C), say] for the charact e ris ti c of the

re spondent popula t ion ele ments; in Fig ure 2.1 2, we ext end the idea s to a respons e in more than two catego rie s.

1. Notation. Defin e the indicato r variat e −V su ch that: −Vi = 1  if respondent popula t ion ele ment i has the charact e ris ti c C,
−Vi = 0  if respondent popula t ion ele ment i has the charact e ris ti c

c
C.

Ta ble 2.10.1: .......QUA NTITY....... RESPONDENT POPULATION ............... SAMPLE [MODE L]................

Si ze (elem e n t s/un its) −N n

Indicato r variat e −Vi
(i =1, 2, ...., −N) vj (j =1, 2, ...., n) [r.v.s are Vj with value vj]

Propor tio n

Number (or frequ enc y) −N−P (n umber in sample = np)

−P = 1
−N

Σ
i =1

−N
−Vi = −V

−
p = 1

n Σ
j =1

n

vj = v− [r.v. is P with value p (= v−)]

The respons e of ele ment j obtain ed by EPS from the pop -
ulation of −N elem e n t s can be model led by the random
variable Vj with probability fun ction and mean as in equ a-

tion (2.10 .1) at the rig ht. It fol low s that the random variable
P is an unbia s ed estim ato r of −P – see equ ation (2.10 .2), the
analog ue of equ ation (2. 3.8) on pag e 2.41 of Fig ure 2.3.

vj 1 0

f(vj) −P 1− −P
; E(Vj) = 1× −P + 0× (1− −P) = −P

E(P) = E(1
n Σ

j =1

n

Vj) = 1
n Σ

j =1

n

E(Vj) = 1
n nE(Vj) = 1

n n−P = −P

-----(2.10 .1)

-----(2.10 .2)

2. Estimating −P, the Respondent Popul ation Proportion

We want bot h a value (or poin t es tim ate) for this popula t ion attribute and a mea s ure of the unc e rtain ty of the estim ate, for
which we use a confid e n ce int e rval in STAT 332.

Us ing the indicato r variat e −V, we hav e sh own above that a pro por tio n beco m e s a speci al case of an ave r age. Becau se it was
est ablis hed in equ ation (2. 3.8) at the top of pag e 2.41 in Fig ure 2.3 that the random variable Y

−
repre senting the sample aver age

un d er EPS is an unbia s ed estim ato r of Y
−−, the respondent popula t ion ave r age, the random variable P repre senting the sample

pr oportion un d er EPS is an unbia s ed estim ato r of −P, the respondent popula t ion pro por tio n [a s in equation (2.10 .2) abov e].

To find the standard dev iation of −P, we not e first that becau se the popula t ion of −Vs con sis t s only of 1s and 0s, bot h popula-
tion sums Σ−Vi and Σ−Vi

2
are equ al to −N−P, the number of ele ments wit h charact e ris ti c C in the respondent popula t ion; the cor re-

spon d ing sa m p le sums are bot h equal to np (= np); we also use the not ation −Q = 1− −P.

He n ce: S− = 1
−N −1

Σ
i =1

−N

(−Vi − −V)
2

= 1
−N −1

[Σ
i =1

−N
−Vi

2− −N−V
2] = 1

−N −1
[−N−P − −N−P

2] = −N
−N −1

−P(1− −P) = −N
−N −1

−P−Q,

so that: s. d.(P) = S− 1
n − 1

−N
= −N

−N −1
−P−Q(1

n − 1
−N

) (= −N − n
−N −1

−P−Q1
n = −N − n

−N
−N

−N −1
−P−Q1

n) (= the s.d. of P).

Also: s = 1
n −1

Σ
j =1

n

(vj −v)
2

= 1
n −1

[Σ
j =1

n

vj
2− nv2] = 1

n −1
[np − np2] = n

n −1
p(1− p) = n

n −1
pq (q =1−p),

so that: s. d.ˆ (P) = s 1
n − 1

−N
= n

n −1
pq(1

n − 1
−N

) (= −N − n
−N

pq 1
n −1

= −N − n
−N

n
n −1

pq1
n
) (= the es tim ated

s.d. of P).

If −N >> n, equ ation (2.10 .6) yi elds the approxi mat e equation (2.10 .7). s. d.ˆ (P) −−∼ pq
n −1

The co effici ent of var iation (c.v.) of P [a mea s ure of rela tive precisio n] is: c.v.(P) ≡ s.d.(P)
−P

= −N
−N −1

( 1
−P

−1)(
1
n − 1

−N).

If −N >> n, equ ation (2.10 .8) yi elds the approxi mat e equation (2.10 .9). c.v.(P) −−∼ 1
n (1

−P
−1) ; c.v.ˆ (P) −−∼ 1

n (1
p −1)

-----(2.10 .3)

-----(2.10 .4)

-----(2.10 .5)

-----(2.10 .6)

-----(2.10 .7)

-----(2.10 .8)

-----(2.10 .9)

√ √ √ √ √

√ √ √ √

√ √ √ √ √

√ √ √ √

√

√

√ √
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NO TES: 1. The rig htmos t two expre ssi ons in brack ets () in equ ation (2.10 .4) and in equ ation (2.10 .6) have the symbols re-
ar range d only to illust r ate dis cus sio n in Not es 7 and 8 bel ow and on pag e 2.83; the work ing ex pre ssi ons in thes e
two equ ation s are their se con d squ are roots on their rig ht-hand sid e s.

2. Equation (2.10 .4) sh ows that the mag n itude of the standard dev iation of P is det e rmine d by the value s two respon-
dent att rib u t es, −P−Q and −N, and n, the sample size; becaus e typi c a l ly −N >> n, n usually dominates −N in th eir ef-
fe ct on the standard dev iation of P.

• The weak (often neglig ible) effect of −N on pre cisio n of sample estim ates (un d er EPS) is con trary to many peo -
ple’s intuition; i.e., it seems cou nter intuitive that popu lation size (li ke 30 mil lio n Cana dians or 300 mil lio n
Amer icans) usually makes lit tle or no con tributio n to the lim itation impos ed on an Answe r by sample error.

