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Figure 7.1. RESPONSE MOD ELS

This Fig ure sum marizes the fou rco mmon STAT 231 respons emodels and idea sassociat e dwith them .
A useful gen eral idea is: sta tis tical model = structure + noise;
fo r us, this becomes speci fi cally: re sponse= structura l co mponent+ re sidua l;
el sew here, the residu al may be called theer ror, a useage of‘e rro r’ di ffere nt fr om that in STAT 231.
We use respons emodels to quantify, for estim ates of study popula t ion attributes, the unc e rtain ty arisi ngfr om sample error and
mea s urement error; we do so by usi ng thes emodels to des cribe the outco m eof concep tua l repetit ion of the sampling and
mea s uring processes wit hou tdoing actual repetit ion. [The acrony mEPS use dbelow denot esequipr obable sel e cting.]
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NO TES: 1. Defi nit ion sof the symbols (se ealso Fig ure 5.9) in the model for a Questio n with a des criptiv e aspect are:

• Yj: a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat eY−
fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion of−N un its
(u sually n<<−N), if the selecting and measuring processes were to be repeated ove rand ove r.

• µ: amodel parameter repre senting theaverage(Y−−) of the measure dre spons evariat eof the−N re spondent popula t ion unit s.

• Rj: a random variable (called the re sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al
co mponent of the model , of the value of the measure dre spons evariat eY− fo r the jth unit in the sample of n units
sele cted equ iprobably from the respondent popula t ion of−N un its, unde rrepetit ion of the selecting and measuring
proces s es. [Weare usually con cer ned with the ext r a-str uctural variation dueon ly to sampling and/or mea s uring .]

• σ : the(probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al, is a model parameter
repre senting the (data) standard dev iation(S−) of the measure dre spons evariat eY− of the−N re spondent popula t ion unit s;
this (data) standard dev iation (and, henc e,σ) qu ant ifiesthevariation of Y− ov er the−N re spondent popula t ion unit s
– as this variation increa s es,so doesS− (a n d, henc e, so doesσ).

2. We are careful to dis tinguis h:

• µ: amodel parameter repre senting theaverage(Y−−) of the measure dre spons evariat eof the −N re spondent popula t ion unit s.

• µ̂: the lea stsqu are ses tim ate fo r µ – anumber whos evalue is der ive dfr om an appro priat eset of data;

• µ∼: the lea stsqu are ses tim ator fo r µ – ara n dom variablewhos edist rib u tio n repre sents the pos sib le value s
of the estim ate µ̂ if the selecting, mea s uring and estim ating processes were to be repeated ove rand ove r.

3. The re are als onotewo rthy dis tin ction samong re sidua ls, as sum marized by the fou requation sbelow.

• Equation 7.1 is the respons emodel for a Questio n with a des criptiv e aspect – it
involves twora n dom variables Yj andRj and theconsta ntµ (w hos eva luewe want
to deter min e). [We may als owa n tto deter min ethe value ofσ in the probabilis ti c
Gaus sia n(s ub)model for Rj.]

• In equ ation 7.2,yj andrj are numbers –va luesof the cor responding random vari-

Yj = µ +Rj

yj = µ +rj
yj = µ̂ + rĵ

Yj = µ∼ + r∼j
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-----(7. 3)

-----(7. 4)

Causative , Bl ocked

Yi j = µ i +γj +Ri j, i =1, 2,
j =1, 2, ....,n,
Ri j ∼ G(0, σ),
in d ependent, EPS;

Yj = µd +Rj, j =1, 2, ....,n,
Rj ∼ G(0, σd),
in d ependent, EPS.
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Causative , Unblocked

Yi j = µ i +Ri j, i =1, 2,
j =1, 2, ....,ni,
Ri j ∼ G(0, σ),
in d ependent, EPS.
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NO TES:
(c ont.)

3. • able sYj andRj in equation 7.1; rj is there alizedre sidu al.
−− Even thoug hthe valueyj is taken as theknownyj (s ee bel ow), becau seµ is unknown, so is the valuerj.