• −P−Q = −P(1− −P) is effective ly, of cou rse, just the att rib u t e −P.

3. The expre ssi on for s. d.(P) in equation (2.10 .4) ov erleaf on pag e 2.81 is pot entia l ly useful in three ways :

• to assess the pre cisio n of the estim ato r P [if −N, n and −P are known];

• to calcula ted the sample size needed to att ain a specifie d precisio n [if −N and −P are known – see Fig ure 2.1 2];

• to compare the pre cisio n of P with that of oth er estim ato rs of −P.

4. When n = −N, s. d.(P) = 0, rem inding us that, at lea st in principle, sample error is eli min ated in a census of the re-
pondent popula t ion.

• Of cou rse, study error, non -re spons e er ror and measurement error must stil l be adequ ately manage d in a census.

5. The random variable S2 [w ith value s2 take n as (the value of) the square of the sample (data) standard dev iation unde r

EPS] is an unbia s ed estim ato r of S−2
, the square of the respondent popula t ion (data) standard dev iation S−] [a s sh own

near the bottom of pag e 2.41 in Fig ure 2.3], so it fol low s that nPQ/(n −1) is an unbia s ed estim ato r of −N−P−Q/(−N−1).

• This unbia s edn ess, a staple of sur vey sampling theor y, is of int e rest statis ti c a l ly but is of lim ited relev a n ce in
the con tex t of this Fig ure 2.1 0, becau se the unbia s edn ess is los t as a con seque n ce of the square roots in the
rightmos t ter ms in equ ation s (2.10 .5) and (2.10 .3) – see als o Appendix 5 on pag es 2.46 and 2.47 in Fig ure 2.3.

6. Equ ation s (2.10 .8) and (2.10 .9) ov erleaf at the bottom of pag e 2.81 show that the rela tive precisio n decrea s es [i.e.,
s. d.(P) beco m e s larger rela t ive to −P] as −P decrea s es, reminding us that (ve ry) large sample sizes are needed to es-
timate sma l l propor tio ns pre cis ely.

7. In real-world sample sur veys to estim ate a pro por tio n or frequ enc y, the sample is selected probabilis ti c a l ly from a
(fin ite respondent) popula t ion. This raises the pos sib i lity of two pr obabi lity model s, whi c h are often pre sent e d as
an urn con taining balls of two col ours, red and black say. [St atis ti c a l ly, the urn is the popula t ion wit h the balls as
it s elem e n t s , the two col ours bei ng the respons e variat e ‘v a lue s’ C and

c
C.]

• Fo r EPS wit hou t replacement, the model is hypergeom etr ic, whose
probability fun ction for the number of red balls in n selection s (i.e., in
a sample of size n) is equ ation (2.10 .10) at the rig ht; −N is the number
of balls in the urn, −R are red (and −N−−R are black). Uns urprisingly,
the mean and (probabilis ti c) standard dev iation of the hyper geometr ic
dist rib u tio n are, respectiv ely, n−P and equ ation (2.10 .4) ov erleaf on pag e 2.81 wit h an addit ion a l n outsi de the
squ are root to deal wit h a frequ enc y rather than a pro por tio n ; ou r −P is (of cou rse) −R/−N and the ter ms mul t i p ly-
ing −P−Q un d er the squ are root may by writt en (−N − n)/(−N −1) as in the thi rd expre ssi on in equ ation (2.10 .4).

f (r) =

r = 0, 1, 2, ...., n

(
−R
r )(−N−−R

n−r )

(−N
n)

-----(2.10 .10),

• It is sometimes mat hem ati c a l ly comve n ient to assume selecting is with replacement, wit h the appro priat e prob -
ability model then bei ng bi nomia l in stead of hyper geometr ic – selecting balls wit h replacement from the urn is
an ins tanc e of Bernou lli trials; the probability fun ction for the number of red balls in n selection s (i.e., in a
sample of size n) is equ ation (2.10 .11) at the rig ht – the bin omial
parameter (a Gr e e k le tter) π is the probability of ‘su ccess,’ here,
sele cting a red ball so π = −R/−N (o ur −P).

The mean and standard dev iation of the bin omial dist rib u tio n are nπ and

√/nπ (1−π) for the number of red balls in n selection s, and π and √/π (1−π)/n fo r the pr oportion of red balls in n
sele ction s. Comp aring this secon d st andard dev iation wit h the thi rd expre ssi on in equ ation (2.10 .4) on pag e
2.81, we see that selecting wit hou t replacement int roduces the addit ion a l ter m (−N − n)/(−N −1) – mat hem ati c a l ly,
we can think of this ter m as dealing wit h the (slig ht) la ck of pr obabi lis tic indep enden ce when selecting wit hou t
replacement compare d to selecting with replacement.

Othe r co mparisons are pursued in Not e 8 bel ow and on the facing pag e 2.83.

g(r) =

r = 0, 1, 2, ...., n

(
n
r )π r(1−π)n −r, -----(2.10 .11)

8. The order of topics in mos t current int roducto ry statis ti cs tex ts means that, befo re students can encou nter idea s
li ke s.d.(Y

−
) in equation (2. 3.9) near the top of pag e 2.41 in Fig ure 2.3 or s. d.(P) in equation (2.10 .4) on pag e 2.81,

they are pre sent e d with two (li kely new) idea s.
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Figure 2.10. UNSTRATIFIED POPULATIONS: Estimating a Proportion or a Frequ ency (c o ntinue d 1)
One- Stage EPSWOR of Indivi du a l Elements

NO TES:
(c o nt.)

8. • Fo r (m uch bel ove d of statis ti cia ns) n probabilis ti c a l ly independent
id e n ti c a l ly dis tributed (abbrev iat e d iid) random variable s (Yj, say)
each wit h mean µ and standard dev iation σ, the random variable Y

−
that is their aver age ha s the sa m e mean µ

but a (sm aller) standard dev iation of σ /√n [e quation (2.10 .12)].

-----(2.10 .12)s. d.(Y
−

) = σ /√n
– ≡ σ 1

n√

• The standard dev iation for a bin omial pr oportion also has √n in its denominato r, as dis cus s ed on the facing
page 2.82 in the secon d bullet (•) of Not e 7.

Howeve r, wit h the accol ades it tends to receiv e fr om statis ti cia ns, this useful insig ht that ave r age s are less variable than
thei r co mponents by a facto r of √n can become an ideal that other relev a n t st atis ti c a l theory shoul d tr y to emu lat e;
in the case of sur vey sampling theor y, pursuit of this ‘id e a l’ is det rim e n tal to statis ti cs and its teaching in three ways .

* Equation s (2. 3.9) and (2. 3.1 7) near the top and bottom
of pag e 2.41 in Fig ure 2.3 are writt en in their secon d
(e quivalent) fo rms shown as equ ation s (2.10 .13) and
(2.10 .14) at the rig ht, as are equ ation s (2.10 .4) and
(2.10 .6) fr om pag e 2.81, whe re f = n/−N;
equation (2.10 .6) is eve n rewrit ten as (the
in ele g ant) equation (2.10 .15) to yield (the
ma n d ato ry?) 1/n unde r the squ are root.

−− (1− f ) in the five secon d fo rms makes
less cle ar the rela t ive role s of n and −N
(s ee Not e 2 near the top of the facing pag e 2.82) and in
equation s (2.10 .13) and (2.10 .14) ma kes it appear (wrongly)
that the (data) s.d.s S− [a n d s] are equ ivalent to the (probabilis ti c)
s.d. σ – comparing equ ation s (2.10 .12) at the rig ht above and (2.10 .16) sh ows that the actual equivalenc e invol-
ve s a premu ltiplie r (a lthou gh its value is typically very cl ose to 1) fo r S− – see als o equation (2. 3.6) on pag e 2.40.

Equation (2.10 .16) is der ive d fr om the fir st ter m of equation (2. 3.9) near the top of pag e 2.41 in Fig ure 2.3
when the se con d covarianc e ter m is zero due to probabilis ti c in d ependenc e un d er equ iprobable selecting
with replacement (EPSWIR).

We not e that the re c i procal of the premu ltiplie r of S− in equation (2.10 .16) occurs in equ ation (2.10 .4) to conve rt
the probabilis ti c (bin omial pro por tio n) s.d.−P−Q to the data s.d. needed when selecting is wit hou t replacement.

When n =1, the RHS of equ ation (2.10 .16) is that of equ ation (2. 3.6) on pag e 2.40 of Fig ure 2.3.

When n =1, equ ation s (2.10 .13) and (2.10 .16) beco m e the sa m e, rem inding us that selecting wit hou t and
with replacement no longe r differ for a sample of size one. Reg rettably, this com mon specia l ca s e of
equation s (2.10 .13) and (2.10 .16) ha s been made par t of the (unprofitable) n −1vs n sag a – see Statis ti c a l
Highlig hts #94 and #100 (the lowe r half of pag e HL94.9, the middle of pag e HL100.8).

----(2.10 .13)

----(2.10 .14)

-----(2.10 .4)

-----(2.10 .6)

----(2.10 .15)

----(2.10 .16)

s. d.(Y
−

) = S− 1
n − 1

−N
≡ (1− f )S− 1

n

s.d.ˆ (Y
−

) = s 1
n − 1

−N
≡ (1− f )s 1

n

s. d.(P) = −N
−N −1

−P−Q(1
n − 1

−N
) ≡ (1− f ) −N

−N −1
−P−Q1

n

s. d.ˆ (P) = n
n −1

pq(1
n − 1

−N
) ≡ (1− f )pq 1

n −1

= (1− f ) n
n −1

pq1
n

s. d.(Y
−

)EPSWIR = −N −1
−N

S− 1
n

√ √ √

√ √ √

√ √

√ √

√

√ √

* 1− f is called the finit e popu lation cor rec tion (a bbrev iat e d f.p.c.); such a  name conve ys the biz arre mis con cep-
tion that we shoul d think of the real world as a ‘c orrection’ to a model.

−− As thes e Ma ter ials maint ain throu ghout, popula t ion s in statis ti cs are real-world entit ies wit h finit e numbers
of ele ments and they shoul d not be conf use d with (so m etim e s us eful) infin ite models.

* The idea of an infin ite ‘popula t ion’ is, in par t, a conf usi on of selecting wit hou t replacement, whi c h ends when
all ele ments have been selected, and selecting with replacement whi c h can, in principle, con tin ue in d efin itely.
Howeve r, as the discus sio n in Not e 7 on the facing pag e 2.82 illust r ates, an urn model has a finit e number of
elem e n t s ev en when selecting is wit h replacement (and so can con tin ue in d efin itely) unde r a bin omial model.

3. Con fide nce Int ervals for −P, the Respondent Popul ation Proportion

On the basis of approx imate nor mality of the dist rib u tio n of P as a con seque n ce of the Cent r al Li mit Theorem , equation
(2.10 .6) deve loped on pag e 2.81 lea ds, rea son ing as in
Figure 2.3, to an int e rval inv olv ing random variable s: I = [P − z*α

n
n −1

PQ(1
n − 1

−N
), P + z*α

n
n −1

PQ(1
n − 1

−N
)] ,

su ch that Pr(I −P) −−∼ 100(1 − α)%, whe re z*α is the 100(1 − α/2)th
perc entile of the N(0, 1) dist rib u tio n. For calcula t i ng an approxi mat e 100(1 − α)% confidence inter val fo r −P, we use:

p ± z*α
n

n −1
pq(1

n − 1
−N

) = [p − z*α
n

n −1
pq(1

n − 1
−N

), p + z*α
n

n −1
pq(1

n − 1
−N

)]. ----(2.10 .17)

√ √

√ √ √

NO TES: 9. The theor y deve loped in Fig ure 2.3 for ave r age s and in this Fig ure 2.1 0 fo r propor tio ns are sim ilar; a di ffere nce
is the (ap pro priat e ap proxi mation for the) dis tributio ns of Y

−
and P, the random variable s repre senting, respectiv ely,

the sample ave r age and the sample pro por tio n un d er equ iprobable selecting.