• Li ke equ ation 7.2, the left-hand sid eof equation 7.3 is a number – the (data) value yj ob ser ved fo r the respons e
variat eof the jth unit selected for the sample; on the righ t-hand sid e, the value of the estim ate µ̂ is knownso
thees tim atedre sidu al rĵ also has aknownvalue.
−− It is easy to think mis t akenly that the estim ated residu al rĵ is a value of the random variable Rj.

• Li ke equ ation 7.1, equ ation 7.4 hasYj on its left-hand sid e; on its righ t-hand sid e are thees tim ator s µ∼ andr∼j so
the ter ms in this equation are all random variable s.
−− Be cau se r∼j =Yj −µ∼ and thecovarianc eof Yj andµ∼ ≡ Y− is σ 2/n, r∼j ∼ G(0, σ 1− 1

n); wit h le ast squ are sestim a-
ting and a Gaus sia nmodel forYj, r∼j andµ∼ arein dep enden tGaus sia nrandom variable s.

In expre ssi ons for estim ates (li ke µ̂ andσ̂), data value syj are taken as ra n dom variable value syj; it is inv estig a-
to rs’ responsib i lity to ens urethat this assume dequivalenc eof yj andyj is rea son able unde rthe Pla nas exe cuted .

√

4. Unde rthe model ove r leaf on page 7.1 for a Questio n with a des criptiv e aspect, a
pre diction inter val (PI) fo r the Y− value of an equ iprobably-selectedin dividua l un it is: µ̂ ± t*n−1σ̂ 1

n +1.√

5. The model for a Questio n with a des criptiv e aspect is
also use dfo r a ca libra ted mea s uring process, usually
with τ replaci ngµ; for an uncalibrated process, we use:

MYj = τ + δ +Rj, j =1, 2, ....,n, [or: Yj = δ +Rj,
Rj ∼ G(0, σ), (Yj = MYj −τ)]
in d ependent, EPS.

6. In the model ove r leaf on page 7.1 for a Questio n with a cau s ative aspect answe red Yj =Y1j −Y2j, µd = µ1−µ2.using a block ed Pla n, we wor k with di ffere nce swithin the mat che dpairs (or block s):

7. It is of int e rest to int e rpret the pre diction inter val from the reg res sio n model (the la st ex pre ssi on on the left
below) in ter ms of how its components con tribute to quantifyi ng theov era ll un cer tain ty in pre dicting Ynew(x):

• t*n−2 – det e rmine dby n and by the confid e n ce lev el chosen (the hig her the lev el, thegr eater the unc e rtain ty) ;

• σ̂ – the unc e rtain ty from estim ating σ, whi c hqu antifie s variation abou t the straig ht-lin e st ructural component
of the model due to unknown or uncon trolled exp lanato ry variat es;

• Sxx – the unc e rtain ty from estim ating the model parameter β1;

• (x−x−)2 – the effect of how far x is from x− (the fur the rit is, thegr eater the unc e rtain ty) ;

• 1/n – the unc e rtain ty from estim ating the cent red model parameter α;

• 1 –  the unc e rtain ty from the in dividua l whos ere spons e(v a lue) is bei ngpredicted .
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(A model wit h on eor more exp lanato ryRe gre ssi on variat es in its structur al component .)

Yj = α +β1(xj −x−) +Rj, j =1, 2, ....,n,
Rj ∼ G(0, σ),
in d ependent, EPS.
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Mode l:
or:

where:

Par ameters:

Estimate s:

[a n d :

Estimators:

CIs for θ k, σ :

Discrepancy
Me asure:

PI for Ynew:

General Response Model

Yj = µ j +Rj, j =1, 2, ....,n,

Y∼ = XΘ∼ +R∼
Rj ∼ G(0, σ),
in d ependent, EPS;

µ j = θ1xj1 +... +θ kxjk + ... +θqxjq

[e xplanato ry variat es X1, ...,Xk, ...,Xq]

Θ∼, σ [Θ∼ is a vecto r of lengt hq;
Y∼ andR∼ are of lengt hn>>q]
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