• As dis cus s ed in more det ail in Not e12 ove r leaf on pag e 2.84, use of the nor mal (rather than the tn−1) dis tribu -
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9. • tion in the foregoi ng expre ssi ons (2.10 .17) fo r a confid e n ce int e rval for −P is base d on the nor mal approxi mation
to the bin omial dist rib u tio n (u sed to model counte d data).

−− The only approxi mat e no rma lity of the dist rib u tio n of P is one rea son why the confid e n ce int e rval expre s-
si ons (2.10 .17) are only approxi mat e.

10 . The theoretical fou ndation for the confid e n ce int e rvals expre ssi ons (2. 3.1 8) and (2. 3.1 9) on pag e 2.42 in Fig ure 2.3
and hence of (2.10 .17) ov erleaf on pag e 2.83, inv olves explicit ly un it inclu sio n probabilit ies base d on EPS; the re is
thus no basi s fo r the (not uncom mon) use of thes e ex pre ssi ons to calcula te confid e n ce int e rvals for samples selec-
ted by oth er (n on-probability) met hods (acces sib i lity, haphazard, judgement, quota, sys tem ati c, volun teer, etc.) .

11 . The value of a sample att rib u t e deter min es two charact e ris ti cs of the approxi mat e confid e n ce int e rval for −P – the
sample pro por tio n defin es bot h it s ce ntre and its width; both charact e ris ti cs (cent re and widt h) of a confid e n ce
in ter val may be adversely affected by co mpr omised sele cting or mea s uring processes.

• Estimating the popula t ion pro por tio n by the sample pro por tio n in estim ating the standard dev iation of P is an-
ot he r re ason why the confid e n ce int e rval expre ssi ons (2.10 .17) are approxi mat e.

12. In principle, the nor mal approxi mation involved in the confid e n ce int e rval expre ssi ons (2.10 .17) ov erleaf on pag e
2.83 cou ld be avo ide d by using the ‘ex act’ hyper geometr ic model (2.10 .10) discus s ed in Not e 7 on pag e 2.82. Al-
thou gh charts and table s have been pub lis hed for selected value s of −N, n and p (s ee Cochran, pag e 57, for refer-
enc es), whi c h allow hyper geometr ic confid e n ce lim its for −P to be fou nd, Bar nett (page 44) st ates that their practical
utility is lim ited by facto rs such as the accur acy with which the charts can be rea d and often a need for complicated
inve rse int e rpola t ion; howeve r, thes e diffic ulties cou ld now likely be mit igat e d by suitable computer software.

• Prov ide d that n is much sma l ler than bot h −R and −N−−R, this hyper geometr ic dis tributio n can be approxi mat e d
by a bi nomia l dist rib u tio n with parameters n and −R/−N, den oted Bi(n , −R/−N). Howeve r, computation a l diffic ul-
ties aga in ma ke it inconve n ient to find confid e n ce int e rvals for −P fr om this binomial approxi mation. Cochran

(pp. 59, 60) give s ex amples inv olv ing calcula t ion s fo r both the hyper geometr ic and bin omial dist rib u tio ns.

• Fo r practi c a l conv enienc e, it is usual to take the approxi ma-
tion one stage fur the r to the normal ap proxi mation to the
bin omial dist rib u tio n ; this approx imation is shown at the
right in equ ation (2.10 .18).

−− The accur acy of the nor mal approxi mation wil l be rea son able provi ded that :

* n << −R, −N−−R; i.e., the sample size is much sma l ler than the numbers of ele ments in the respondent pop -

ulation wit h and wit hou t the charact e ris ti c C;

* n−P and n−Q are not too sma l l (s ay at lea st 30), becau se inv estig a t i ng a charact e ris ti c that occurs in ver y
fe w or in nearly all ele ments of the popula t ion gene r ally needs a ver y large sample size to estim ate its
propor tio n with rea son able pre cisio n. Table 2.1 0.2 at the lowe r right, taken in par t fr om Cochran (page
58), giv es wor king guideli nes for decid ing when it is rea son able to use the nor mal approxi mation; np is
the number of selected units in the sm aller of the catego rie s defin ed by C and

c
C, and n is the requi red

sample size. Cochran stat es that the rules by whi c h his table is con str uc-
ted ens ure that, at the 95% confid e n ce lev el, the true frequ enc y with
which the confid e n ce lim its fail to cov er −P is not greater than 5.5%;
also, the probability that the upper lim it is bel ow −P is bet ween 2.5% and
3. 5%, and the probability that the lowe r li mit exc e e ds −P is bet ween 2.5%
and 1.5%. The last colum n of Table 2.1 0.2 shows that, unde r the rules
us ed to con str uct the table, the (estim ated) mean of the bin omial dist rib u-
tion, np, lie s between about 51⁄2 and 81⁄2 (e s tim ated) st andard dev iation s
abov e the lowe r li mit (0) of the dist rib u tio n.

Thus, the nor mal approxi mation, in conjun ction wit h equation (2.10 .6) near the bottom of pag e 2.81 lea ds to the
(a pprox imate) confid e n ce int e rval expre ssi ons (2.10 .17) ov erleaf near the bottom of pag e 2.83, whe re −P and −Q
are estim ated usi ng p and q take n as the sample p and q value s.

−− When n is near the lim it whe re it is rea son able to use the nor mal approxi mation, a slig ht improve ment can
be affected by incorporating a continu ity cor rection of 1/2n; the expre ssi on for calcula t i ng the confid e n ce
in ter val for −P is then equ ation (2.10 .19) sh own at
the rig ht. Wit hou t the con tin uity cor rection, the
no rma l ap proxi mation usually giv es a confid e n ce
in ter val that is too nar row (Cochran, pag e 58).

P ∼.. N[−P, −N
−N −1

−P−Q(1
n − 1

−N
)] ----(2.10 .18)

√

Ta ble 2.10.2
p np n

0. 5 15 30 5.48

0.4 20 50 5.77

0. 3 24 80 5.86

0. 2 40 200 7.07

0.1 60 600 8.1 6

0.05 70 1400 8.58

p/ pq/n

p ± z*α [ n
n −1

pq(1
n − 1

−N
) + 1/2n] ----(2.10 .19)

√

√

13. As indicated previously in Not e 3 on pag e 2.82, the expre ssi on for s. d.(P) in equation (2.10 .4) can be use d to assess
precisio n. If n << −N so that 1/−N is neglig ible compare d to 1/n and in the ‘wo rst-case’ [i.e., maximum s. d.(P) ≡ min-
imum pre cisio n] situation whe re −P = −Q = 1⁄2, Table 2.1 0.3 at the upper rig ht of the facing pag e 2.85 shows bot h
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Figure 2.10. UNSTRATIFIED POPULATIONS: Estimating a Proportion or a Frequ ency (c o ntinue d 2)
One- Stage EPSWOR of Indivi du a l Elements

NO TES:
(c o nt.)

13. the res ulting standard dev iation s and 95% confid e n ce int e rval half-
widt hs (in %) fo r sele cted value s of n.

• Numbers such as those in the thi rd and sixth colum ns are
often the basis for the statements used in the media to re-
port the pre cisio n of pol ls. For exa mple, for pol ls taken be-
fo re ele ction s in Cana da, whi c h typi c a l ly hav e arou nd 1,500
re spondents, the ‘margin of error’ is com monly giv en as
plus or min u s 21⁄2 perc ent age poi nts. Howeve r, in some in-
st anc es, larger (m ore cons ervative?) margin s of error are
give n than those in Table 2.1 0.3; e.g., plu s or min u s 4 percen-
tage poi nts for (a sample size of) abou t 1,000 respondents.

Ta ble 2.10.3

n n

50 .0707 13.9% 1,000 .015 8 3.1%

100 .05 9.8 1,500 .0129 2.5

200 .0354 6.9 2,000 .011 2 2. 2

250 .0316 6.2 2,500 .01 2.0

300 .0289 5.7% 3,000 .0091 1.8%

400 .025 4.9 3,500 .0085 1.7

500 .0224 4.4 4,000 .0079 1. 5

750 .0183 3.6 5,000 .0071 1.4

1

4n
19 6 1

4n
1

4n
19 6 1

4n√ √ √ √

Example 2.10.1: A sma l l un ive rsity has 300 final-year unde rgr a duates; in a pol l of 100 of thes e students obtaine d by equ i-
probable selecting, 15 said they int ende d to go on to graduate school . Find an approxi mat e 95% confid e n ce
in ter val for the pro por tio n of all such students who int end to go on to graduate school .

Solution: We hav e: −N = 300, n =100, p = 0.1 5 (= p), z*α = 1.95996 for 95% confid e n ce,

so that: s. d.ˆ (P) = n
n −1

pq(1
n − 1

−N
) =

100

99
(0.15 × 0.85)( 1

100
− 1

300
) = 0.029 301635.

He n ce, an approxi mat e 95% confid e n ce int e rval for −P, the respondent popula t ion pro por tio n of all such stu -
dents who int end to go on to graduate school , is:

p ± 1.95996 × s. d.ˆ (P) = 0.1 5 ± 1.95996 × 0.029 3016 ==> (0.0926, 0.2074) or about (9, 21%).

√ √

NO TES: 14 . Despit e the hig h sampling fractio n of one thi rd, the confid e n ce int e rval is rela t ive ly wide – i.e., the sma l l
sample size of 100 means that sample error impos es appre ciable limitation on the answe r involv ing a (fa i rly
sm all) re spondent popula t ion pro por tio n of (we estim ate) aroun d 15 %.

15. Wit h a sample size of 100, the con tin uity cor rection of ±1/2n is ±0.005; the confid e n ce int e rvals wit hou t
and wit h the cor rection are giv en in Table 2.1 0.4 at the rig ht bel ow. We see that, in this situation, the differenc e
is unli kely to be practically impor tant –
we wou ld typically giv e a final value
fo r both int e rvals as about (9, 21%).

Ta ble 2.10.4: Con fide nce interval Interval Int erval

Ca lcul ate d ..... Value width width ÷p

withou t contin uity cor rection (0.0926, 0.2074) 0.11 48 77%

with contin uity cor rection (0.0876, 0.2124) 0.1248 83%
Example 2.10.2: A sociologi c a l survey is car rie d ou t in

a sma l l town con taining 621 hou seh olds;
60 of the hous eholds obtaine d by equ iprobable selecting show that 11 con tain at lea st on e person ove r the age
of 65. Fin d an approxi mat e 90% confid e n ce int e rval for the pro por tio n of hou seh olds in the town that con-
tain at lea st on e person ove r the age of 65.

Solution: We hav e: −N = 621, n = 60, p = 11
60

= 0.1 83
.

(= p), z*α = 1.64485 for 90% confid e n ce,

so that: s. d.ˆ (P) = n
n −1

pq(1
n − 1

−N
) =

60

59
(11

60
× 49

60
)( 1

60
− 1

621
) = 0.047 879 847.

He n ce, an approxi mat e 90% confid e n ce int e rval for −P, the respondent popula t ion pro por tio n of hou seh olds
with at lea st on e person ove r the age of 65, is:

p ± 1.64485 × s.d.ˆ (P) = 0.183
.

± 1.64485 × 0.047 8798 ==> (0.10 46, 0.2621) or about (10 , 27%).

√ √

NO TES: 16 . Despit e the appre ciable sampling fractio n of abou t ten per cent, the confid e n ce int e rval is, as in Exa mple
2.10 .1, rela t ive ly wide – i.e., the sma l l sample size of 60 means that sample error impos es appre ciable limita-
tion on the answe r involv ing a (fa i rly sma l l) re spondent popula t ion pro por tio n of (we estim ate) aroun d 18 %.

17. Wit h a sample size of 60, the con tin uity cor rection of ±1/2n is ±0.0083; the confid e n ce int e rvals wit hou t
and wit h the cor rection are giv en in Table
2.10 .5 at the rig ht. We see that, in this
situation, the differenc e is unli kely to
be practi c a l ly impor tant – we wou ld
typi c a l ly giv e a final value for bot h in -
ter vals as about (10 , 27%).

Ta ble 2.10.5: Con fide nce interval
Interval Int erval

Ca lcul ate d ..... Value width width ÷p

withou t contin uity cor rection (0.10 46, 0.2621) 0.1575 86%

with contin uity cor rection (0.0963, 0.270 4) 0.1741 95%
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4. Con fide nce Int ervals for −N−P, the Respondent Popul ation Number or Frequ ency

Un d er the assump tion that the popula t ion size, −N, is a known con sta nt, the theor y of equiprobable selecting for estim ating a
popula t ion number or frequ enc y is a straig ht-for ward ext ensio n of that for a pro por tio n. Becau se the popula t ion frequ enc y is
−N−P, its estim ato r is −NP; the standard dev iation
of this estim ato r is then −N × s. d.(P). Henc e,
we obtain an int e rval inv olv ing random variable s:

I = [−NP − z*α
n

n −1
−N2

PQ(1
n − 1

−N
), −NP + z*α

n
n −1

−N2
PQ(1

n − 1
−N

)] ,

su ch that Pr(I −N−P) −−∼ 100(1 − α)%, whe re z*α is the 100(1 − α/2)th perc entile of the N(0, 1) dist rib u tio n. For calcula t i ng an ap-
prox imate 100(1 − α)% confidence inter val fo r −N−P, we use:

−Np ± z*α
n

n −1
−N2

pq(1
n − 1

−N
) = [−Np − z*α

n
n −1

−N2
pq(1

n − 1
−N

), −Np + z*α
n

n −1
−N2

pq(1
n − 1

−N
)]. ----(2.10 .19)

√ √

√ √ √

The dis cus sio n near the end of Not e 12 on pag e 2.84 shows that inclu ding a con tin uity cor rection of −N/2n in the confid e n ce in-
ter val expre ssi ons (2.10 .19) may be desir able when the sample size is near the lim it for rea son able use of the nor mal approxi ma-
tion to the bin omial dist rib u tio n.

Example 2.10.3: An audit or obtains , by equ iprobable selecting, 40 accou nts from 1,200 accou nts of a cer tain firm; she finds
that, for 16 of the 40 accou nts, the unde r lyi ng docum e n tation is not in complia n ce wit h st ated procedure s.
Find an int e rval estim ate of the number of the firm’s accou nts not in complia n ce.

Solution: We hav e: −N = 1,200, n = 40, p = 16
40

= 0.4 (= p), z*α = 1.95996 for 95% confid e n ce,

so that: s. d.ˆ (−NP) = n
n −1

−N2
pq(1

n − 1
−N

) = 40

39
(1, 200

2 × 0.4 × 0.6)( 1
40

− 1
1, 200

) = 92. 553 518 .82

He n ce, an approxi mat e 95% confid e n ce int e rval for −N−P, the number of the firm’s accou nts not in compli-
anc e with stated procedure s , is:

−Np ± 1.95996 × s. d.ˆ (−NP) = 1,200 × 0.4 ± 1.95996 × 92. 553 519 = 480 ±181.401195 ==> (298.60, 661.40)
or about (290, 670) accou nts.

√ √

NO TES: 18 . When the confid e n ce le vel is not speci fed in the que s tion, we take the defau lt as 95%. Als o, the two sig n ifi-
cant figure s give n fo r the rou nde d end poi nts of the final int e rval reflect the fact that the re are only two sig-
nific a n t digits in the number of accou nts in the sample whi c h we re not in complia n ce wit h st ated procedure s.

19. The confid e n ce int e rval is rela t ive ly wide – i.e., the sma l l sample size of 40 accou nts means that sample error
im pos es appre ciable limitation on the answe r, despi te a (st atis ti c a l ly fav o urable) respondent popula t ion pro por-
tion of (we estim ate) aroun d 40%.

20. Wit h a sample size of 40, the con tin uity cor rection of −N/2n is ±15 ; the confid e n ce int e rvals wit hou t and wit h
the cor rection are giv en in Table 2.1 0.6 at the
right bel ow. We see that, wit h su ch a sma l l
sample size, the differenc e in the int e rvals
may be large enoug h to be of practical im-
portanc e.

Ta ble 2.10.6: Con fide nce interval Interval Int erval

Ca lcul ate d ..... Value width width ÷ −Np

withou t contin uity cor rection (298, 662) 364 76%

with contin uity cor rection (283, 677) 394 82%

Example 2.10.4: Inspection of 200 items obtaine d by equ iprobable selecting from a produ ction lin e yi elds 3 defective s.

(a) If the lin e produces 10,000 items a day, find an approxi mat e 99% confid e n ce int e rval for the number of
defe ctive s produced in a day.

(b) Com ment br ief ly on the use of such a sample sur vey to mea s ure the defe ct rat e of this produ ction process.

Solution: (a) We have: −N =10,000, n = 200, p = 3
200

= 0.015 (= p), z*α = 2.57583 for 99% confid e n ce,

so that: s. d.ˆ (−NP) = n
n −1

−N2
pq(1

n − 1
−N

) =
200

199
(10 ,000

2 × 0.01 5 × 0.985)( 1
200

− 1
10,000

) = 85.300 23829.

He n ce, an approxi mat e 99% confid e n ce int e rval for −N−P, the number of defective s produced in a day, is:

−Np ± 2. 57583 × s. d.ˆ (−NP) = 10,000 × 0.01 5 ± 2. 57583 × 85.3002 = 150 ± 21 9.71 9 ==> (−69.7 19, 369.7 19)
or about (0, 370) defe ctive s.

√ √

(b) The confid e n ce int e rval for −N−P, eve n in its rou nde d fin a l fo rm of (0, 370) defe ctive s , ha s a widt h nearly
2½ tim e s the mag n itude of −N−P, reflecting the se ver e li mit ation impos ed on the answe r by sample error.
Example 2.1 0.4 aga in reminds us that:

• ap pre ciable (i.e., resou rce -in tensive) sample sizes may be needed to estim ate a (sm all) propor tio n with
adequate pre cisio n – that is, to make accep table in the Que s tion con tex t the lim itation impos ed on an
answe r by sample error;

1995 -04 -20

(cont inued)



Un ive rsity of Wat e r loo STAT 332 – W. H. Che rry

#2.87

Figure 2.10. UNSTRATIFIED POPULATIONS: Estimating a Proportion or a Frequ ency (c o ntinue d 3)
One- Stage EPSWOR of Indivi du a l Elements

Solution: (b)
(c o nt.)

• the sm aller the mag n itude of the popula t ion pro por tio n −P, the larger the sample size needed to att ain a
give n leve l of pre cisio n specifie d rela tive to the mag n itude of −P.

The typical sample size of aroun d 1, 500 respondents in nation a l polls is use d in par t to provi de what is
de eme d to be an accep table widt h (viz., about 2.5 percent age poi nts) for a ‘w orst case’ 95% confid e n ce
in ter val and in par t to giv e stil l accep table (althou gh lowe r) pre cisio n fo r poll res ult s fo r subdiv isi ons of
the nation a l data such as males and fem ale s or regio ns (e.g., in Cana da, Atlantic Canada, Quebec, Onta -
rio, the Prair ie provi nces, Britis h Colu mbia) – recall also Table 2.1 0.3 at the upper rig ht of pag e 2.85.

NO TES: 21. The unrealiz able nega tive lowe r end poi nt for the confid e n ce int e rval above has been rou nde d to zero (the
nearest realiz able value) for the final stat ement of the int e rval. The negative value rem inds us to assess:

• the pre c isi on of the estim ate of −N−P.

• the accur acy of the hyper geometr ic-bin omial-nor mal approxi mation seque n ce – see Not e 7 on pag e 2.82.

22. Wit h a sample size of 200, the con tin uity cor rection of ±−N/2n is ±25; the confid e n ce int e rvals wit h-
ou t and wit h the cor rection are giv en in
Ta ble 2.1 0.7 at the rig ht. We see that the
differenc e in the int e rvals mig ht be large
en oug h to be of practical impor tanc e.

Ta ble 2.10.7: Con fide nce interval Interval Int erval

Ca lcul ate d ..... Value width width ÷ −Np

withou t contin uity cor rection (0, 370) 370 247%

with contin uity cor rection (0, 395) 395 263%
23. A summar y of infor mation relev a n t to

precisio n fr om the fou r fo regoi ng Exa mples is giv en in
Ta ble 2.1 0.8 at the rig ht; the Exa mples are ordered by
sample size. The last colum n is the estim ated coffici ent
of var iation, giv en by s. d.ˆ (P)/p [e quation (2.10 .9)], a
mea s ure of rela tive pre c isi on of the estim ato r P of −P;
the standard dev iation is a mea s ure of abso l ute precisio n.
Thes e coef fi cie n t of variation value s are of int e rest in lig ht
of the com ment by Dr. Gle nn in the left-hand colum n near the top of pag e 2. 50 in Fig ure 2.3 about a
c.v. of no more than 30% bei ng ne e ded for a pro por tio n to be estim ated with accep table sample error.

Ta ble 2.10.8
Example n p s.d.ˆ (P) c.v.ˆ (P)

2.10 .3 40 0.4 0.0771 19%

2.10 .2 60 0.1 83
.

0.0479 26%

2.10 .1 100 0.1 5 0.0293 20%

2.10 .4 200 0.015 0.00853 57%

NO TES: 24. The theor y in this Fig ure 2.1 0 fo r estim ating a pro por tio n in two catego rie s un d er EPS inv olves fo ur st andard dev i-
ation s – two data s.d.s S− and s, two probabilis ti c s.d.s s. d.(P) and s. d.ˆ (P) [the last one is the es tim ated st andard
devi a t io n of P (w hen −P and −Q are estim ated by p and q)] ; re cognizi ng and maint aining the distin ction s among
thes e s.d.s [and the (model) random variable S and its value s] is par t of unde rst anding and apply ing the theor y.

25. The standard dev iation of P is sometimes called the sta n dar d er ror of P (e.g., Bar nett, p. 45); while you shoul d
re cognize this useag e when you encou nter it, it has been avo ide d in thes e Course Mat e ria ls becaus e the ter m is
not alw ays use d with the same meaning by different authors (se e also Cochran, pag es 24, 25-27 and 53).

26. A mo re ge neral rem inde r abou t ter min ology con cer ns three other terms:

• when you encou nter the ter m sta n dar d devi ation or sta n dar d er ror, be sure you unde rst and whet her it refers to:

−− the var iation of dat a (a n d whet her the dat a are from a sa m p le or a ce nsus), OR

−− a random variable [and whether it is an indivi d ual random variable or a (li near) combin ation (e.g., an ave r-
ag e, sum or differenc e)] , OR

−− a parameter of a respons e model or probability model.

• when you encou nter the word bi as, rem ember that it is defi ned only in the con tex t of re pet it i on of a pr ocess –
fo r in stanc e, selecting or mea s uring.

−− Esti mating bia s di ffers fr om, for exa mple, (re a l-world) mea s uring inaccurac y in that it decrea s es with in-
crea sing sample size and so may not be of much practical con cer n in actual sample sur veys.

Re call that bia s (a n d rms error) are dis cus s ed in Appendix 5, Appendix 6 and Appendix 7 on pag es 2.46 to
2.49 in Fig ure 2.3.

5. Appendix 1: Te rminology Rev iew [o ption a l re ading]

* Va riate: a charact e ris ti c associat e d with each el ement of a popula t ion/proces s.

−− Re sponse var iat e (Y−): a variat e defin ed in the For mulation stage of the FDEAC cycle; an Answe r give s so m e att ri-
bute(s) of the respons e variat e ov er the targe t popula t ion/proces s.

−− Explan atory var iat e (Z−): a variat e, defi ned in the For mulation stage of the FDEAC cycle, that accou nts, at lea st in par t,
fo r change s fr om ele ment to ele ment in the value of a respons e variat e.
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−− Fo cal (explan atory) var iat e (X−): fo r a Que s tion wit h a ca usa tive aspect, the focal variat e is the explanator y variat e whos e
rela t ion s hip to the resp onse variat e is involved in the Answe r(s) to the Que s tion(s).

Distin ction s associat e d with oth er adje ctive s which quali fy ‘variat e’ – qu ant itative, categor ical (o r qu a lit ative), me asure d
and co unt ed, continuou s and discrete – are show n in the fol low ing schema .

va riate mo del

qu antit ative
mea s ure d mea s ure d value

coun ted coun ted value
contin uou s

catego rical
qu ali tative

coun ted coun ted number discret e
(v a lue s are data)

a sim p le arttr ibute
of interest is often
an ave r age or tot al

a sim p le att rib u t e
of interest is often a
propor tio n or frequ enc y

Ma themati c a l

An illust r ation of the distin ction bet ween a cou nted va lue [a real number, model led by a continuou s variat e] and a cou nted num-
ber [a n in tege r, model led by a discrete variat e] is:

−− to assess the effective nes s of an ins ecticid e, the number of ins ect s coul d be cou nted on a defi ned par t of each of a sample of pla n t s
fr om untreated and tre ated cro ps – a mea s ure of effective nes s woul d be the decrea s e in the aver age number of ins ect s per pla n t ;

−− to assess gende r bala n ce in an are a of emplo ym e n t, the number of men and women emplo yed in the are a coul d be cou nted – a
(s imlpe) mea s ure of the balanc e woul d be the pr oportion of each sex in the are a.

The quantit ative measured and quantit ative counte d distin ction blu rs progres siv ely as cou nts become large r in mag n itude; it is als o
affe cted by the lim ited resol ving powe r (fin ite pre cisio n) of real measuring processes.

Contin uou s and discret e variat es are model conc epts becau se real measuring ins truments wit h fin ite pre cisio n yi eld only discret e value s.

Qu ant ita tive variat e value s can become (ordin a l) ca tegorica l – e.g., ages can be cla s sifie d in t o ag e gr oups; we take qu ali tative to
mean nominal (non-ordin a l) catego rical – e.g., marit al status or skin col our.

A bi nar y variat e is a cat egor ical variat e in two catego rie s.

6. Appendix 2: No tat ion Rev iew [o ption a l re ading]

Random var iable s (d isctete or con tin uou s) are a compon ent of the probability models us ed in statis ti cs; ou r conc e rn is
mo re co mmonly wit h discret e random variable s which take on a finit e number of value s (w hich are often nume rical but may
be cat egor ical). We den ote random variable s by upper-case it ali c le tters, usually from near the end of the alphabet ; we try to
ke ep upper-case itali c le tters near the star t of the alphabet for even t s (bearing in min d the choic e of a letter which needs to be ev oca tive).

• Fo rma l ly, a random variable is an entity that assig ns a probability to each poi nt of the sample space.

• Info rma l ly, a random variable is an entity that takes on different value s according to chanc e.

Bo th statements mean that we can speci fy a random variable by a table that giv es its value s and
thei r probabilit ies. For exa mple, for selecting equ iprobably two balls from an urn con taining
thre e re d balls and three black balls, the probability fun ction s fo r the number of red balls in
the sample are show n at the rig ht for selecting wit hou t and wit h replacement.

r 0 1 2

f(r) 1⁄5 3⁄5 1⁄5

r 0 1 2

f(r) 1⁄4 1⁄2 1⁄4

The not ation in thes e tables is a lowe r ca s e it ali c le tter (r) for the random variable va lues and f fo r the prob ability function
that giv es the pr obabi lit ies. Othe r ex amples of probability fun ction s are the hyper geometr ic and bin omial p.f.s in equ ation s
(2.10 .10) and (2.10 .11) on the lowe r half of pag e 2.82 and the p.f. of the random variable
Vj in equation (2.10 .1) near the middle of pag e 2.81.

Our use of f (r ather than p) for a probability fun ction allow s us to keep the letter p
fo r a pr oportion, wit h fo ur meaning s as shown at the rig ht in Table 2.1 0.9. The dis-
tin ction s we can maint ain wit h this not ation are easily los t when the pre dominant
us e of letter p is P fo r probability, as is the usual practic e in introducto ry statis ti cs
text s. In par ticular, our dis tinguis hing p and p reminds us of the statis ti c a l requ ire-
ment for the Pla n fo r an inv estig a t ion to make it rea son able to tre at sample pro por-
tion s as value s of a (model) random variable P.

Ta ble 2.10.9
QUANTITY SYM BOL

Popula t ion pro por tio n −P
Sa mple pro por tio n p

Random variable P
A value of P p

Model parameter π
Probability Pr

7. REFERENCES: 1. Bar nett, V. Sa m p le Sur vey Princip les and Met hods. Se con d edit ion, Edward Arnol d, Lon d on, 1991;
(Fi rst edit ion: Elem ents of Sampling Theor y. The Englis h Un ive rsit ies Pre ss Ltd., Lon d on, 1974).

2. Cochran, W. G. Sa m p ling Techniques. Jo hn Wiley & Son s, Inc., New Yor k, 3rd Edition, 1977.

Ap pendix 8 of Figure 2.3 continue d from page 2.50

It is cle ar from a few qui ck calcula t ion s that
all of the "answe rs" cit e d on pag e 2. 50 are
base d on two obs ervation s. One was the
whit e fe male in Regio n 2, the othe r the black
ma le in Regio n 3, bot h of whom adm itted to
being reg ular use rs of heroi n. Thes e we re
"proje cted" into 1,440 and 1,320 respectiv ely,
and the rest was sim p le arithmeti c. Howeve r,

arit hmeti c cannot erase the ver y tenouus na-
ture of the answe rs. The only valid answe r
is that, in the gen eral popula t ion of Nor th
Caroli na, two people were rea dy to adm it to
the reg ular use of heroi n. One was a white
fe male in Regio n 2; the othe r wa s a black
ma le in Regio n 3. What does this tel l us
abou t regular use rs of heroi n in the stat e?

Ve ry lit tle, exc ept that out of 2,007 people
in ter vie wed, two were wil ling to adm it being
regular use rs. App are n tly one person in 1,000
in ter vie wed is wil ling to adm it to reg ular use
of heroi n. The number who are actually
regular use rs and their sociodemogr aphic
charact e ris ti cs rem ain as unknow n as they
we re before the sur vey.
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